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Trigonometry is an important branch of the mathe- ' 
matical sciences : the speculative parts, like the Elements of 
^uclid, habituate the mind to close and demonstrative reason* 
ing ; and the practical parts are of extensive use in the common 
concerns of life. 

By Trigonometry we determine the magnitudes of the earth 
and planets; and the positions of the fixed stars with respect 
to each other, by which we are enabled to depict the appear- 
ance of the heavens in a small comp:iss. 

Tlie distances cS. the planets from the sun, their motions, 
^eclipses, and other phenomena, are calculated by Trigonometry, 
as are likewise the distances and positions of places on the earthy 
with their latitudes and longitudes j it may therefore justly be 
considered as the b^sis of Astronomy and Geography. 

Navigation, with all its modem improvements, depends en- 
tirely on Trigonometry, which is likewise the foundation of ma- 
ritime surveying, and of almost every branch of practical mathe- 
matics \ accordingly we find this subject has l^en studied in the 
jearliest ages of mathematical learning. Among the ancients 
were HipparchuSj TheodosmSy MenelatcSy Ptolomeyj &c. who 
contributed to the advancement of this science. 

The improvements in Astronomy, Navigation, and Trigo^ 
nometry, nearly kept pace with each other. The invention of 
Logarithms by Baron Napier was an invaluable acquisition to ' 
these sciences \ and the improvements made by this illustrious 
person^ in Spherical Trigonometry, will be a lasting monument 
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of his penttration and judgment; From this, period the 
tory of Logarithms and that of Trigonometry are closely co 
nectedj and there is scarcely a writer on one of the^e subjec 
who has not likewise introduced the pther. 

The firstrauthors of note, after the invention ol Logarithmi 
were Briggs and Gellibrand. — Dr. Charles HuttoUy in t 
Introdyction to his Logarithms, has given a very complete a 
count of the different writers pn that sulpject, which likewise i 
eludes the principal authors on Trigonometry ; to this vajuab! 
work the Reader is therefore referred for jEurther informati 
in the history of the science. 

The authors onTrigononiietry ma^y be divided into i;WP dass 
Aeoretical and practical ; for none of them have comtMned t 
theory with the practice, in such a manner as to render t 
subject plain and intelligibjle to a learner; the most valuabi 
and scientifical are^ in general, too abstruse, and xhfi prai 
tical scarcely furnish the student wit^ th^ ratjionale <^ ^ sin 
rule or operation. 

The object of the ensmng treatise is to simplify the tlttor 
jet to retain a methodical and accurate mode of invest^gatio: 
and to exemplify thu theory by a variety of impcMlaat and u 
lul examples. ^ 

The demonstrations are frequently founded on principl 
strictly Geometrical, especially where those principles can 
rendered very plain and perspicuous by the assistance of simp! 
diagrams ; and, sometimes the process of demonstratioo 
conducted by algebraical signs, particularly where the 
metrical method would require a complicated figure, or a lo 
and tedious process. 

In the construction of various formulae the algebraical 

of deduction tends greatly to simplify the subject; yet the d 

finitions and the elementary parts of the science must be a 

quired from Geometrical principles illustrated by dia^^ 

otherwise a student will never obtain a clear and satisfacto 

Juiowledge of the subject. Should any person attempt to teacb 

the 
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.tibs^el^iDeatarj priticiples of the science hj the a$slstance of al- 
gebraical charactersi and algebraical formulae alone, without the 
aid of Geometiy, he would most assuredly deceive both him* 
9clf and his pupils/^ 

^-It appears then^ if the above observations be correct « that 
'Trigonometry cannot be learnt expeditiously and completely^ 
.eitlier from principles purely geometrical, or purely algebraical, 
^without sacrificing utility to the uniformity of system. [ 

By way of illustration, let us compare some parts of the Tri- 
gonometry at the end of Dr. SimsorCs Euclid, with similar 
parts of the Trigonometry at the end of Legendrtf^ Geometry. 
FiRST, Where the three sides of a spherical triangle are 
jgiaen^ to find an angle. 

In Prop« XXVIII of Dr. Sims0n*s work, the process is con* 
.ducted firom prinapdes purely Geometrical, and the demon- 
.stration is long and tedious ;. whereas in Legendre*s Geometry 
article lxxviii, page 389, (where the demonstration is similar 
to that given at page 21 5 of the ensuing treatise) it is short and 
fiierspicuous. 

Secondly, in article Lxxvii, page 387 of Legendre^s Geo- 
mistry, where he has shewn that the sines of the sides ofasphe* 
rical triangle are directly proportional to the sines of their op^ 
posite angles; the demonstration, which is purely algebraical, 
is complicated, unnatural, and almost incomprehensible to a 
young student ; whilst that given by Dr. Sirnson in Prop, xxiii, 
from Geometrical principles, is simple and obvious *, See like- 
wise page 194 of the ensuing work, where the rule is deduced 
from Baron Napier^ 

These remarks are not introduced with a design to criticise 
the works of either of these eminent authors, but to shew the 
insufficiency of the Geometrical and of the Algebraical mode 
»of demonstration independent of each other. 

* It may b^ proper to remark^that Legendr* has given a Geometricai demon- 
•tradoiii at page 385 of his treatise, which is equally as plain as that given by 
. Pr. Simttn, ^ 

The 
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' The following work may perhaps, at first view, appear to be to« 
much extended for an introductory treatise, but a little attention 
to the subject will soon correct this supposition. The student 
is herp supplied with three distinct treatises, which arc 
all essential towards his future progress in the science. Firstly/ ^ 
A treatise on Logarithms and the necessary tables. Secondly, 
A treatise on practical Trigonometry ; and thirdh/y a theoretical 
treatise on the subject. A work which is deficient in any one 
/of these three dependent parts, will oblige the student to have 
recourse to different authors, and the want of uniformity of 
reference, and of regularity of composition, will considerably 
retard his progress at the commencement of his studies. \ 

*' An Introduction," (says Lord Bacon) ** ought to have two 
properties ; the one, that of a perspicuous and clear method ; 
the other, that of an universal latitude and comprehension; 
where the student may have a little pre-notion of every thing, 
like a model towards a great building." 

Convinced of the propriety of these remarks, the Author has 
employed much time and attention, in the arrangement and 
execution of the subject; bearing constantly in mind the pur- 
pose for which he was writing, viz. -Me Instruction oj 'young 
Students. 

The Work is divided into Four Books. 

Boor I. Contains the nature and use of Logarithms, the 
. explanation of the Tables, the construction and use of Gunter's 
Scale, and some preparatory Geometrical Problems. 

Book IL Comprises the principles and practice of Plane 
Trigonometry, illustrated by a variety of usefiil examples in the 
mensuration of distances, heights, &c. 

The substance of this book is the same as that of Book I. of 
the former edition, with the exception of some additions, and 
an alteration in the arrangement of the several chapters. The 
easy parts are here placed together, and the demonstrations of 
the rules are separated from their practical applications; so 
that the student who wishes to acquire the practical parts only, 

may 
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may omit the demonstrations and proceed regularly with those 
parts which are the sole object of his pursuit i whilst the theo- 
retical reader may, if he thinks proper, omit the practical partSj 
and continue the theory without interruption. 

The greater part o£ the fourth Chapter has been added to 
this edition, and will be found to contain information which 
..will be useful on several occasions. 

The ^th Chapter is nearly the same as C/iap. L Book I. of 
the preceding edition, except that the.formute have been 
somewhat extended. The substance of the two general Scho* 
lia from pages 6 th and llth of the second edition of Mr. Erner^ 
sorCs Trigonometry (which were noticed in the llth page of 
the first edition) have been introduced, and commodiously 
arranged according to the notation ofMavduit^ LegendrCy &c. 
This chapter likewise contains a variety of formulae, exclusive 
of those already mentioned, together with series for finding the 
sineS) cosines, &c. of arcs, and the construction of a table of 
sines by the continual bisection of an arc. This method of 
construction was made use of on account of its simple and ob- 
vious principles, and is similar to that given in the Trigonometry 
of Nikiien and Souvorqjff] inspectors of the Imperial Academy 
at Cronstadt, and to the method used by the late Dr. Horsley^ 
Bishop of St. Asaph, at page 1 37 of his Treatise. The remain- 
ing part of the chapter contains general formulae for the so- 
lutions of the different cases of Plane Trigonometry. 

Book III. Comprehends the Theory and Practice of Sphe- 
rical Trigonometry, and the Stereographic Projection of the 
Sphere. ^ 

The Jlrst Chapter contains various properties of Spherical 
Angles, Arcs, and Triangles, demonstrated in a plain and easy 
manner. 

The second Chapter is wholly occupied with the Stereogra- 
phical Projection of the Sphere, which was placed at the end 
of Spherical Trigonometry in the first edition; it has been 
brought forward) in this edition, in order that the constructions 

of 
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of the different practical cases of spherical triangles miiy ap- 
pear 'with the calculations. The only alteration here is in the 
arrangement. 

The. third Chapter contains the investigation of general 
rules for calculatiiig the sides and angles of right-angled Sphe- 
rical Triangles. The xxiiid proposition^ page 163| which is 
partly derived from the general figure page 147, is very exten- 
sive in its application. The original construction of this figure 
is ascribed, by Dr. Horshsy, to Capemictis the celebrated 
astronomer. The demonstration of Baron Napier^s rule is de- 
rived from the xxtiid proposition. This rule is the most sina- 
pie and comprehensive that ever was invented, for solving the 
different cases of right-angled spherical triangles, but has ge- 
nerally been explained in a confused and unintelligible manner. 
Valuable as this rule is, it has, been censured as ** Too ar- 

r 

tificial and restricted to be generally employed in the present 
advanced state of the science/' It is, notwithstanding this as^ 
persion, susceptible of general application, and the species of 
the different cases may be as accurately ascertained from its 
equations, as from any rules, or formulse, hitherto invented; in 
consequence of which, it will, undoubtedly, continne.to be 
used, by those who know how to appreciate its value, when th^ 
works of the author who has presumed to censure it shall be 
forgotten. \ 

The/ourth Chapter contains rules for the solutions of qu»- 
drantal spherical triangles, and the ^th Chapter shews the man- 
ner of applying Baron Napiej^s rule to the soluti(ms of the 

■N 

different cases of oblique-angled spherical triangles, from which 
several usefril rules are derived. 

The sijcth Chapter is, in substance, the «ame as the liVth 
Chapter of Book II. in the first editioi^ but the mode of de- 
monstration has been varied. In this edition the method used 
by Lagrange and Legendre has been adopted, as being moce 
simple than that used in the first edition. This chapter con- 
tains the whole of the formulae given by Legendre, from 

page- 
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pige 3S6 16 399 o/hi^ Gedftittrjr, bcisidcfs s6vefal others. Thesis 
r formtdse, hoWever, are not copied from Legendfe, each stic- 
, ceeding step being regularly deduced from the preceding, or 
from ditferent propositions, to which references are given. 
These pai»ticutars, so essentiiat to a learner, are entirely disre- 
g^niedby Legendre: for iHustration, compare article LXXXVrii, 
page S9S of Legendre^ Geometry, with X. 2f2I. and Y. 2^22. 
df the sncceeding work, &c. 

The formute where auxiliary angles are introduced (X. 2f2L 
T. 222f &c.) are,' in effect, analogous to those which may be 
deduced tto&c Baron Napter*s rule^ by drawing a perpendicular 
finin the vertical angle of a spherical triangle upon the base, as 
to pfOposkion xxr, page I9l, &c. 

The seventh and eighth Chapters include the substance of 
Book lli. of the former edition, though the matter has under- 
gone a considerable change ; the original examples were all 
adapted tor the year 1196, but in this edition those which de- 
pend on the Nautical Almanac are Carried forward to the year 
I^Sns. If^his necessary alteration has been attended with con- 
siderable labour, and, it is presumed, will be of much advan- 
tage to the young srndent. The Nautical Almanac for that 
year can easily be procured. The method of finding the cor- 
rect distance between th^ sun and the moon, or between the 
tnootr and a star, by having the apparent distance, and the ap- 
j^arent altrttrdes: of the^e* objects gi^en, is shorter than any that 
has hithefta appealed, where the common tables only are used, 
besides having the advantage of t)eing perfectly correct ; for it 
« not Kable to tho^ inaccuracies which frequently arise from 
faking the logarithmical, or natural, sines and cosines out of 
the? tables; as the observed distance is never very small, nor 

ever ne» ISO degf ees. 

The lyrical Almanac Was first published in' the year l767j 
Aom which time, no treatise on Trigonometry had appeared, 
Cftfltafiifiltg astronomicat examples adapted jo that work, until 
Ac fiftt edition oi the following treatise ; wherein the author, 

b with 
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with great labour and attention, suited all his examples ta 
the year 1796, and corrected the situations of all the stars to 
the same year. 

The whole of these examples were copied and republished, 
without a single acknowledgment, in less than five years after 
their first appearance. Such is the reward which the author has 
received for his labour! They are now new modelled, and 
though the author would be extremely sorry to shackle the 
progress of science, he recommends those who may be inclined 
to copy them, to refiecf on the consequences which may ensue. 

The ninth Chapter contains the fluxional analogies of sphe- 
rical triangles, with a few examples shewing their use. This 
subject was first considered by Mr. Cotes^ of Trinity College, 
Cambridge, in a treatise entitled De ^stimatione Errorum in 
Mixta Mathesi, which was published by Dr. Robert Smith, in 
the year 1722, six years after the author's decease. This 
branch of the science has hitherto received very little improve- 
ment, either from the English or foreign mathematicians, al- 
though a century has nearly elapsed since the first publication 
of Mr. Cotes^s Treatise. 

The tenth Chapter consists of Miscellaneous Propositions, 
which could not easily be classed under different heads. 

The first comprehends the French division 'of the circle. 
The sexagesimal division of the circle, which is ascribed to the 
Egyptians, has often been objected to by mathematicians, as by 
Oughtred, Wallis^ &c. who recommend a decimal, or cen- 
tesimal division. Several tables have been constructed centesi- 
mally, particularly one by Dr. John Newton. Dr. Charles 
Hutton, in a memoir published in the Philosophical Trans- 
actions for 1783, proposed to divide the quadrant into equal 
decimal parts of the radius ; by which means the degrees, or 
the divisions of the arc, would be the real lengths of the arcs, 
in terms of the radius. 

The French have lately adopted the centesimal division of 
the circle in their calculations, and tables of greater extent than 

those 
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tiiose' by Dr. Newton have been published, as the tables of 
Hobert and IdeleVj printed at Berlin, in the year 1799, the, 
tables of Borda^ printed at Paris, an. IX, with a preface by 
DelambrCy &c. 

The advantages of this new division of the circle, should it 
be adopted in practical calculations, are few and trifling, when 
compared with the confusion and perplexity it would occasion. 
It is true that degrees, &c. would be more readily turned into 
minutes or seconds, et vice versdy and some other advantages 
of minor importance would be obtained, were the new division 
to be universally adopted ; at the same time all our valuable 
tables would be rendered useless ; the many well-established 
trigonometrical and astronomical works, which from time to 
time have been published, would be little better than waste 
papery the most valuable mathematical instruments, which have 
been constructed by celebrated artists, must be considered as 
lumber in the diflFerent observatories of Europe ; the latitudes 
and longitudes of places must be changed, which change would 
render all the diflferent works on Geography useless ; or, other- 
wise the Astronomers, and those in the habit of making trigo- 
nometrical calculations, must be perpetually turning the old 
division of the circle into the new, or the new into the old. , 
The best instruments in the observatories of Paris, Palermo^ 
and of the diflferent <fapitals of Europe, have been constructed 
by British artists, viz. by Bamsden, Troughton^ &c. and are 
graduated according to the sexagesimal division of the circle ; 
it is plain, therefore, that all observations made with these in- 
struments must be reduced to the centesimal division of the 
circle before they can be used in calculation. Again, The lo- 
garithmical tables of sines, tangents, &c. which were originally 
constructed by the British mathematicians, have passed through 
so many hands, and have been so often examined, that they 
may be depended upon as correct ; whilst the new tables would 
require great caution in using them. 
In devising short methods of constructing the new tables, 

b 2 foreign 
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foreign ma^bem^tici^m kav^^owav^r discover^ several for* 
muIaBi which may be usefiil in examiiwg or e^^tendiag tlM^ old 
tables^ ajtxd in some astronomical calculations. Tbe«e formulae 
comprehend the most beneficial parts of their labours^ as their 
new division of the circle will doubtless^ ere long, share the 
same fate as their new calendar ^ unless the works, which may 
hereafter be framed according to that model, should pos$e$6 
extraordinary and continued merit. 

From an attentive inrestigation of this subject, it will ap* 
pear, that, if any merit can be attached to the new division of 
the circle, the invention cannot, with any degree of jnstice, bf 
ascribed to the Frpnch mathematicians, and that ih^ir i^n^iou^ 
desire for its universal adoption is the natural result of tbf 
French revolution, the general tendency of which has inyg^ 
riably been to depreciate the value of every thihg unconnected 
with that event. The improvements made by the French i^ 
the various branches of mathematics^ though highly extoUedf 
will be found, in many cases, to be more specious than real i 
the modern analysis so univcrsaUy adopted (and which in ^omk 
instances is certainly illogical, if not unscienti^cal) has cpntri^ 
buted greatly to vitiate the taste and ^^plode that solid and ac<e 
curate method of reasoning which is so conspicuous In the wrat-^ 
ings of the ancients. A flimsy mode of demonstration, grounded 
on a dexterous management of algebraical characters, has ireit 
quently been substituted for perspicuity and logical exactness. 
By making .these remarks, the author does not mean to ii|« 
sinuate that the French have made ne improvements in the ma>« 
thematical sciences, he is convinced that they Kave made se^ 
veral, and that in a variety of instances their method of de^ 
monstration is neat and perspicuous i but bis opinion is, that 
the value of those improvements ha? been greatly over-rated. 

Aft^r considering the French division of the circle, the re« 
znainder of the tenth Chapter i% occupied with problems which 
have been frequently applied in extensive trigonometrical spr^ 
veys, together with genial formuls for the solutions of the 

different 



4ifi^er^nt C9^es of Spberic^il Trigonometry ; some of tk^ese forr 
mwlae *re tb« ^anae with thos^ given Vy DelambrCj in his pr«- 
.|»C^ to Boriii^ trigonomietrical tableg aforementioned. 

Book: IV. treats of the Theory of Navigation^ a subjec|b 
intimately connected with Trigonoovetry^ and immediately d/^ 
^v^d from the sphere. 

The work concludes with a tabl^ of the logarithms of aU 

« 

numbers from an unit to ten thousand ; a table of natural 
^ines \ a table of logarijdhmical sines and tangents to every de^ 
gree and minute of the quadrant ; with some other tables usfi.* 
fai in the solutions of the different astronomical problems* 
These tables occupy only fifty pages, and will be found.a valua^ 
;ble acquisition both to the teacher and the learner, as they 
will save the expence of a large set of tables, and answer every 
purpose of instruction with equal advantage. 
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After the foregoing developement of the nature and design 
of the work, and of the improvements which this edition con- 
tains, I feel myself compelled, however reluctantly, to notice 
the injustice done me by a contemporary author. 

Mr. Bonnycastle, a gentleman weU known from his various 
mathematical wor^s, published a treatise on Plane and Sphe- 
rical Trigonometry in the year 1806, into which he copied, 
without the least acknowledgment, a very considerable portion 
of my work. 

In consequence of this I waited upon his bookseller, Mr. 
Johnson, and expressed my displeasure with the transaction. 
He assured me verbally (and by letters which are now in my 
possessbn) that no steps whatever should be taken, by adver- 
tisements or otherwise, to dispose of Mr. Bonnycastle's pub* 
Mcation until he (Mr. Johnson the proprietor of the work) had 
indemnified me for the injury which I might sustain. 

I stated that I should be satisfied by his agreeing to cancel such 

parts 
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parts of Mr. Bonnycastle's book as I could prove to be copied 
from mine. This demand, so just and reasonable in itself, 
did not appear to meet with that approbation which might have 
been expected, and several letters passed between Mr. Johnson 
and myself on the subject 5 the last (excepting one) was dated 
the 30th of November 1806, which repeated the assurance that 
the work should not be advertised either directly or indirectly. 
Notwithstanding these repeated assurances, a partial review 
of Mr. Bonnycastle's work appeared in the Philosophical Ma- 
gazine for November 1806, evidently drawn up with the design 
of counteracting the effects of any unfavourable impression that 
might have gone abroad respecting it, and of paralizing the 
efforts I might make to enforce my demand. The parts 
copied could not be cancelled "without destroying nearly half of 
the work. 

In the same Magazine for January 1807, I made some re- 
marks upon this review, wherein I stated that *^ Exclusive of 
detached matter (which is very considerable) there are up- 
wards of seventy pages (of Mr. Bonnycastle's treatise) in which 
there are scarcely ten lines in any one page which are not 
directly copied from my work 5 and in many pages not a 
single line nor figure but what is copied." The truth of 
which I illustrated by pointing out some errors in my book> 
which Mr. Bonnycastle had copied most minutely. My re- 
marks produced a reply, in February, which clearly convinced 
me that the feelings of Mr. Bonnycastle and those of his re- 
viewer, were so strictly in unison, that the slightest irritation 
of the nerves of the one, immediately caused those of the other 
to vibrate. 

There was not a sentence, or a word, in my observations, at 
which this reviewer (unconnected with Mr. Bonnycastle) could 
possibly be offended, yet his reply was not only intemperate 
but illiberal. I made some observations upon this reply, in a 
letter to the Editor of the Philosophical Magazine (dated 9th 
March 1807); part of which letter was inserted in the succeed- 
ing 
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ing magazine^ but several of the most essential passages were 
suppressed. 

The reviewer says, *^The charges which Mr. Keith has ad- 
duced against Mr. Bonnycastle it is not my immediate business 
to refute." I would ask, for what purpose then did he make 
his reply? He makes a most ridiculous comment on the words 
copyings and collecting from the Nautical Almanac. Notwith- 
standing which, my observations were perfectly correct, for the 
tables of the sun's right ascension and declination inserted in 
my book, were collected from the different pages of the Nau- 
tical Almanac, with the alteration of the last figures, and the 
arrangement was my own J whereas Mr. Bonnycastle's tables 
were exactly copied from my work. Now, why did Mr. Bonny- 
castle copy these tables from my treatise ? The answer is ob- 
vious, they were copied for the express purpose of solving the 
various astronomical problems which he had taken from my 
work, for they were of no other use whatever. 

The reviewer ne^^ makes some remarks on two diagrams 
noticed in mj first letter to the Editor of the Magazine ; ai\d 
here, it appears, he has carefully measured the figures to the 
greatest nicety (perhaps with the assistance of a microscope) 

r 

and exults at the (supposed) advantage which he has obtained 
over mft In consequence of which, like a conqueror of true 
courage and humanity, he assumes a milder tone in the next 
sentence, and says, " There is in general only one way oT 
constructing these figures ; so that the cry of plagiarism on 
such, an occasion is perfectly ridiculous,' as I have no doubt 
Mr. Keith very well knows." 

I feel highly flattered that this learned reviewer will allow 
me to know any thing, and in return for this mark of his con- 
descension, I beg leave to refer him to the 120th page of the 
second volume of Hodgsonh System of Mathematics, printed 
in the year 1723, wherein he will find that a right-angled or 
quadrantal spherical triangle may be constructed, not only one 
way, but one hundred and twenty different ways! 

"How 



•♦How fef Mf. Bomiycddtle^ may jiidg^' it rfj^it'* («f& the 
viewer) ** to enter into any altercation with Mr. Keith, in con- 
sequence of the libertieid he has taken with Mi dh^dhacttfr, i$ not 
for me to decide." 

If what I have charjred Mr. Bohnyes^tle (in the Philoso^ 
phical Magazine) with copying firom my work, has feally 
not been copied, and can be found in any othel* treatise^ 
prior to the first ptiblicatimi of mine, theil inde^ I hatve ac- 
cused him unjustly, slnd ?hall, undoubtedly, meet with that 
contempt which sO base a conduct would merit. But, if, on the 
contrary, my charges are well founded, aiid the matter in que^ 
tlon eann&t be found in any other publication (however insig- 
nificant or unimportant the subjects which are copied maybe) ; 
I stand upon a foundation, not to be shaken by the fafee asser*' 
tiofts> and illiberal insinuations of this, or of any other critic. 

The reviewer concludes his letter, by paying a handsome' 
compliment to his own superior talents and acquirements, with, 
which he seems to be highly pleased ; and, as it is my fixed de- 
termination never to notice Mm again, I shall take my leave of 
him whilst he remains in t|iat happy state of mind. 

With regard to Mr. Bonnycastle, who now holds one of thct 
first mathematical situations in the kingdom, if he can con- 
scientiously acquit hi^ conduct of reprehension, I envy ttot ther 
happiness of his disposition, but leave him in quiet possesrioti of 
the honour and emolument which he may have acquired. 



Norfolk-«t#eet, Fitzroy-st^uare, 
LotUidn. 
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ESIPLANATION of the CHARACTERS or MARKS 

trSED IN THE FOLLOWING WO&K. 



9am 



4-^ Plus or morey the sign of addition; as ad + dc^ signifies 

that the line ad is to be . increased by the 
line DCi and 4 + 3 signifies that the nunx* 
ber 4 is to be increased by the number 3. 

— ^ Minus or less^ the sign of subtraction, and shews that the 

second quantity is to be taken from the 
first; as CB — GB shews that the line cb b to 
be diminished by the line GB. 
X J iTiio or by, the sign of multiplication; as edx DC sig- 
nifies the rectangle formed by the lines bd 
and DC, and axb expresses the product of 
the quantity a by the quantity b. Also 
a'bf or ab signifies the same thing* 

PB 

-*-, Dwided by, as PB-rCs, or — signifies that pb is to be 

divided by cs. 
AB% AB^, signify the square and cube of ab; also 




14^ signifies that 14 is to be involved to 
the third poWer, and then the fourth root 
is to be extracted. 

A or A^j \/a or as express the square and cube root 

of A. 
=r, Epud to J as ab=cd, shews that Jlb is equal to cd. 
CO > Differmcey as A «d b, shews that the difference be- 
tween A and B is to be taken* 
jiirmculum or parenthesis , serves to link two or more quan- 
tities together, as A-f B X w, or (a + b) . wi, 
signifies that A and B are first to be added 

together. 



ZXviii EXPLANATION OF THE CHARACTERS, &C« 

together, and then to be multiplied bf the 
quantity m. 
: : : : Proportion^ a :b : : e : d signifies that A has 
is to as is to to b the same ratio which c has to D, and 

is usually reod a is to B as c is to !>• 
Therefore. 
Z. Angle f as ^Ay signifies the angle a. 
*3 Greater thany as a -:3 B, shews that a is greater than b. 
cr Less than^ as A r- b> shews A to be less than b. 

The other characters are explained among the definitions 
in the work. 

N. B. The letters within the parentheses, at the beginning 
of the different paragraphs of the work, are references. Thus, 
(C. 2.) refers to the article marked. (C) at page 2; (R, 27.) 
refers to the article marked (R) at page 27, and so on. 



ERRATA. 

Preface, page vii, line 13, Jar have, read has. 

Page 36. line 8, /or base bc, read perpendicular bc. 

99. line 21, /or V vers ^A — sine «a, read VY€r««A-fsinc*A. 
128. line 18,/or f— 45°, read tang (9—45**). 
216. line 16, ^or (c sine b. sine c), read (sine b. sine c). 
298. line 41, in the formula where the letters have dropt oat of the 
press, read — rad . cos Q m . 
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CHAPTER I. 

THE NATURE AMD PROPERTIES OP LOGARITHMS. 

(A) Definition. LOGARITHMS are a series of numbers 
contrived to facilitate arithmetical calculations; so that by them 
the work of multiplication is performed by addition, division by 
subtraction, involution by multiplication, and the extraction of 
roots by division. 

They may^erefore be considered ^ as indices tp z series of 
numbers in geometrical progression, where the first term is 
an unit^' Let 

1 ^r^.r^.r^.r^.r^.f^. &c. be such a series, increasing 

from Ijorl. — .--. --.--..--.. --, &c. decreasing from 

r r^ r* r* r* f^ 

1 ; wluch last series, agreeably to the established notation in 
algebra, may be thus expressed, 1 . r-i . r-2 . ^-s . r-4 . 
r-^ . r-6, &c. Here the common ratio is r, and the indices 
1 . 2.S,&c,or — 1 . —2 . *- 3, &c. are logarithms. Henceitis 
obvious, that if a series of numbers be in geometrical progres- 
»oo9 theit logarithms wHl constitute a series in 'arithmetical 
progression. And, where the series is increasing, the terms 
of the geometrical progression are obtained by multiplication, 
and those of the arithmetical progression, or logarithms, by ad- 
dition; on the contrary, if the series be decreasing, the tenn$ 
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of the geometrical progression are obtained by division, and 
those of the arithmetical progression by subtraction. 

The sam^ obserta(tioi^^ ^VS^7 ^^ logarithms when they are 

' ^' "l' 1 

fractions, thus if r** denote any number, then will 1 ^ r** . 
2 3 ^ £ £ 

r» .r" . r^t^" • r^9 8^* constitute an increasing series of 
numbers in geometrical progression! of which the indices 

12 3 4 5 6. V , .* 

. T- * ^ * ^-^ : ' — • — . -r* &<:. afft tM ldfearlt|unSt or 
ft h n n tt ff ^ - ^ ^ ' 

I . j 

^, wiU constitute a decreasing se« 
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„_ 


f^ 
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ries which may be thus expressed, r 






tt « » 



, &c. and of which . — — . -^ — 

tt n 



l.-i.._l.&c. are the logarithms. 
n n n ^ 



(B) Considering logarithms as 'indices to a series of number? 
fe ifeometricai progression, where r and n may represent any 
numbers whatever, it follows that th^re may be as many 
different kinds of logarithms as there can bl^ taken difierent 
$drfe of geometrical series : numbers in very different pro- 
gressions may likewise have the satke logarithms, and on the 
contrary, the same geometrical series may have different series 
jof logarithms corresppndihg to them, but ih every case the 
logarithm of 1 is 0. ' 

(C) iThe tables of logaritiuris in common use, are constructed 

ijpqn a supposition that r=E: 10; hence it appeasrs- thkt tbe 
ogarithm ot any number whatever is the index of tome 
po^^oflO. 

Tj^us, the logarithm of 10 is I, being the iqde^ of lO*-; 
the logarithm of 100 is 2, being the bidex of 10^; the lo- 
gaJTithm of 1000 is 3, being the indetc of 10^ \ the logarithm of 
JCkKK) is 4, being th(9 indey of 10^, Sec. Hence the Idg^tbms 
jof all numbers b^t^een 1 aiid 10 wlU be grealter than and less 
jfchJan \y that is, they will be decimals; betweeA 10 and 106 
Ithey will be greater than 1 and less than 2, that is, they will. 
^ expressed by 1 with decintals annexed; between 100 and 

looa 



G»^F« t Ot LpCfAiUTaii^S* $ 

lOOO the Idgarithms are expressed by 2 with decimals ann^^ ; 
between 1000 and 10000 they are expressed by 3 with decimals 
amie^^* 

Again, the logarithm of — == |jj is — 1, being the index 
of 10"*^ 5 the logarithm of -^ = ^ is - 3, being th« iiide» 

A 1 1 

pf 10"" ; the logarithm of-j^ ^ loi ^^ "" h^^ ^? }nd^* 

of 10"*^, &c. Hence die logarithms of all numbers between 
1^ and '1 will be expressed by -^ 1, ^th decimals Annexed ^ 
between •! and '01 they will be expressed by* — 2, Virith deci« 
mals annexed; between *01 and *001 by — 3, urith decimals 
annexed, &c. 

And, univeriaffy, if 10*= «, tbm x is the logarithm <f a\ 
where a may be any number from 1 to 101,000, thi^ extent 
of our best modem tables. 

If ia»*= 2, then x = 0-30103 the log, gf 2. 

If 10* sSi S,thenx ^ 0-47112 thf % gf $. 

If 10* = 4, then X =K 0-60206 the b^. of^. 

If 10* = 50, then x ^ 1-69897 fhehg.rfSO. 

If 10* = 94261, then x =±: 4-974S3 the log. Gf94ASl. 

Hie logarithm of 9*4261 ss "97483 ^ k^ ^* W p± 

10^^3 ^ 9.4,261, multiply by IQ* 

ThealO*-^' = 10^^^:^9*-26L 
Multiply again by 10, 

And 10-**=* 10***^' :± 942-61. 

I 

Multiply a third time by 10> 

Then 10**' « lo'-^*^ =* 9426-i. 
Multiply once more by 10, 

Thm 10*"*"* « 10^^*^ ?5 94261 a^4 s6 0t^ |f msteai. 
dF midtiplyingby }0, isre di?ide by IQ in the ejcjaatjip^ 

10»= 9-4261, then wiU 



* The design of this chapter is to sheir the nature ai^d propi^rtM^s «( 
J^4(arit)uiit) 9iid pot the difi^nt methods of cosilnictipg tbcau 



■ 

L 



TUfi USE OP THE TABLEu 



Book L 



Divide again by 10^ 



Then 10'-* = 10-^'*'*^=' -'=10" **'*'' = .094261. 
Divide a third time by 10, 

Then 10'-'= 10-**'*^*-^= lO"'^'"' = -0094261, &c. 
as far as you jdease. 

(D) Hence it appears that all numbers whatever, whether 
they be whole numbers, mixed numbers, or decimals; have 
the decimal part of their logarithms the same, the only differ- 
ence being in the index or whole number ; and that the index 
to the logarithm of a whole number is affirmative^ and the index 
to the logarithm of a pure decimal is negative ^ but, in evevj 
case, the decimal part of the logarithm is affirmative. 



CHAP. IL 

THE USE OF %H£ TABLE OF LOGARITHMS. 

« 

PROPOSITION I. 

(E) To find the hgariibm of any whole nunAer^ or mixed decimal^ 
consisting of one^ two, three, or four figures. 

This proposition will appear plain from the following ex- 
amples, observing that the decimal parts only of the logarithms 
are put down in the tables y because the index, or whole num- 
ber, of the logarithm is always an unit less than the number 
of figures contained in the natural whole number to which 
it betongs. ^C. 2.) 

Required the hgarithm of 5. 

Look in the table in the column marked No. for 5 and against 
it in the column log. stands ^69897. The natural number con- 
taining but one figure, the index is therefore 0* 

Mequired the logarithm of 74f. 

Look for 74 in the column marked No. and against it stands 
*8692S. The natural. number containing two figures, the index 
is 1, therefore the logarithm of 74 is 1*86923. 

Required, the logarithm of 74}$. 

Look for 74S in the column marked No. and against k stands 
-87099. The natural number containing three figures, the 
index is 2, therefore the logarithm of 743 is 2-87099. 

Required the logarithm of 7438. 

Look for 743 in the column marked No. as before, and 
Meeting your eye to the numbers in the top column of the 

table^ 



Chap; D. 



OF LOGARITHMS. 



s 



table, find the remaining figure 8, guide your hand down that 
column till you come in the same line with 743, against which 
you will find '87146. The natural numbei' containing four 

S« Hence the logarithm of 7438 is 



index 



IS 



figures,' the 
3-87146. 

No. Log. 

Examp. 37 = 1 '56820 

4 = 0-60206 

91-6 =1-96190 

9-16 = 0-96190 



No. Log. 
3754 =3-57449 
375-4 = 2-57449 
37-54 = 1-57449 
3-754 = 0-57449 



No. ^og. 
4980 = 3-69723 
7986 = 3-90233 
3700 = 3-56820 
4000 = 3-60206 



rROPOsinoN n. 

(F) To find the logarithm of any whole number ^ or mixed decimal^ 
to jive or six places of figures. 

Rule. Find the logarithm to the first four figures as above^ 
then take the difierence between this Ipgarithm and the next 
greater in the table. Multiply this di£^rence by the figures 
you have above four, and cut ofiF so many figures from the right 
hand of the product as you multiply by, the rest must be added 
to the logarithm first tzken out of the table. 

Required the logarithm of 59684^. 



Logarithm of 5968 is 77583 
The ne:|^ gre^r is 77590 

DifF. 7 



7difi: 

4 remaining figure 

2-8 product = nearly 3, 



Then 77583 + 3 = 77586. The natural number consisting 
oi five figures, the index is 4, therefore the logarithm of 59684 
is 4*77586. 



Mxamples. No. Log. 

• 59-684 = 1*77586 

94261 = 4-97433 

785920 = 5-89538 



No. Log. 
65-439 = 1-81584 
27869^=4-44503 
1131755 = 5-11977 



PROPOSITION in. 

(G) To find the logarithm of a pure decimaL 
Rule. Find the logarithm correspondent to the significant 
figures^ as if they were whole numbers. Then if the first signifi- 
cant figure be in the place of tenths^ the index will be — 1 j if in 
the place of hundredths it will be — 2 ; if in the place of 
diousandths it will be — 3, and so on. 

Thus, logarithm of -3754 is — 1-57449 

The logarithm of -03754 = -2-57449 

The logarithm of -003754 = - 3-57449 

The logarithm of -0003754 ?= - 4-57449, &c. 

PROPOSITION 



$ rnz m^ ot run tawlz J^(f(Vi i* 

l^ltOrOSITlON IV* 

(H) To Jtnd the logarithm of a i)ulgar ftaciion. 

Rule. Reduce compound fractions, mixed fractious, Scc^ 
to simple fractions. Then subtract the logarithm of the de-> 
tiQinii^tor from the logarithm of the numerator ; if you carry 
2, add it to the index of the logarithm of tixe denominator; 
then take the difference of the indices for the index to the 
logarithm of the fraction. For a proper fraction this index vfUL 
he — , for an improper fraction it vrijl be +* 

Required the logarithm of -^ 

The logarithm of 5 at 0'6989t 
The logarithm of 18 =2 1-25527 



-M» 



The logarithm of tV == - 1 •44370 

In the same manner the logarithm of ||. =b — 1 '99535 ; th<^ 
W. of |i = - 1-88303 ; the log. of | = - 1-77815 y the log. 
^h^ = +0-72871, &c. 

PI^OPOSITION V. 

(I) To find the number answering to any logarithm to four places 
•f figures. ^ 

Rule. Look in the column of logarithms marked at the 
top of the table, if you do not find your logarithm there, take 
the nearest less to it which you can find in that column ; the 
first three figures in the natural number will stand in the 
column marked No,^ and looking in the same line from the 
left hand towards right, you will either find your logarithm or 
the nearest less to it in the table, the fourth figure of the natural 
number will stand at the top of thfe table. 

Required the natural number answering to the logarithm S •90233. 

Rejecting the index 3, I look in tibe column O, where the 
first three figures of the logarithm are 902, and against 90200 
I find the natural number 798, and looking along that line, 
under 6, 1 find 90233 the given logarithm, therefore the natural 
number is 7986 and the index bemg three, the ns^tural number 
is a whole number. 



Examples* Log. No. 
1-76343 = 58 
2-77056 = 589-6 



Log. No. 
2*85775 = 720-7 
8-86682 == 7359 



PROPOSITION VI- 



(K) To find the nufnber answering to any logarithm^ to five or 
^x places ^figures. 

Rule 



Rule* Find the nearest less logaritiim in die taHes t6 the 

given one, and tak6 out the four figtffes Answering to itaig 
efore. Take the difierehce betwei^n this logarithm and the 
next greater in the tables, and als6 between this logarithm 
and the given one ; divide th^ latter difi^^rence, vnth ciphmt 
annexed' to it, by the fbrm^r, and place thc^ quddtat to the 
fight hand of the natural number already fbuiid. 

Required the natural numbed ans*tvering to the iogarithm ^•SdSS^* 



Given log. 5985^ 



nearest less log. 59857 



Next less 59857 nat. numb. 3968 {) next greilter 5986S 

diff. 2 annex ciphers. diff. 1 1 

then 200 &c. -f- 11 = 18 &c. the natural mimber is therefore 
3d68 1 *8, the index being 4, there are five whole numbers. 



jEacamples. Log. No. 

4-97433 = 94261 
2-97433 = 942-61 
4-69588 5= 78592 



Log. No« 
2-50181 =317-55 
3-81584 SB 6544 
5-37081 =234860 



PROPOSITION VJI. 

(i^) To find ihe product of ttuo whole or mixed numbers,^ 

Rule. Add the logarithms of the numbers together, tht 
piatural nuhiber answering to the sum will be the product re*- 
quired. 

When several numbers are to be multiplied together, some 
lof which are less than an unit, add the logarithms of the num** 
feers together ; when you come to the indices, add tlie affirma^ 
tive indices and what you qarry into one sum, and the negative 
indices into another. T?ike the difference between these sums 
(or the index of the product, prefixing the sigh of the greater 
^mn. 

Required the product of 84 and hQ. 

Logarithm of 84 = 1*92428 
Logarithm of 56 == 1*74819 

Product 4704 Log. = 3*67247 

JRequifed the product of 16*5 by 5' 5. 

Logarithm of 76-5 « 1-88366 
IiOgarithmof 5'5 = 0-74036 

Product 420-75 Log. = 2*62402 



♦ Letlo''=aj 10""* = ft; iC^^^c; lO'^ = rf, &c. Then lo''""*^^** 
s abed, 5cc. Where v is the io^rithm oi a; «--ir the logarithm of ^; ^y 
the logarithm o(c; z the logarithm of d, &c. Ami, v— a— y + « is the logarithnL 
^aicd. (A.n.o77rfC. 2.) 

Required 



THE USE OF THE TABLE 

Zfjuini thf product g^*84 x '056 X* 31. 

Tbe logarithm of -84 = - l-924.2g 

of -056 =3 -2-74819 
of 37 = + 1*56820 



Booclt^ 



Sum of the decimals and ) 
affirmative index ) 
Smn of the negative indices — 3* 



+3-24067 



Logarithm of the product = 0*24067 
The number answering to which is 1 '7405, the product required. 
Required the ptoduct^'2fl X 426 x "5 X '004 X '275 X 336. 
Answer 29*128. 



PROPOSITION viir. 

(M) To divide one number by another, ♦ 

Subtract the logarithm of the divisor from the logarithm of 
the dividend^ and th^ remainder will be the logarithm of the 
quotient. 

If any of the indices be negative, or if the divisor be greater 
than the dividend, change the index of the divisor: then if the 
indices have unlike signs take their difiPerence, and prefix the 
sign of the greater ; if they have like signs take their sum, and 
prefix the common sign. When there is an unit to carry from 
the decimal part of the logarithm of the divisor, substract it 
from the index of that logarithm if it be negative, otherwise 
add it, before the signs are changed^ 

J)ivide 5^50 by 2i. 

Logarithm of 3450 = 3'53782 
- Logarithm of 23 == 1*36173 

Quotient 150 Log. = 2- 17609 



Divide 420-15 by V B*S 

Logaritlun of 420*75 = 
Logarithm of 5^5 = 



2^2402 
0-74036 



Quotient 76*5 Log. = 1^-88366 * 



* Let 10 ssoy and 10^ « c, then x is the logarithm of a, and y is the loga;^ 
rithm of fc Now » 10 ^ = — , where a —If i« the logarithm of —. 

loy c ' • « 

Divid? 



.CniP. IL bF LOGARlTHIdS; 

I 

I 

DlnAde -003^5 *v '0678. 

Logarithm of -00375 == ^ 3-57403 
Logarithm of -0678 = - 2'8312S 

Quotient -0553 logw = - 2-74280 

: hivide ^ by 937^. 

Logarithm of |. =i — 1*74473 
Logarithm of 937-5 = +2-97197 

Quotient -000592 log. = - 4-77276 



y ► ^ d^ <—*■ 



PROPOSITION IX. 



(N) To invotvi a number to any power i that is to square^ cubi^ 
ir number^ ls?c.^ ' 

Rut-E. Multiply this logarithm of thie number by the number 
[texpfessing the power, viz. by 2 for the square, 3 for the cube^ 
14 for the biquadrate, &c. \ and the product will be the logarithm 
[of the power required. , 

r If the index to the given logarithm be negative j multiply 
; this index and the decimal part of the logarithm separately by 
; the index of the given power, and subtract the former product 
: from the latter j when you come to the indices j or whole num- 
bers of these products, their difference must be taken, but if 
i there be ah unit to carry from the decimal part of the lower 
\ product, it must be added to the index of that product before 
|!you take the difference. The result will in pvery case \^ 
jhegative. 
I Kequired the cube of V2 

Logarithm of 1-2 = ()-67918 



The cub^ is 1-728 Log. = 0-23754 

i^jequired the square of 25. 

Logarithm of 25 as 1-39794 

2 



The square is 625 Log. =r 2-79^88 



\ 



* Let 10* «s a, &nd n » the index of the powftr, th« 10** » a"^ where k is th« . 
Htgaritfan of a, and » c the logarithm of a" . 

C Hequirifd 
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Required the thirdpower of'&125. 

The logarithm of '0125 is - 2-86034. 
Then -860345 x 3 = 2-58102 product of the decimal; 
and 2x3=6* product of the indices. 

Pbwer -00038 1 log. = - 4-5 3 1 02 

Rjequtredthe 6*25 power of 0032. 

The logarithm of 0032 is -8-50515. 

Then -50515 x 625 = 3-157l9pro.ofthed« 
and 3 x 6 2S = 18-75 pro.ofthcii 

Power*0000O000000O00025538log.« - 16.40719 



PROPOSITION X. 

(O) To tXtrcict the square or cuie-'rooty isfc. of any number J^ 

Divide the logarithm of the number by 2 for the sqi 
root, 3 for the cube-root, fcc. and the quotient will be 
logarithm of the root. 

If the index to the logarithm be negative and doi^ not exactlj 
contain the divisor, increase it by such a number as will 
it exactly divisible^ and increase the logarithm also by the sa 
iiumber tsefore you begin to divide. 

What rs the squtire-root of S'24! ? 

Logarithm of 3*24 is 0*51054, which divided by 2 
C-25527,the number answering to which is 1-8. 

What is the cube-root of 10648? 

Logarithm of 10648 is 40272B, which divided by 3 gii 
1^34242, the number answering -to which is ^2* 

What it the cuVe-root of "00038 1 1 ? 

The logaritlp of -0003811 is -4-58104 = -4 + 0-58104] 
and by adding T to each part, it is = — 6 + 2-58104, divide 
3, then — 2'86034 is the logarithm of the root, the num 
Answering to which is "0725, the root sought* 

What is the -72 root of '096 ? 

The logarithm of -096 is -2-98227 = -2+0-98227, 
by adding -16 to each part (in ordtr that the negative ind 
may dividfe feven by '12) it becomes — 2'16 + 1-14227, divi< 



■fMwm 



f Let 10* =B a, and » =■ the iiidex of the root^ Then 10* 
%liff logfaritbni tf a^ and — is the Ic^ikiitbia of i<» . 



«", whec« #^ 



TAP. n. OF L0CARITHH9* II 

•72 theft — S* + r58648 = — 2-58648 Is the logarithm of 
ie root s hence the root sought is *03859. 

PROPOSITION XI. 

[ (P) To find the value of a quantity having a vulgar fraction for 
Kr exponent. 

Rule. Multiply the logarithm of the given number by the 
numerator of the exponent, and divide the product by the de- 
nominator \ the quotient will be the logarithm of the quantity 
required. The multiplication must be performed as directed 
in the 9th Proposition, and the division according to the dir^Cr 
^ons given in the 1 0th Proposition : for, the numerator denotes 
the power to which the given number is to be raised; and th« 
denominator shews what root of that power is to be extracted. 

\ What is the value f 'Wei^ ? 

[The logarithm of '096 = -2-98227 which multiplied by 25 

kProp. ix.J produces — 26*55675 ; this divided by 18 (Prpp.x.) 

Ipves — 2*58648 ; the number answering to which is *0S859« 

Answer. 

PROPOSITION xu. 

{Q) '^^fi^ e fourth proportional to three given numbers.; or to 
nuork a question in the rule of three by logarithms. 

Rule. Add the logarithms of the second and third terms 
.|ogether^ and from the sum subtract the logarithm of the first 
' term, the remainder will be the logarithm of the fourth tena* 
Wbe^ is tbefourth proportional to '1 5 \ 36; and 'OOS? 
Logarithm of 36 = 1-55630 
Logarithm of -008 = - 3-90309 

Sum x= -.1-45939 
: Logarithm of -75 = -1-87506 subtract. 

- 1-58433 the number 



9ASWfriiTg to which is '384 the fourth proportionalrequired. 
For, -75 : 36 :: -008 : -384. 

PROMISCUOUS EXAMPLES, EXERaSING ALL THE PROPOSITIONS. 

(I.) Fmd the logarithm of ^. Ans. — 1-88303. 



i 



(S.) Ri- 
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*(5.) Required the product of 56j- X '7 X ^§ X -~- X ^^ 

^ns. Logarithm of the . product is 1*34735, and the product 

;^ 22-25 ir/aP -V- 

(6.) Required the product of •05'94405' x '583' x •0322916'1 
X •4'2857l' X -I'S'. Jns, Log, of the product is - 5*94075^ 
;»nd the product = -000087247. 

(7.) Divide -0565 by -25. Quotient = '226. 

(8.) Divide -00375 by -0678. Quotient = -05531. 

(9.) Divide 54498 by -093. Quotient = 586000. 

(10.) Divide ||4 by ilU. Quotient = -0041963. 

(11.) Involve 1 -05 to the 40th power. Ms. 7*0399. 7 ' ^ ? ^| 
(12.) Required the 3-75 power of 14^795 or find the 



15 



of 14-79^ ^ . Ms. 24399'5. 

(13.) Required the '34'54' power of 94-75'; or find i3x{ 

value of 94-7 11^^. Jns. 4*8 1 736. ' r r ! .x .: 2 V '^ 
(14.) Involve -09475' to the -34'54' power. Ans. -44307* 
(15.) Find the cube root of '000381078. Ans. -0725. 
( 1 6.) What is the -625 root of -027588 .? Ans. -0032. 
(17.) Find a fourth proportional to 58'. 13"; ll"*75; and] 

24 hours. Ans. 4' . 50" '6. 

{\S.) Find a fourth proportional tp 23*" . 12' , 37"^ 24| 

hours ; and 7 ^ . 59' . 34". Ans. 8 *» . 1 5/ . 53". ' 

CHAP. III. 

THE USte OF THE TABLES OF SINES AND TANGENTS.* 

PROPOSITION I. 

(R) To find the natural sine or cosine of an arcy also the logqriilh} 
piical siney tangent^ secant^ £^^ 

Rule. If the degrees in the arc be lessj than 45, look for*] 
them at the top of the table, and for the minutes (if any) in the 
Jeft hand column marked m, against which', in the colutnn signed] 
at the top of the table with the proposed name, viz. sine^ costm\ 
^c. stands the sine, cosine, &c. required, If the degrees arc 
more than 45, they must be found at the bottom of the table,! 
and the minutes, (if any) must be fo,un4 in the right hand co- 
lumn. The name in this case, viz. sine, tangent, &c. must be 
taken at the bottom of the table. To find the secants see the' 
ferst page of Table III. 

• The coiistruct;joi\ of these tables will be found in Book II. Chap. V. Before 
the student reads this and the following chapter, it will be proper fo;r him to^ 
rei^d the detpLottiou^; &c. in Book II. Chap. I. 

• " ' : ' ■ ■ The 



Chap, in, b» sines and tangents; 1$ 

. The natural sines must be looked for in the table entitled 
natural sines ; and the logarithmical sines in the table entitled 
kgarithmical sines and tangents. 

Required the natural and logarithmical sine and cosine of 39"^ , 42'. 
Natural sine of 39" . 42' = -63877, cosine = •'76940. 
Logarithmical sineof39^ 42' = 9-80534, cosine = 9-88615. 
. Required the natural and logarithmical sine and cosine of7S^, 2%\ 

Natural sine of 73** . 27' = '95857, cosine = -2a485 
Logarithmical sine of 73° . 27' =? 9*98 162, cosine = 9-45462, 

.ff the sine, tangent, $cc. be wanted to any number of degrees 
above 90; subtract ^ose degrees from 180° and find the sine^i 
tangent, &c. of the remainder : or subtract 90" from the given 
number of degrees, and find the cosine, co^tangent, Scc» of the 
remainder, wluch is the same thing. 

Required the logarithmical sine, tangent, secant, (;osineyahtangent^ 
^nd cO'Secant ofXZT. 29'. 
180° 
1 37* . 29' 



rem. 42°. 31' sine = 9*82982, cosine = 9-86752, tangent =s 
p-96231, co-tangent = 10-03769, secant = 10-13248, co-secant 
= 10-17018, and these are respectively equal to the co-sine^ 
sine, co-tangent, tangent, cp-siecant, and secant of 47^ • 29' = 
1 37°. 29' -90°, 

PROPOSITION II. 

(S) To find the logarithmical sine, cosine, is^c. of an arc to seconds^ 
Find the logarithm to the degrees and minutes as in Propo- 
sition I. take the difference between this logarithm and the next 
greater or less in the same column, according as you want a 
sine or cosine, tangent or co-tangent, &c. multiply this differ- 
ence by the number of seconds given, and divide the product 
by 60'^ add the quotient to the given logarithm if it be a sine, 
tangent, or secant, but subtract the quptient from the given 
logarithm if it b^ a cosine,' cortangent, or co-secanty and the 
sum, or remainder, will be th^ log^ithm required. 

Required the logarithmical s^ine, tangent, and secant of%^, 44'. 24'. 
Log.sine35°.44'=9-76642tangent = 9-85700secant=10-09058 
pext greater sine = 9-76660 tangent =9-85727 secant = 10-09067 



diff. 18 ■ 
24 


diff. 27 
24 


diff. 9 
24 


^^ 1 432 


m 1 64a 


60 1-216 


% part 7 

1 


10 


3 
Then 
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Then,Slne35^44.'.24''=9•76649,tang/U9•857lO,sec.«10•09()61. 

In the same manner the natural ^ine is founds being 'SS^IO. 

Required, the logarkhmical cosine^ co-tangenty and co-secant ^ 
S5^ 44'. 24". 

Log.cosine35*.44'=»9'90942co-tan.«: 10- 1 4S00co.sec. » 10*!2335« 
next kss cosine =9'90933co-tan.=.10-14273co-Bec.= 10-23340 

* • 

.1 I !■ I ■ tm^. m ■ ■ ■ ■ ■ » ■ 

diffi 9 diff. 27 diff. 18 

24 24 24 



60 I 216 60 I 64S 60 ) 433 

Suhtr-act prop, part 3 10 *t 

Then cosine 35°. 44' .24"= 9*90939, co-tangent = 10-14290, 
co-secant =: 10-23351. 

In a similar manner the natural cosine is found, being 'SI 167, 

PROPOSITION III. 

(T) To find the degrees^ minutes^ or degrees^ mnutes^ and seconds j 
eorresponding to any given logarithmical sim^ tangent y bfc 

RtTLE. Find the nearest logarithm to the given one in the 
table, and the degrees answering to it will be found at the top 
of the column if the name be there, and the minutes on the left 
h^d 5 but if the name be at the bottom of the table, the de- 
grees must be found at the bottom of the table, and the minute$ 
on the right hand. To find the arc to seconds, take the differ- ^ 
ence between the two nearest logarithms to the given one which 
you can find in the table, also the difference between the given 
logarithm and the nearest less. Multiply the second difference 
by 60, and divide the product by the first difference, the quotiem 
will give a number of seconds, which must be added to the de^ 
grees and minutes corresponding to the nearest less number id 
the tables, if your given logarithm be a sine, tangent, or secant} 
but if your given logarithm be a co-sine, co-tangent, or co-secant, 
tjie number of seconds must be subtracted from the degrees and 
minutes corresponding to the nearest less number in the tables. 

Find the degrees, minutes, and seconds, corresponding to the logarithm 
fnicalsine9'4^^^99. 

Nearest sine less than the given one 9'43278 21 

Nearest sine greaterthan the given one 9*43323 60 

» mmmmmmmm 

First difference 45 45 | 1260 

Given sine 9-43299 

Nearest less 9-43278 answering to 15*". 43' 28 quot. 

Second diff. 21 ^ ^^ 

therefore the required arc is 15°. 4S'.23". Tk« 



i^BAP. All 



siItesj tak(Sent$» Sec. 



is 



The same manlier of proceeding must be observed in finding 
it' tangent^ secant, or natural sine. 

Find tbe degrees J minutes^ andsecondsy corresponding to the logarithm* 
vncal cosine 9*43297. 

Neafest cosine less than the given one 9*48278 
'$>Iearest cosine greater than the giren one 9'43323 

19 

First difference 45 60 



Given cosine 9-43297 ' 45 | 1140 

Near^t less 9*43278 answering to 74**. I7'. 



Second difference 1 9 



25quoti 



Therefore the required arc is 74^ 16'. 34"« 



PROPOSITION IV, 

(U) To find the natural or logarithmical versed sine <f an arc^ by 
^e help of a tat/e of natural or logarithmical sines. 

To find the natural versed sine; subtract the natural cosing 
£hpm an unit if the arc be less than 90% but if greater than 90°| 
add it to an unit. 

To find the logarithmical versed sine; find the logarithmical 
sini^ of half the arc, double it, dnd subtract 9*69897 from the 
product. 



Required the nMural verjsed Sim 
qf6i5^m 45'. 

Radius =1* 
Nat. cdsine 65"". 45' =s= -41072 



versed sine 65*. 45'= -58928 



Required the logarithm, versed 
yineof72\U' 

};iOgarithmical sine 56^7' 
half arc. =i 9-77043 

2 



ii «fa 



i9'54086 
9-69897 



J[^|;^vcr^$}ni»72^l4:aL9'S4189 



Required the natural versed sine 

Natural cosine 1 15°. 35' or 
cosine 64°. 25' = •43182 
To which add 1* 



vers, sineof 1 15*.35'= 1 -43182 



Required the log. versed sine of 
37°. 53' 

Here h^ the arc is 1 8°. 561' 
Log. sine 1 8°. S&= 9-5 1 1 17 
Log, sine 18*.5r=9-51154 

doublesine 18°.56V-= 19-02271 

9-69897 



Log. vers, siae 87*«5S'«9-3237il 



9HAP. 
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CHAP. IV. 

THE CONSTRUCTION AND USE OF THE PLAIN SCALE; 

i 

( W) ITje Plain Scale is a mathematical instrument of extent 
sive usf^. The scale generally used at sea is a ruler of two feet 
in lengthy having drawn upon it equal parts, chords, sines, tan- 
gents, secants j &c. These are contained on one side of tbfiJ 
scale, and the other side contains the logarithms of these 
numbers. 

(X) Describe a semicircle with Iny convenient radius CB 
(Fig. L Plate 11.) ; from the centre c draw CD perpendicular 
to AB, and produce it to f, &c. ; draw b& parallel to cf, and 
join AD and bd. 

(Y) Rhumbs. Divide thfe quadrantal arc ad into eight 
^qual parts, with one foot of the compasses in a transfer th^ 
distances a1, A2, aS, &c. to the straight line ad, and it will be a 
line of rhumbs containing eight points of the compass, or one- 
fourth of the whole circumference of the compass. By subdi- 
viding each of the divisions a1 ; 1,2, &c. into four equal partSj 
and transfering them in the same manner to the line AD, it will 
contain the points^ and half and quarter points. 

(Z) Chords. Divide the arc BD into nine equal parts, with 
one foot of the compasses in b and the distance^ b 10, 320^ 
B 30, &c. ; transfer them to the straight line bd, which will be a 
line of chords constructed to every ten degrees. The single de- 
grees are constructed by subdividing the arcsj 'B 10 j 10, 20f 
&c. into ten equal parts, and transferring the divisions in th^ 
same manner to the line bd. 

(A) Sines. Through each of the divisions of the arc bD 
draw Hfies parallel to cd, such as 80, 10; 70, 20, &c. and thcf 
line CB will be divided into a line of sines reckoning from c to B 
(for CG is the cosine of the arc B 80, or the sine of the arc D 80^ 
which is ten degrees) •, if this line be numbered from b towards 
C, it wiU become a line of versed sines. 

(B) Tangent. From the centre c draw straight lines through 
tke several divisions of the quadrantal arc bd, to touch the 
straight line be, which will become a line of tangents. 

(C) Secants. Transfer the distances between the centre C 
find the line of tangents, to the line dp, and it will become a 
line of secants which must be numbered from D towards f, at 
in the figure. 

(D) Semi'-tangents. From A draw lines through thie several 
divisloiu of th€ arc bd, ajid they will divide the line cd into 

semi- 



--fl 
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ifeznl-tangentsy ^hich must be marked with the corresponding 
figures of the arc 10, 20, &c. 

The preceding are some of the principal lines on the plain 
Scale, and to render them convenient for practice, they are 
transfered from a general figure, such as figure the 1st, to a 
plain scale or ruler, such as figure 2d, and arranged in the 
same order. 

Besides the lines already mentioned, there are, on several 
scales, other lines derived from the circle^ such as 

(E) Miles of Longitude, Divide the line ac into 60 equal 
parts, through each of these draw lines a\0\b 20, &c. paralldi 
to DC, and every tenth of them will cut the arc ad iii the 
[points Oy by f , dy &c. ; from A as a centre, the several divi- 
[sions of the arc ad may be transfered to the line ad, which 
will give the divisions of the line of longitude. 'If this line be 
laid upon the scale close to the line of chords (as in Fig. III.) 
both inverted, so that 60 on the scale of longitude be against 

I on me chords, &C.5 and any degree of latitude be counted on 
the chords, there will stand bpposite to it, on the line of lon- 
gitude, the miles contained in one degree of longitude in that 
latitude, a degree at the equator being 60 miles. 

These lines are generally drawn to a larger radius than the 
lines above described, and consequently are applied to a larger 
scale of chords as appears by Fig. III. 

(F) .Equal Parts. The divisions of the line AC to form the 
miles of longitude may be considered as a scale of equal parts, 
and on some plain scales are laid down as such, marked Leag. 
tiz. Leagues or equal parts. 

Some scales are divided into equal parts, as in Fig. IV. 

The outer one is generally a scale of inches. The others aref' 
divided similar to those marked a, B, c, &(f. The scale A 
contains 40 equal parts to an inch, the scale B S5^ c 30, &c< 
I But yie most useful scale of equal parts is 

(G) The Diagonal Scale. Draw eleven lines paralld to, and 
equidistant from, each other, as in Fig. V. 5 cut them at right 

^ angles by the lines bc; e? 5 1, 95 2, 7, &c. then will hg, &c. 
be divided into ten equal parts, divide the line op into ten 
eo^ual parts, alsp the line m n. From the points of division on 
the line tntiy draw diagonals to the points of division on the line 
op, viz. join m and the first division on op, the first division 
on mtiy and the seco'nd on op, &c. 

The chief use of such a scale as thisj is to lay down any line 
from a given measure, or to measui^e any line. In doing which, 
the units are counted from m towards o, the tfcns from m to- 
^^ards «, and the hundreds from m towards H. 

D Thus, 
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Thus^ for example, to take off the number 242, extood 
compasses from mto 2^ towards h ; with one leg fixed in 
point 2, extend the other till it reaches 4 in the line mni 
one leg of the compasses along the line 2, 7, and the other aloi 
the line 4, till you come to the line marked 2 in BC, and 
will have the niimber required. 



OF THE LOGARITHMICAL LINES, OH GUNT£U*S SCALE. 

Mr. Edmund Gunter was the fijrst who applied the logarit 
of numbers, and of sines and tangents to straight lines drawn 
a scale or ruler; with which, proportions in common numi 
and trigonometry, may be solved by the application of a pair 
compasses only. The method is founded on this propei 
That the logarithms of the terms of equal ratios are equidifftrt 
This was called Gimter's proportion, and Gunte/s line; h< 
the scale is generally called the Gunter. 

The logarithmical lines, on Guntet^s scale^ are the eight fat*, 
lowing : ;' 

(H j S^Rhumby or sine rhumbs, is a line containing the loga- 
rithms of the natural sines of every point and quarter pom^ 
of the compass, numbered from a brass pin on the right hai)4 
towards the left with 8, 7, 6, 5, 4, 3, 2, 1. 

(I) T^Rhamby or tangent rhumbs, also corresponds to thft 
logarithms of the tangents of every point and quarter point df 
the compass. This line is numbered from near the middle of 
the scale with 1. 2. 3. 4 toVards the right hand, and back agala 
with the numbers 5, 6, 7 from the right hand towards the left. 
To take off Sny number of points below four, we must begin at 
1 and count towards the right hand ; but to take off any nuzn^ 
ber of points above four, we must begin at four and count t<h 

wards the left hand. 

« 

(K) * Numbers, or the line of numbers, is numbered from 

the. 



•I^W' 



* This lin^ being the principal one on the sca]% has been contrived rarioiM 
ways. Gunter first applied it to the two feet rulers, or rather to the cross-st«£ 
Wingate drew the logarithms on two separate rulers sliding against each other, t9 
flare the use of compasses. Oughtred applied the logarithms to concentrie 
circles. Mr. Ayilliam Nicholson proposed another disposition of them on coo* 
^ntric circles; (vide Philosophical Transactions 1787> page i5l',) bis instm* 
ment consists of three concentric circles engraved and graduated on a plate of 
krass : from the centrey two legs proceed as radii, having strai^t edges; tbei» 
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I 

I 

jdie left hand of the scale towards the right with 1, 2, 3, 4, 5, 6^ 
t> 8| 9, 1 which stands exactlj in the middle of the scale ; the 
liumbefs then go on 2, S, 4, 5, 6, 7, 8, 9, 10 which stands at 
Ae right hand end of the scale. These two equal parts of th« 
scale are divided equally, the distance between the first or left 
hand 1^ and the first 2, 3, 4, &c. is exactly equal to the distance 
between the middle 1 and the numbers 2, S, 4, &c. which 
follow it. The subdivisions of these scales are likewise similar^ 
Idz. they are each one-tenth of the primary divisions, and are 
scEstxnguished by lines of about half the length' of the primary 
divisions. 

These subdivisions are again divided into ten parts, where 
|room will permit ; and where that is not the case, the units 
must be estimated, or guessed at, by the eye, which is easily 
0one by a little practice. 

The primary divisions on the second part of the scale, are 
[estimated according to the value set upon the unit on the left 
[hand of the scale : If you call it one, then the first 1 , 2, S, &c. 
stand for 1,2, 3, &c. the middle 1 is 10, and the 2, 3,4, &c. 
.following stand for 20, 30, 40, &c. and the ten at the right 
hand is 100: If the fir^t 1 stand for 10, the first 2, 3, 4, 3cc. 
must be counted, 20, 30, 40, &c. the middle I will be 100, 
the second 2, 3, 4, 5, &c. will stand for 200, 300, 400, 500, 
&c. and the ten at the right hand for 1 000. 

If you consider the first 1 as -rir of an unit, the 2, 3, 4, &c. 
; following will be ■^, i^, -,^, &c. the middle 1 will stand for an 
unit, and the 2, S, 4, &c. following will stand for 2, 3, 4, &c. 
also the division at the right-hand end of the scale will stand 
for 10. The intermediate small divisions must be estimated 
according to the value set upon the primary ones. • 

(L) Sine. The line of sines is numbered from the left hand 
of the scale towards the right, 1, 2, 3, 4, 5, &c. to 10; then 20 
80, 40, &c. to 90, where it terminates just opposite 10 on the 
I line of numbers. 

(M) Versed Sine. This line is placed immediately under 
the line of sines, and numbered in a contrary direction, viz. 
from the right hand towards the left 10, 20, 30, 40, 50, to 
about 169; the small divisions are here to be ^estimated 

according 



) 



I 



legs or rules nre moveable about the centre eitbier singly or together, so that if 
one be placed at the first term of any proportion, and the otSer at the second^ 
and they be then fixed at this angle and moved together till the leg which was 
fixed at the first term coincides with the third, the other leg will point out the 
fwirth. 
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according to the number of them to ^ degree. By cmi 
paring the line of versed sines with th^ line of sine% I 
will appear that the versed sines do not belong to the ava 
with^ which they are marked^ but are the half versed sines of 
their supplements. Thus, what is marked the versied sbe 
of 90 is only half the versed sine of 90, the versed sine of 120' 
is half the versed sine of 60"*, and the versed sine marked 100* 
is half the versed sine of 80'', &:c. 

The versed sines are numbered in this manner to render them 
more commodious in the solution of trigonometrical, and astror 
nomical problems. 

(N) Tangent. The line of tangents begins at the left ham 
and is numbered 1,2, S, &c. to iO, then 20, 30, 45, wh 
there is a little brass pin just under 90 in the line of sines; 
cause the sine of yO® is equal to the tangent of 45*. It is nu 
bered from 45** towards the left hand 50, 60, 70, 80, &c, Tl 
tangents of arcs above 45** are therefore counted backward oi 
the line, and are found at the same points of the line as thi 
tangents of their complements. 

Thus, the division at 40 represents both 40 and 50, the divi 
sion at 30 serves for 30 and 60, &c. 

(Oj Meridional Parts, This line stands immediately above 
a line of equal parts, marked Equal Pt, with which it must al- 
ways be compared when used. The line of equal parts is marked 
from the right hand to the left with 0, 10, 20, 30, &c. ; eadi 
of these large divisions represents 10 degrees of the equator, or 
600 miles. The first of these divisions is sometimes divided 
into 40 equal parts> each representing 15 miles. 

The extent from the brass pin on the scale of meridional 
parts to any division on that scale, applied to the litie of equal 
parts, will give (in degrees) the meridional parts answering to 
the latitude of that division. Or the extent from any division to 
another on the line of meridional parts, applied to the line of 
equal parts, will give the meridional difference of latitude be- 
tween the two places denoted by the divisions. These de'greesi 
are reduced to leagues by multiplying by 20, or to miles b 
multiplying by 60. * 

the construction of the logarithmigal lines on 

gunter's scale. 

(P) Tie line of numbers on which most of the others depend) 
sometimes called the Line of Lines y is constructed thus : het^ 
line equal in length to half the line of numbers be divided into 
1000 equal parts, then since the logarithm of 1 is O, the distance 
of 1 from the beginning of the line is 0, viz. 1 stands at the 

beginninfl 



I 
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' hegiiming of the line. And because the logarithm of 9 i& *S01» 
'. vb«nthe loearkhm of 10 is 1, or, which is the same thing, the 
r iogarithm of2 is 301, when the logarithm of 10 is 1000 ; there- 
' fore the distance between 1 and 2 is 301 equal parts taken from 
a plain scale of equal parts ; the distance 477> the logarithm, of 
3, must be set off from 1 to 3 ; and 602 equal parts, the loga- 
• rithm of 4, must be set off from 1 to 4, &c. Thus are all the 
primary divisions on the line formed : And the intermediates 
divisions are formed in a similar manner, by taking the loga- 
rithms of the intermediate numbers, as for example, the loga- 
rithm of 1-r^, is 41, the logarithm of 1 t^ is 79, of I -ri is 114, 
, ^&c. These numbers set off in a successive order from 1, will 
\ divide the primary divisions into ten parts, &c. - 

(Q) ^^^ ^^^^ rf sines is constructed by taking the * arithme- 
tical complements of thelogarithmical sines from the same scale 
of equal parts which the line of numbers was constructed from, 
1. and setting them off from 90 backwards, or towards the left 
j* hand-; thus the arithmetical complement of the logarithmical 
\ sines of 80^, 70', 60°, 50% 40°, 30°, 20% 10% (or, which is the 
same thing, their cosecants rejecting the indices,) are 7, 27, 116, 
152, 301, 466, 760, and these taken from the same scale of 
I equal parts with which the line of numbers was constructed, and 
set off from 90 towards the left hand, give the sines of the above- 
mentioned degrees respectively* The reason of setting off 
1 these numbers thus is obvious, for the sine of 90° is equal to the 
radius, and the several arithmetical complements are what the 
sines of the arcs want of radius, viz. their distances from radius 
I or 90% 

In the same manner .the interniediate degrees, and divisions of 
the degrees are found. 
i (R) The line of sine rhumbs is constructed in a similar manner 

I to the line of sines, by taking the ai-ithmetical qDmplements of 
; the logarithmii^al sines of the degrees and minutes which are con- 
tained in the several points, and quarter-points of the compass; 
and setting them off from the right hand end of the scale, to- 
wards the left. 

(S) The line of tangents is constructed in the same manner as 
that of the sines, by setting off the arithmetical complements of 
the tangents under 45**, backward from 45** towards the left 
hand. For the tangent of 45"* is equal to the radius, and the 

arithmetical 



♦ The arichmetical complement of any logarithm is what that logarithm wants 
of 10; or what a sine, &c. wants of thp logarithmical radi|ts. Thus the arith- 
metical complement of 2*368^, the lo^iuithm of 370» is 7*43180; the arithme- 
tical comglemeot of 9*^3405, the logarithmical sine of 20% is *46595. 
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arithmetical complement of any logarithmical tangent 
45% is wHat that tangent wants of radius. It has been observed 
that the division at 40 serves both for 40 and 50, that at SO for 
SO and 60} &c. The reason of this will appear if we considtif 
that the tangent of any arc is to the radius^ as the radiiie to the 

co-tangent ; or, which is the same thing, — ^— = — 

radius co-tangent ' 

or logarithmically speaking, the difference between the tangent 
and radius is equal to the difference between the radius and 
co-tangent. But the tangent of 45*^ is equal to the radius, there- 
fore the difference between the tangent of an arc (below 45*) 
and 45°, is equ?d to the difference between the co-tangent of 
that arc and 45*; viz. they are both equidistant fix)m 45*". 

(T) TAe line iff tangent rhumbs is constructed in a simOar 
manner as the line of tangents, by taking the arithmetical com- 
plements of the logarithmical tangents of the degrees and mi- 
nutes contained in the first four points of the compass, and 
setting them from the end of the line towards the left hand. . 

(U) The line of versed sines is constructed by the help of a' 
table of logarithmical versed sines extending to 180*. Take the 
versed sines of the supplements of the arcs, and subtract the 
logarithm of 2 from them, the remainders taken from the saaie 
scale of equal parts as the other lines were constructed from^ 
and applied from the right hand towards the left, will give the 
divisions of the line of versed sines. 

(W) The nature and use of this line are, I believe, very im- 
perfectly understood; and in order to explain them clearly, we 
must have recourse to the inventor, viz, Gunter; he says, p. 23 1, 
Leyboum's edition 1673, that he contrived this line "for the 
•* more easy finding of an angle having three sides, or ia side 
" having three angles of a spherical triangle given/' He then 
gives the follOTring proportions ; 



Jls radius 

Is to sine of one of the sides con- 
iaining any angle: so is the sine 
of the other containing side ^4o a 
fourth sine* 



As this fourth sine 
Is to sine of half the sum of the 
three sides; so is the sine^fthis ha^ 
sum diminished by the side opposite 
the given angle , to a seventh sine. 



The mean proportional between this seventh siQe and the 
radius, gives the sine of the complement of half the angle re- . 
quired. — By the scale, 

(X) Extend the compasses from the sine of 90 to the sine 
of one of the sides containing any angle; that extent applied the 
same way will reach from the sine of the other side to a fourth 
sine. From this fourth sine extend the compasses to the sine 
of half the sum of the three sides, and this extent applied 

the 
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^le same way will reach from the sine of the difference between 
the hadf sum of three sides and the side opposite the angle taken^ 
to a seventh sine; immediately under which, stands the angle 
]|;equired in the line of versed sines. 

It is for this reason that the line of sines and versed sines are 
placed so close together. This is *Guntef^s Ruje, and it is more 
simple in its application than that which Robertson has given in 
his Navigation, without demonstration (Art. 29, Book IX), for 
working an Azimuth. 

(Y) J%e line of meridional parts is constructed by the help pf 
a table of meridional parts. Take the meridional parts corre- 
spondent to the several degrees of latitude from the table, and 
£vide them by 60 ; take these quotients from the scale of equal 




* As Ounier's works are merely practical, perhaps an investigation of these 
proportions will be acceptable to some readers. 

Let ABC be any spherical triangle whatever, it is de- 
teonstrated in Spherical Trigonometry that sine ab X sine 
Be : square ra4«. :: sme 4(ab + bc + AC) x sine \ (ab + BC 
+AC)— AJc : square cosine J B. But square cosine 

radius x versed sine supp' b 
I B » ' ; hence sme ab x sine 

BC : square rad. : : sine i (AB + BC + Ac) x sine ^{ab + bc + AC) — ac : 
rad. X vers, sine supp* B . . . 

- — , or, sine ABxsme BC : rad. :: sme }(AB + BC'i-AC}i« 

.' , vers, sine snpp^ B . . ^ , 

tine } (ab + bc + ac) — ac : ^—^ hence it follows that 

ilne ab X sine BC vers, sine supp* B . , x . , 

- X ' = sme if ab + BC + AC) x sine 4(AB-i- BC-f- 

YW, 2 ^ M\ 

AC)-AC. 

Now Gunter's proportions are 

sine AB X sine BC _ ^ 
rad. : sine ab : : sine BC : — — , the fourth ««t, 

rad, 

sine AB X sine BC 

BDd ■ : sine i (ab +. BC + ac) : : sine f (AB + BC + AC) — AC s 

rad. * 

versed sine supp^ b 

, the yth «»«, and multiplying the extremes and means^ we 

have the equation above. Here we see plainly that the versed sines on the scale 

«re only half the versed sijaes of the supplements of the angles with which they 

are marked, as has been observed before. He says the mean proportion between 

the 7th sine and the radius, gives the cosine of half the angle requireil; this is 

., . ^ , _ rad. X versed sine supp' B , . , 

' •lsotroe,tor square cos. J B = ■ ' ' , hence cosine JB^ 

rad. X 7<^"<^^*'^^™PP*'^ . the mean proportional required. « But because 

the ihidiqg the mean proportional between the radius or sine of 9CP and the 
'7th sine, is somewhat troublesome/* says Qunter, '< I have added this line of 
^f^d sines, that having found the 7th sine, you might look over against it and 
^^ Mibe angle." 

parts. 
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parts> already described nnder the article meridional parts, and 
set them off on the line of meridional parts from the right hand 
towards the left. 

THE USE OF THE LOGARITHMICAL LINES ON GUNTE&^S 

^CALE. 

By these lines and a pair of comp»isses> all the problems of 
Trigonometry and Navigation, &c. may be solved. 

(2i) These problems are all solved by proportion : Now in na- 
tural numbers^ the quotient of the first term by the second is 
equal to the quotient of the third by the fourth: therefore loga- 
rithmically speaking, the difference between the first and second 
term is equal to the difference between the third and fourth ; 
consequently on the lines on the scale, the distance between the 
first and second term will be equal to the distance between the 
third and fourth. And for a similar reason, because four pro- 
portional quantities are alternately proportional, the distance be- 
tween the first and third terms, will be equal to the distance 
between the second and fourth. Hence the following 

(A) General rule. The e^xtent of the compasses from" 
the first term to .the second, will rea^h, in the same directiony 
from the thh-d to the fourth terni/ 'Or, the extent of the 
compasses from the first term to the third, will reach, in the 
same direction^ from the second to the fourth. 

By the same direction is meant that if the second term 
lie on the right hand of the first, the fourth will lie on 
the right hand of the third, and the contrary. This is* 
true, except the first two or last two terms of the propor- 
tion are on the line of tangents, and neither of them under 
45*^; in this case the extent on the tangents is to be made in a 
contrary direction: For had the tangents above 45** been laid 
down in their proper direction, they would have exitended 
beyond the length of the scale towards the right hand; they are 
therefore as it were folded back upon the tangents below 45% 
and consequently He in a direction contrary to their proper and 
natural order. ^ 

(B) If the last two terms of a proportion be on the line of 
tangents, and one of theha gieater and the other less than 45°; 
the extent from the first tefm to the second, will reach from 
the third beyond the scale. To remedy this inconvenience, 
apply th^ extent between the first two terms from 45** back- 
ward upon the line of tangents, and keep the left hand point 
of the dompasses where it falls; bring the right hand point 
from 45® to the third term of the proportion; this extent now 
in the compasses applied from 45"* backward will reach to the 
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mrth term, or the tangent required. For, had the line of 
ngents been continued forward beyond 45°, the divisions 

^ould have fallen above 45° forward} in the same manner as 

they fall under 45° backward* 



CHAP. V* 
Geometrical definitions, and introductory PRofeLEMs* 

DEFINITIONS, &C. OF ANGLES. 

(C) An angle is the inclination or opening of two straight 
lines meeting in a point as, A. Ar 





(D) One angle is said to be less than another, when the lines 
which form it are nearer to each other. Take _^,-^4» 
two lines ab and Bp meeting each other in -ri -r^'^^''^ 

the point B, conceive these two lines to open -""^^^^^^^I^!]"^"^ 
like the legs of a pair of compasses, so as al- ^^""""""^^C 

ways to remain fixed to each other in B. While the extre- 
mity A moves from the extremity c, the greater is the' opening 
w angle abc; and, on the contrary, the nearer you bring theu^ 
together, the less the opening or aUgle will be. 

(E) The magnitude of an angle does not consist in the 
length of the lines which form it, but in their opening or in- 
clination to each other. Thus the angle ^ 
ABC is less than the angle ^bc, though 
the lines ab and cb which form tlie 
former angle, are longer than the lines 
«Band cb which form the latter. 

(F) When an angle is expi^essed by three letters, as abc, the 
middle letter always stands at the angular point, and the 
other two letters at the extremities of the lines which form the 
^gle; thus the angle abc is formed by the lines ab and gb, and 
that of aBc by the lines a^ and cB, &c, 

: (G) Every angle of a triangle is measured by an arc of a 
Circle described about the angular point as a centre, thus the arc 
«c is the measure of the angle a^o, and the arc de is the measure 
rf the angle abc. 

(H) The circumference of every, circle is supposed to be 
pvided into 360 equal parts called,, degrees, each degree into 
^ equal parts called minutes, each minute into 60 equal parts 
called seconds. The angles are measured by the number of 
^sgrees cut from the circle by the lines which form the 

B ' angles^ 
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angles ; thus, if the arc de contain 20 degrees, or the 18tH 
of the circumference of the circle, the measure of the angle 
is 20 degrees. Degrees, &c. are thus marked, 44* 32' 21" li 
&c« and read 44 degrees, 32 nxinutes, 21 seconds, 14 thirds, 

(I) When a straight line cd standing 
upon a straight line ab, makes the angles 
CDB and CDA on each side equal to one 
another, each of these equal angles is said 
to be a right angle, and the line cd is per- -j 
pendicular to AB. The measure of a right 
angle is therefore 90**, or a quarter of a circle. 

(K) An acute angle is less than a right angle, or 90% as 
(L) An obtuse angle is greater than a right angle, or 90°, 

ADE. 

(M) If ever so many angles are formed at the point d, oni 
same side of the line ab, they are altogether equal in mei 
to two right angles, or 180\ 

PROBLEM I. 

(N) To erect a perpendicular from a 
given point D in a given line gh, or to 
make a right angle. 

On each side of d take the equal dis- 
tances ad and bd. ' q;j^ 

With any extent of the compasses *A. D B-* 

greater than ad, and centres A and b, describe arcs crossing e 
other in c; a line cd, drawn through c and D, will be the 
pendicular required. 

(O) Otherwise. When the point d is at; 
the end of the line gh ; with the centre d 
and any opening of the compasses describe JR 

an arc; set oft' the distance ad from a to b; 
.with B as a centre, and the distance ab in your 
compasses describe another arc; through A '/ 

and b draw the line abc, cutting the second G" -^ J 
arc in c; lastly, through c and d draw the line CD, and it 
be the perpendicular required. 

problem II. 

(P) From a given point c, not in the straight line GH, to drttt»\ 
straight line CD perpendicular to GH. ^ 

Take any point e on the contrary side of 
GH to which the point c.is, and with the 
distance ce and centre c describe an arc G-4r 
cutting GH in a and B; with A and b as 
centres, describe arcs crossing each other 
in E, a line cde drawn through c and e 
will be the perpendicular requiredt 
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F (Q) Other^vise. When the point c is near 
0hie end of the line gh. Take saiy points 
i and G in the line gh, with the centres a 
Mid G, and the distances Ac and 6c describe £»^.*** JV/ 3) 

ecs crossing each other in E, the line cde 
awn through c and e, will be the perpen- 
jdicular required, ^ 

I PROBLEM in. •'y'^' 

(R) To make an angle of any proposed number tf degrees upon a 

r'ven straight linej by the scafe of chords. 
^ Uix>n the line db to make an angle of 30*. 
ake the extent of 60"* from the line of chords, 
ith which and the centre d, describe the 
c ef. Take 30° from the same scale of 
ords and set them off from ^ to c j through c draw the line 
, then-CDB is the angle required. ^•-•**'"'*'h* 

To make an angle of 150**. Produce ^,'' V 

[the line bd to e^ with the centre d 
[and the chord of 60° describe a semi- ^ 
Ixircle, take the given obtuse angle from 

180** and set off the remainder, viz. 30° from e to c, through c 
w CD, then cdb is the angle required. 
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(S) An angle being given, to find how many degrees it con* 
tfiinsy by a scale of chords. 

With the chord of 60° in your compasses 
and centre d describe an arc. ef cutting d* 
and DC in tf andyi Then take the distance 
efm your compasses, and setting one foot ori 
the brass pin at the beginning of the q 
chords on your scale, observe how many 
degrees the other foot reaches to, and 
thi will be the number of degrees ^ou- "Jr' 
tained in the arc ef or angle cdb. 

If the extent ^y reach beyond the scale, which will always be 
the case when the angle is obtuse,, extend the line 3D from d 
towards g, and measure the arc gf in the same manner, the 
degree? it contains deducted from 180% will give the measur© 
of the angle cdb. 

DEFINITIONS, &C. OF TRIANGLES. 

« 

(T) K plane triangle is a space included by three straight linesj 
<^nd contains three angles. 

(U) Triangles 
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(U) Triangles are of various kinds, but in trigonoin< 
only two kinds are considered, viz. right angled triangles^ 
oblique angled triangles j which indeed include the whole. 

(W) A right angled triangle'^ is that which 
has one right angle in it, as p. The longest 
side AC, or that opposite to the right angle B, is 
called the hypothenuse; the other two ab and 'V^ T> 
BC, are called the legs, or sides, or the base x 
and perpendicular. -^ Ba*r& B 

(X) The sum of the three angles of every plane triangle 
equal to 180°, hence in a right angled plane triangle, if eit^c 
acute angle be tak^n from 90°, the remainder will be the oth( 
acute angle. 

( Y) The complement of an arc, or angle less than 90", is wl 
that angle wants of a quadrant, or 90". 

(Z) If one acute angle of a right angled triangle be 4*5°, 
half a right angle, the other acute angle will alsb be 45° or 
a right angle; and the base and perpendicular will be equal 
each other. 

(A) If two right angled triangles abc and 
Ahc^ have the angle a common, they are equi- 
angular and similar; that is, the sides about th^ 
^qual angles are proportional, viz. 

AB : BC : : A^ : ^^r and ab : bc : : AC : Ar, &c. A 




(B) An oblique angled triangle is that which 
has not a right angle in it; hence two of its 
angles must necessarily be acute, or each less than 
a right angle, but the remaining angle may be 
either greater or less than a right angle; ^s a 
and fi. 

(C) Any one angle of an oblique plane triangle subtracted 
from \ 80°, leaves the sum of the other two angles. Or the sum 
of any. two angles subtracted from 180°, leaves the third angle. 

(D) The supplement of any angle is what that angle wants of 
1 80°. Hence the supplement of any one angle is always equjd 
to the sum of the other two. 

(E) Any two sides of a triangle added together are greatlJr 
than the third side. The greatest side of any triangle is oppo- 
site to the greatest angle; and the contrary, the greatest angte 
is opposite to the greatest side. 



'^ An eqmlateral triangle has three equal sides ; an isosceles triangle has two of 
its sides equal; an acute arfj^led triangle has three acute angles^ and an ob^st 
Mngie^ triangic Ua? two acute angles, and one obtuse. 
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(F) Every triangle has two of its angles acute, and if the 
third angle be either a right angle, or an obtuse angle, it is oppo- 
site to the greatest side. 

(G) If a perpendicular bd be '-^B.-** 
drawn upon the longest side of any 
triangle, from the opposite angle, it 
will fall within the triangle; and the 
greater segment ad, will meet the ^ 
greater (ab) of the other two sides, A KD 
and the less segment Dc, will meet the less of these sides (bc). 

(H) In an equilateral or isosceles triangle, a perpendicular B]| 
drawn from the vertical angle, will bisect both the base and the 
vertical angle. 

(I) If any one side of a plane triangle be produced, or ex- 
tended beyond the angular point, the outward angle will be 
equal to the two inward angles, C 

opposite to th^ angylar point where 
the side is extended, Thus in the 
triangle abc, if the measure of the 

angles be as expressed in the tri- /65 6/\//^ 

angle, and the side ab be produced ^ "R B 

to D^ then will the angle cbd, be equal to the angles bag and 
$QA together. 
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CHAPTER L 

PEFINITIONS OF PLANE TRIGONOMETRY, RULES FOR CALCtT- 
UlTING THE SIDES AND ANGLES OF RIGHT ANGLED XRIt 
ANGLES, AN» THE LOGARITHMICAL SOLUTIONS OF ALL THE * 
CASES. 

(A) PLANE TRIGONOMETRY is the art of measuring 
and calculating the sides and angles of triangles described on 
a plane surface, or of such triangles as are composed of 'straight 
lines. It likewise includes th^ relation between the radius of a 
circle and certain other straight lines described in and about a 
circle* 

• (B) The theory of triangles is the very foundation of all 
geometrical knowledge, for all straight lined figures may be 
reduced to triangles. The angles of a triangle determine only 
its relative species, and are measured in degrees^ minutes, and 
seconds (H. 25); but th^ sides determine its absolute magnitude^ 
and are expressed in yardsy feei^ chains, or any other lineal 
measure. 

(C) A circle is a plane figure contained under one line called 
the circumference, to -which all lines drawn from the centre are 
equal. Thus abd^ha is the circumference 5 c the centre, andt 

CA, CD, c^, CB, CF, are all equal to each oth^r. 

(D) The distance from the 
centre of a circle to the circumfer- 
ence is called the radius, thus ca> 

CB, CD, &c. are radii. 

(E) A straight line drawn 
through the centre of a circle to 
touch the circumference in two 
points, is called a diameter, and is ^ 
always double the radius. Thus 
AD and B^ are diameters, and are 
each of them double of Ac or of 
^c. 

(F) Th^ exact ratio between 
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the radius and the circumference of a circle being unknown, 
mathematicians Were at a loss to form a comparison between 
the sides and angles of a triangle, since they could riot compare 
a straight line with any part of the circumference of a circle. 
They were therefore under the necessity of determining the 
relation between the radius of a circle, and certain other straight 
lines described in and about a circle, called chords^ s'tnes^ tatX' 
gentSj &c. 

(G) The chord of an arc is a straight line drawn from one 
extremity of the arc to the other. Thus bn is the chord of the 
arc ^H, or of the arc hafbd^. 

The chord of an arc of 60° is equal io the radius of the circle.* 
(H) The complement of any arc is the difference between that 
arc and a quadrant; Or it is the difference between any angle 
and 90°. Thus the arc af is 'the complement of the arc bf, 
or the angle acf is the complement of the angle fcb. 

(I) The supplement of any arc is the difference between that 
arc and a semi-circle. Or it is the number of degrees which 
any angle wants of 1 80°. Thus the arc bf is the supplement 
of the arc fa Hi, or the angle fcb is the supplement of the 
angle Fci. 

(K) The sine of an arc is a straight line drawn from one end 
of that arcj perpendicular to a diameter passing through the 
other end of the same arc. Thus fg is the sine of the arc bf, 
or it is the sine of the supplemental arc fa Hi. 

The sine of an arc of 90° is equal to the radius^ for AC is the 
sine of the arc BA. The sine of an arc of 30° is equal to half the ^ 
radius.f 

(L) The tangent 'j^ of an arc is a straight line drawn frOni 
one extremity of the arc, perpendicular to the diameter, and 
is terminated by a straight line drawn through the centre 
of the circle and the other extremity of the arc. Thus bt is 
the tangent of tKe arc bf, or of the angle bcf. 

The tangent of any arc is equal to the tangent of the supplement of 



• For (Euclid IV. and 15.) the side of a hexagon, which is the chord of 60^, 19 
equal to the radius of the cir<jumscribing circle. 

f The sbie qfany arc is equal to half the chord of double that arc, thus let BF and bh 
(Plate I. Fig. 1.) be equal arcs, then fgu is the chord of the double arc fbh; and 
Fcu is bisected in g (Euclid III. and 3.). Therefore if fb be an arc of 30^, wq 
its sine will be half the chord of 60", and the chord of 60° has been shewn to 
be equal to the radius, therefore the sine of 30^ is equal to half the radiua. 

I The semi' tangent of an arc is the tangent of half that arc. Let bf be any arc 
(Plate I. Fig. 1.) then mc is the semi-tangent of that arc. For the angle fcb i% 
double the angle f^b (Euclid III. and 20.) consequeutly the arc oc^ of which cm 
is the tangent^ is the half of the arc bf. 

that 
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tiat are.* The tangent of 45* is equal to tie radius, f and ati J 
arf of 90^ has no tangent • 

(M) The secant of an arc is a straight line drawn from the 
centre of the circle, and produced till it meets the tangent. Tbus 
CT is the secant of the arc bf, or of the angle bcf. 

The secant of any arc is equal to the secant of the supplement of that 
ere. X The secant of ^5^ is equal to double the sine of^o^y § and an 
arc g^90** has no secant. 

(N ) The versed sine of an arc is a part of the diameter con- 
tained between tl^e sine and the arc. Thus bg is the versed sine 
of the arc bf and bG is the versed sine of the supplemental arc 

FAH*. 

The versed sine of the supplement of an arc, is the difference between 
the versed sine of that arc, and the dian^eter. 

For te = is — GB ; or, gb = ^B — ba. 

(O) The co'sine of an arc is the sine of the complement of 
that arc; or it is that part of the diameter contained between 
the centre of the circle and the sine. Thus fe is the cosine of 
the arc bf, being the sine of af, which is the complement of bf; 
or cGis the cosine of bf, because cg = fe. 

The cosine of an arc is equal to the cosine of its supplement. 

The cosine of an arcy less than a quadrant y is equal to the radius 
diminished by the versed sine. For CG = cb — GC. 
» (P) The co-tangent of an arc is the tangent of the complement 
of that arc. Thus ak is the co-tangent of the arc bf, being 
the tangent of the arc af, which is the complement of bf. 

The co-tangent of an arc is equal to the co^tangent of its supplement* 

(Q) The co^secant of an arc is the secant of the complement 
of that arc. Thus ck is the co-secant of the arc bf, being the 
secant of the arc af. 



♦ The sapplemental tangent wiH fall on tfie contrary side of the diameter. 
Let y be made eqoal to bf (Plate I. Fig. 1.), then will the arc BFa/ be the sup- 
plement of the arc BF, aud B/ will be its tangent. For BF and bh are ecfiial, 
having each the satne supplement, and since fm is bisected by cb (Euclid III. 
and 3.) ; t/, which is parallel to fh, will be bisected likewise. Hence tb = ^ b. 

f For in this case the angle BCT, measured by the arc bf (Plate I. Fig. !.)» 
will be half a right angle ; consequently the angle BTC will be half a right angle; 
the triangle is therefore isosceles, and bc =i BT. 

\ Though the secant of an arc, and the secant of its supplement, be the same 
in quantity, they have contrary directions like the tangents. For ^b (Plate I. 
Fig. 1.) has been shewn to be the tangent of the supplemental arc bFa/, and 
equal to tb ; it is plain therefore that ct = c /. 

§ For if tlie arc BF*= 45°, BC = BT; aud (Euclid 1. and 47) CB« + bt»=CT« 
the square of the secant, = CB» + ac*= ab«; therefore ab = ct, that ts, the chord 
of 90** is equal to the secant of 45°. But the/ sine of 45° is equal to balf the 
chord <xi 90° (K. 31. and Note), therefore the sine of 45° is equal to half iti 
secant. 
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[ The cchsecdnt ef ah arc^ and the. cosecant of its Supplement^ are of 
pl^ same magnitude. 

(R) TSe conversed sine oi zn arc is the versed sin^ of the 
pomplement o£ that arc. Thus, ae i^ the co-vers6d sine of the 
sure BF, being the versed sine of the art At. 

(S) Tie c(hchord of an arc is the chord of the fcbmpleme'ht 
rf tlutt arc. , " . , 

f T) iFrom the preceding definitions it appears thit the sine 
ma co-sine of any arc are always less than the radius, and thb 
secant and co-secant are always greater than the radius, but the 
tangent and co^tangent admit of all possible degrees of magni- 
tude. Also, that any side of a triangle may be considered as 
Sie radius of a circle, and that the othei" sides will nfecessarili' 
^come either sines, tangents, or secants. 
: (U) Thus, 1st. ffthe hypothenuse Ac be 

Sade the radius of a circle, it is evident that 
le perpendicular bc is the sine of the angle 
jlk, and that ab is the cosine thereof. Biit 
l^e sine of either of the aciite angles of a 
Hght angled triangle is the cosini df the 
jbtiber, and the contrary; therefore bc is 
e cosing of c, and ab is the dine there- 
I 

(W) 2dly. Jl^ the base AB be considered as 
0ie radius of a circle, BC is evidently the tan- 
lient of the angle A, and AC is the secant 
ereof . But the tangent of one angle is the 
-tangent of the other; also the secant of 
anele is the co-setiant 6f the cither: there- 
re BC is the co-tangent of c, and aC is the 
o-secant or c. 

(X) 3dly. ^ the perpendicular BC be considered as the radius 
tf a circle» it i$ evident that the base Ab will be 
^e tangent of the angle c, arid the hypothenuse 
AC will be the secant thereof. But because 
e tangent, secant, &c. of one angle of a right 
gled triarigld is the co-tangefnt, co-secant, &c. 
of the other; the base ab will be the co-tangent ^ 
i the angle A, and the hypothenuse AC will be 
corsecant. - 

PROiPOSlTloN I. (Plate L Pig* 4.^ 
(Y) In any right angled plane triangle, if anv of the three 
sides be made the radius (fA circle ; the other sides Hvill be either sines, 
.Umgentsj or secantSy of the respective angle^ correspondent to that radius; 
\ ««/ wi// be similar to the sines ^ tangents , or secants in the tables, 
\ ^ben compared ivith the tabular radius. 

F The 
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The sines, tangents, &c. of all angles whatever, are calcu* 
lated tathe logarithmical radius of ten thousand mil/ions^ and 
arranged in tables for the convenience of calculation. Now as 
no triangle can be formed, but another may be formed similar 
to it, and that the sides about the equal angles of similar triangles 
are proportional; if Atf, ce, Ab, and c^, each represent the 
radius in the tables, then will af and CG be the secants, bv and 
Gi the tangents, and D^and £^ the sines in the tables. Then, 

I. If die hypaOufaae be the radim rfa ekcle. 

Because the tfiaDgles e ic and aBC are similar^ 

Cr : AC : : Ee ■: AB 

via. radius : hyp^h, :: iine of anoh C^^eosine of n i'basem 
i^^<Mn) because the triangles A0</and ABC are similar. 

Ad i kC I I tki A BC 

viz. tudius : kj/poth, : : sine rfangfe k^ cosine <fc i ferp, 

(Z) Therefore, the '^ne <^any angle is to the side opposite 
to it, as the sine of any other angle is to its opposite side. 

II. If the base be the ra£us of a eirde. 

Because the triangles a^f and abc are similar, 

aF : AC : : kb : itB 
And AF : AC : : iF : 3C 
viz, secant of angle A^eosec. ofc : ktfpeth, : : ra£us : bast, 
VLn6ysecantofangkA=iCosec,ofC ; bypoth, : : tang, of angle A^cotan. of Ci perp, 

(A) H£NC£. Radius : base : : tangent of the angle a, or 

co-^angent of the angle c : perpendicular. 

in. Jfdiepefpendietdar'be ^ raditts "ofaeircle. 

(BecfUise Che triangles abc and abc are similar, 

CG : AC : : lo : ab 
And CG : &c : : C5 : BC 

viz,secaiitrfanjgleC^cosec.ofAi kypeth. : : iang.of angle C—c(dan.tf a l base. 
SLtkd, secant of angle Csscosec^k : i^ofk. : : radios : ~ perpend. 

(B) Hence. Tangent of angle c, or co-tangent of a : 

base :: radius : perpendicular. 
. Any of the foregoing quantities are proportional by inversion, 
'^c. hence ^e deduced the following 

"^EH^RAL rules for the solution OF ALL THE DIFFERENT 
CASES IN RIGHT ANGLED PLANE TRIANGLES. 

(C) In every right angled plane triangle there mnst be two 
ffven quantities, one of which must be a side, (together with the 
right an^e) to find the rest. 

I. TO FIND A SIDE. 

Call any one of the sides of the triangle radius, and write 
upon it the word radius j observe whether the other sides become 
tangents^ or secants^ and write these words on them 

accordingly. 
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accordingly. Call the word written upon .each side the name 
of that side. Then say, 

As the f$(un€ of the givm side^ is tp the given side; so is the 
name of the required side> to the required side. 

n. TO FINP AN ANGLE, 

Call either of the ^ven sides of the triangle radius, and write 
^pon it the word radius; observe whether the other sides be- 
come sines, tangents, or secants, and write these words on them 
accordingly. Call the word written upon each side the name 
of that side. Then say. 

As the side made radius, is to radius ; so is the other ^ven 
ade to its name. The angles being found, the remaining side 
must be found by the first part of t^s rule. 

(D) OR ; IN ANY RIGHT ANGLED TRIANGLE* 

L The sine of any angle is to the side opposite to it, as the 
«ae of any other ^gle is to its opposite side. And^ 

Abv side is to the sine of its opposite angle^ as any other side 
is to tne sine of its opposite angle. 

II. Radius is to the tangent of either of the acute anglesi as 

the side adjacent to that angle is to the side oppo^te to it. 

^ Andi The side adjacent to either of the acute angles is to the 

side opposite to that angle, as radius is to the tangent of that 

angle. 

UI. Badius is to the co-tangent of ^ther of the acute angles, 
as the side opposite to that an^e is to the side adjacent to it. 

Also^ The side opposite to either of the acute angles is to the 
jside adjacent to that angle, as radius U to the co-tangent of that 
angle. 

(£) Case L Given the angles * and the hjpotbenuse^ to find the 
hose andperpendtadarp 

Given ^'^^ hypothenuse ac==^4307 Required the base ab 
^The angle a^siSS^ 8' 3 and perpei^pilar jic 

BY CONSTRUCTION. 

Draw the line ab of any length, make the 
angle cab=53\ 2f (R. 27) by a scale of chord^ 
draw the hypothenuse ac=480 firom a scale of 
equal parts, from c let faU the perpendicular 
CB (P. 26) then abc b the triangle required. 
AB measuxied by the same scale of equal parts, 
which the hypotjienuae was measu^ by, will JJL^ 
be 288, and bc will be 384, 




mt 



. '* The gnen parts of a triangle are generally iipailvBd with a dasb 1, and t^ 
fifiired parts with an 0; as in the figures anneved to^e cosfltcuctioiis. 
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BY CALCULATION. 



I* The hypothmuse radius, BC will be the sine of the angle A, 
and AB the cosine. 



To find BC. 

radius, sine of 90®, • 1000000 

hypoth. AC s 480 - - 2*68124 

: sine Z. A = 53°. 8' - -f 9-90311 

yirBC = S84 - - 2-58435 



To find AB. 
radius, sine of 90°, - lOiOOOO 
: hypoth. AC «» 480 - £-68124 

: : cosine ^ a 53°. 8' - - 9*77812 
: base ab»288 - - 2*45936 



1/ 

n. The base radius, BC will be th^ tangent of the angle A, 
and AC will be the secant thereof. 



To find BC. 

«|pcapt Z. A»53°. 8' • 10*22188 

: bypoib. ac»480 - 2*68124 

: : tang. Z. a=53°. 8* - 10-12499 

: perpendicular BC» 384 r 2*58435 



To find AB. 

secant ^ a=53°. 8' - 10r22188 

: bypotb. ac=480 - - 2-68124 

:: radius, sine of 90°, - lO'OOOOd 

: base ab^2^S • 2-45936 



III. lie perpendicular radius, the base AB will be the tangent 
of the angle c, or co-tangent of a, and the hypothenuse AC will 
be the secant of c, or the co-secant of a* 



To find BC 




To find AB. 




«»-secantz. a =■ 53° 8' - - 


1009689 


co-secant Za» 53°. 8' 


10*09689 


z bypotb. AC =480 


2-68124 


: bypotb. ac=480 


£-6812^ 


: : radius, sine of 90° 


10-00000 


:: co-tangentZ.A=53°.8'- 


9-87501 


: perpendicular BC 3:384 • 


2-58485 


: base aBs=288 


2*45936 



(F) BY gunter's scale. 

In working the several cases by Gunter's scale> we shall al- 
ways suppose the hypothenuse radiusj (where it can be done,) 
being the most simple of the three. 

1. Extend the compasses from 90° to 53°. 6' on the line bf 
sines, that extent will reach from 480 to ^84 on tlie line of 
numbers. 

2. Extend the copipasses from 90° to 36"*. 52' the complement 
of the angle a, that extent will reach from the) hypothen^ise 
AC = 480, to the hase AB = 288, on the line of numbers. , 



= 500 
407-37 



\ 



PRACTICAL EXAMPLES. 

1. In the right angled plane triangle abc. 

Required the base and perpendiculan 

2. In the right ^gled plane triangle abc. 

Given J Hypoth. ac = 98 ^«. i AB = 53-66 

™^ i -^ a = 56\ 48' ^^- 1 BC = 82-01 

Required the base and perpendicular. 

^ ( G) Case II. Given tie angles and the base, to find th hypeihef 
HfiS^ and the perpendicular n 

GlTtfl 
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^. (The angle a=5S*.8'7 Required the hypoth. AC, 
Miven ^ Yhe base ab=288 5 and the perpend, bc. 

BY CONSTRUCTION. 

Draw the base a^, which make =? 288, from a 
scale of equal parts, at B erect the perpendicular 
BC (N. 26), make the angle a =;: 5S\ 8' (R. 27), 
and draw the hjrpothenuse Ac to cut the perpen.- 
xiicular bc in the point c^ Then w^ AC mea- 
sure 480, and bc SB4!. 

BY CALCULATION^ 

I. The hypothenuse radius^ bc will be the sine of the angle A, 
;ind AB the cosine. 




To find AC. 
cosine Z a=53^ 8' - 9-77812 
: base .^B= 288 * - 2*45939 

2: radios, sine of 90° - lO'OOOOO 
; hypoth. AC==480 • 9-fiS127 



To find BC. 

cosine Z A«53^ 8' - 9-7'7812 

: base ab==288 - • 245939 

:: sine Z. A =53*^.8* - 9 -9031 1 

: perpend. 80=384 - 2'58438 



II. The base AB radius^ B^ will be the tangent of a, and AC the 
secant thereof. 



To fi«^ AC. 

xaditts ... } 0^00000 

1 baseAB«288 - . 2-45^39 

-: : secant Z a-fSS^'.S' - 10-22188 

: hypoth. ac=:480 - 2*68127 



To find BC. 
radii^s - - . - 10*00000 
: buse AB=S88 - - 2*45939 
: : tang. Z. a ^$^, 8' - 10-12499 
: perp. BC3r.d84 - 2*58438 



To find BC. 




cortaqgentz. a »53*'. 8* - 


9*87501 


: base aBb288 


3-45939 


:: radius ... 


J 000000 


: perpend. BC = 384 


2*58438 



JII. The perpendicular bc fadius^ 43 will be the tangent of c, or 
fco-tangent of a, and AC will be the secant of c, or co-secant 
pf A. 

Tq find AJC, 

co-tangent z. a=53®. 8' - 9'87501 

z ba8eABs288 - - 2*45939 

% : co-secant ^ a « 53?. 8' 1 0p9689 

; hypoth. AC=480 - 208127 

(H) BT GUNTER*S SCALE. 

1st. Extend the compaisses, firom 36o. 52' the complement of 
A to 90°, on the line of sines; that extent will reach from 238 to 
4d0« AC on the line of numbers. 

2d. Extend from 36*". 52' to 53**. 8' on the line of sines; that 
^tent will reach from 288 to BCiF384 on the lipe of numbers. 



PRACTICAL EXAMPLES,. 

I. In the right angled plane triangle abc, 

^. (/,A = 39M0') 

^^^^ ( Base AB = 500 1 "'"-• | bc = 407-37 

p.equired the hypothenuse and the perpendicular. 

' 2. Im 



^ (Ac=645 
(bc = 



0$ 
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S» In the right angled plane triangle abc, 

^^^^^ ( Base AB = 53-66 ^ ^^-^^ J bc = 82-01 
Required the hypothenose and the perpendicular. 

(I) Case III. Given the angles and the perpendicular^ to find 
fie base and hypothenuse. 

Given \ ^^ a^gle a c= 52!". 8' 7 Required the hypothenuse 
iThe perpend. bc=:3843 ac, and the base ab. 

BY CONSTRUCTION. 

Draw the line ab of a sufficient length, at 
any point b erect the perpendicular bc (N. 26.) 
which make equal to S84 by a scale of equal parts 
at c make the angle acb=36*.52' (R.27.)> the 
complement of a, from c draw the hypothenuse, 
and it will cut the base ab in the point a. Then 
, 'Will AC measure 480, and ab 288, 

by calculation, 

I. T%e hypothenmt radius ^ Bc will be the sine ofA, and AB the 
cosine thereof. 




To find AC,^ 


To find A9. 




«ine A A=53«'. 8' - g-SOSM 


sine/ A=».53*.8' 


MOStl 


; perpend. BC=«384 - 2-58433 


: perpend. bc=384 


2-58433 


r: radius - - - lO'OOOOO 


! : cosine Z a =53^. 8' 


9-77812 


: ]iypoth.AC=»480 - 2*68129 


: base AB =288 <■ 


2*45934 


11. The base AB radiusy BC will be thft tangent of a, 


and AC 


the secant thereof. 




To find AC. 


To find AB. 




tangent ^ A ?^ 53®. 8' .- 10-12499 


tarngeutz. As=53°. 8' . 


1012499 


: perpend. bc=384 - 2'58433 


: perpend. bc=s:384 


2-58433 


:: secant/ A =53°. 8' - 10*22188 


:: radius 


looooeo 


: hypoth. AC«480 - 2-63122 


: base ABa28t « 


2*45934 



III. The perpendicular BC radius^ the base AB will be the tangent 
of c, or the co-tangent of A 5 ac wijl be the secant pf c, qr co- 
secant of A. 



To find AC. 




To Bad AJB. 


Tadius _ - - 


10-00000 


Tadius - - 10*00000 


r perpend. vc«384 


258433 


: perpend. Bc=384 - 2-56433 


•• co-secant z. a=53**.B' 


[I0'ef9689 


: : co.tiangent Z a = 53^8' 9-87501 


: hypoth. ACe:48i) 


2-68122 


: base AB«r288 ' * «. St4&9H 



. (K) BY €JUNTER*S SOAf.E, 

1. Extend the compasses frcmi 52**. 8' to 90^ on the line of 
sines, thateiEtent will reach from S84 to 480, die hypothenuse 
on the line of numbers. 

?. Extend from 53*^.31' to «6**.«2', the ccHnplemem of the 

angle 
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angle A, on the line of sines^ that extent will reach from 984 td 
S8S on die Irne of numbers. 

PRACTICAL EXAMPLES, 

1. In the right angled plane triangle ABc^ 

^'^^ IPerp. BC =^ 407-37 ^'''- 1 ab =: 500 

Required the hypothenuse and the base. 

2. Iivthe right angled plane triangle abc, 

^'^^^iPerp. Bc= 82-01 ^^'t ab;=5JJ-66 

Required the hypothenuse and the base. 

(L) Case IV. Given the hypothenuse and hasiy to find Ae 0n^ 
and the perpendicular. 

Q. »'t The hypothenuse AC =480 ) Requir^ the aiiglf s a 
oiven ^ rj,j^^ j^^^ AB =288 ) and c, and the perp.BC 

BY CONSTRUCTION. . 

Draw the base ab equal to 288 from a scale 
of equal parts, at B erect the perpendicular bc 
(N. 26.) ; with the distance AC =480, taken from 
a scale of equal parts, cross bc in the point c. 
Then bc measured by a scale of equal parts will 
be 384, and the angles a and c measured by 
^ scale of chords (S. 27.) will be 53^. 8' and 
36". 52'. 

BT CALCULATION. 

I. The hypothenuse radius^ BC will be the sine of the angle A, 
and AB the cosine thereof. 

To find thep^ipend. iic. 
radius - - 10«00000 

: hypotb. AC— 480 - 2*68124 

:: sinez. A=53°.8' - 9*90311 
: perpend, bcb 384 - 2*58435 

n. The base radius^ BC will be the tangent of A, and ac the 
secant thereof. 




To find the angle a. 
bypoth. AC=4S0 - 2-68124 

: radius - - 10*00000 

:: baseAB»288 - 2*45939 

: cosine Z a=53°*B' - 9*77815 



To find the angle a. 
baseAB»28S - - 2*45939 
: radius - - - 10-00000 

:: hypoth.AC»480 - 2«6S124 
: secant Z A=53^ 8' - 10*22185 



To find BC. 

radius . - 10*00000 

: baseAB:s288 - 2*45939 

: : tangent Z a =53°. 8' - 10*12499 

: perpend. Bc= 384 - 2*58438 



Not e. The side bc may be found (by Euclid L and 47) 

thusjV^AC?- AB^== BC = 384. 

(M) From the -examples hitherto given, it appears that 
when we want to find a side, the proportions begin with a given 
40^16 % -and in the &st three cases all the angles are given, 

* therefore 
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therefore 2iny side may be considered as the radios of a circle. 
JBut when we want to find an angle^ the proportions begin with 
a given side; and as only two sides are given at once> it follows 
that these two given i^ides dnly cari be considered as the radii of 
circles. 

(N) BY gunter's scale* 

1. Extctad the compasses from the Kypkythenuse 480 to the 
base 288 on the line of numbers, that extent will reach from 
90^ to 36°. 52', on the line of sines j the complement of the 
angle' A. 

2. Extend th^ compasses from 90** to' 53°. 8' on the line of 
sin^s, that extent will reach from the hypothenuse 480 to Bfi 
the perpend. 384. 

practical iXAMPtESrf 

1. In the right angled plane triangle a6c, 



Given jHyP"^'''^^^*^ 
( Base ab =? 500 



Z. A3: 39*. Jo' 

Ans.\ ilc=50°-50^ 

BC= 407*37 



C"«{?st"?, 



98 
66 



Required thd ariglesf and the pei^pendicular. 
2. In the right angled plane triangle ABC, 

r /. a =i: 56^. 48' 
Jhs.] /.c=33M2' 
( Bc is 82-01 
Required the angles and the perpendicular. 
(O) CaseV. Given the hypothenuse and perpendicular ^ "^^ fi^, 
the angles and the base. ^ ^ . 

Q. en S^^^ hypothenuse ac = 480 ) Required the angles A 
^The perpendicular Bc=2t384 ) and c, and the base AB# 

BY construction. 

Draw the base ab of an indefinite length, at 
B erect the perpendicular bc (N. 26.) which make 
equal to 384 by a scale of equal parts; take AC 
=480 from the same scale^ with this extent in 
your compasses and centre c cross the base ab in 
A* Then ab measured by a scale of equal parts, 
will be 2SSi and the angles A and c measured by 
a scale of chords (S. 27.) will be 53^ 8^ and 36^. 
52'. 

BY CALCULATION. 

I. The hypothenuse radius^ BC will be the sine of the angle 4i 
and AB the cosine thereof. 




To find the angle a. 
hjrpoth. Ac=480 - 2-68124 

: radius - - 10*00000 

:: perpend. Bc = 384 - 2*58433 
: iinez. A=53^ft' - 9-90309 



To find the base ab. 
radius - - - lO-OOOOO 

: hypoth. ACs=480 - 2*68184 

:: cosine Z a =^53*^8' - 9-77812 
: base AB»28a « - 2-459d$ 

11. The 



n. Tie perpefiiUculat bc raditdf, ab will be the taitgtnt of c, or 
the co-tangent of a, and ac will be the secant of c or co-secant 

of A, * 

To find the base ay. 
radius - - 10*00006 



To find the asgle a* 
perpend. BCBd84 - 2*58433 

s radius - - 10H)0000 

s: hypoth. ACak48o • 9'68I24 
t co-secant Z a 53". 8' - 10'09691 



: peipend* bc«584 • 2*5^33 
:: oo-tangeot Z a»»53^ $' 9'^750l 
: base Ais288 . 2*45934 



Or At may be found thus, V^ac* — Bd* = ab =288. 

(P) 3T GUNTER*S SCALE. 

1. Extend the compasses from the hypothenise 480 to the 
perpen^cnlar 384 on the line of numbers, that extent will reach 
from 90*" to 53^. 8' on the line of sines. 

2. Extend the comimsses from 9Qf* to 8^. 52^, the comple- 
ment of A, on the line of sines, that ext^t will reach from 480 
to 288 on the line of numbers. 

PRACTICAL Examples. 

1. In the right angled plane triangle abc. 

Required the angles and the base. 

2. In the right angled plane triangle ABC, 

G-njgs:?-;c^?2.oi -^-fic=8?:?? 

(Perpen.BC =82-01 ^ ab=58-CT • 

Required the angles and the base. 

(Q) Case VI. Given the base and perpendicular^ to find the 
angles and the hypotbenuse. 
Q. C The base ab =288 > Required the angles A and Cj 
*^ I The perpend, bc = 384 j and hypothenuse ac. 

BY CONSTRUCTION. 

Make the base ab equal to 288 by a scale of 
equal parts, at B erect the p^pendicular bc, 
ivluch make equal to 384 from the same scale ; 
join AC. Then ac measur^ by a scale of 
equal parts will be 480, and the angles a and c 
measured by a scale of chords (S. 27.) will be 
53*. 8' and 3ff». 52'. 

BY CALCULATION. 

I. Ihe base radius^ Bc will be the tangent of the angle a, and 
Ac win be the secant thereof. 

o To 
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To find the angle a. 
\3kse AB=288 . 2'45939 

: radius - - 10K)0000 

:: perpend. ■€= 384 - 2-58433 
: tai^ent Z a=53®. 8 - 10-12494 



To find thebypoth.'Ac. 
radius . ^ . lO-OOOOO 

: base ab»288 - • 2*45999 
: : secant Z a«53°. 8' - 10'22188 
: hypoth. AC«»480 - 2-68127 



II. The perpendicular radius^ AB will be the tangent of c, or 
the co-tangent of a 5 and AC will be the secant 01 c^ or the co- 
secant of A. 



To find the angle a. 
perp. Bc=»384 - - 2-58433 

: radius - - . 10-00000 

:; base AB^ 288 - - 2^5939 
: co-tangent Z a^SS*'. 8' 9-87506 



To find the hypoth. ac. 
radius - - - lOOOOOO 

: perp.BC=x384 - - 2-58433 
; : co-secant Z a 53^ 8' 10*09689 
: hypothenuseAC=480 - 2-681S2 



Or AC may be found thus, v ab* + bc* = ac = 480* 

(R) BY gunter's scale. 

1. Extend the compasses from 384 to 288 on the line of 
numbers, that extent will reach from 45* to 53**. 8' on the line 
of tangents. 

^ 2. Extend the compasses from 53*. 8' to 90* on the line of 
sines, that extent will reach from 384 to 480 on the line of 
numbers. 

PRACTICAL EXAMPLES. 

.1 . In the right angled pl^e triangle abc. 

Required the angles and the hypothenuse. 

2. Li the right angled plane triangle abc. 

Base ab=53-66 
Perp.BC = 82*01 

Required the angles and the hypothenuse, 

SCHOLIUM. 

(S) Plane sailing in navigation is no- 
thing more than the practice of right- 
^gled trigonometry; c^ing the hypo- 
thenuse the distance sailed, the perpendi- 
cular the difference of btitude, the base 
the departure, and the angle opposite 
the base the course. 

In the annexed figure, w b s N repre* 

sents the horizon of the place c, from 

whence the ship sails, ca the point of 

the compass or rhumb she sails on, and a the place sailed 

to. Then we represents the parallel of latitude sailed fromi 

and aa the parallel of latitude arriyed at, H«&ce 8C be- 
comes 



Given 



Ans, 



iiA=56°.48' 
Z.c=33*,12' 
AC=98 
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comes the difference of latitude, ab the departure, CA the 
distance sailed, the angle acb the course, and the angle bag the 
complement of the course. And this will always be the case 
whether the ship sails between the north and west, viz, between 
N and w; the jjorth and east, viz. between N and e ; the south 
and west, viz. between s and wj or south and east, viz, between 
^ and B. 

(T) The practice of Mercator's sailing is only 
the application of right-angled trigonometry, and 
•similar triangles (Y. 33 and 34). What is called 
the difierence of latitude in plane sailing, is 
here called the proper difference of latitude, to 
distinguish it from the line CD, which is called 
the meridional difference of latitude. The part 
BDy by which cb is enlarged, is found by help y 
of a table of meridional parts; being the sum, or difference of 
the meridional parts answering to the latitude sailed from and 
bound to; according as they are on different sides, or on thel^ 
same side of the equator, ed is the difference of longitude. 
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INVESTIGATION OF RULES FOR CALCULATING THE SIDES AND 
ANGLES OF OBLiqUE ANGLED TRIANGLES, AND THE LOGA- 
RITHMICAL SOLUTIONS OF ALL THE CASES. 

PROPOSITION II. 

(U) The excess of the greater of two given magnitudes above 
half their sum^ is equal to half the difference between those magnitudes ; 
or half their sum increased by half their, difference^ gives the greater 
magnitude; and being diminished by half their d^erence^ leaves the 
less magnitude. 

Let AC and cB be two unequal mag- 'f- "P P ? ^\ 
uitudes, of which ac is the greater. 

Bisect AB in D and make ae=cb, then will AD=half the sum 
of AC and cb, and DC=half the difference; for, since ab is 
bisected in D, and ae=cb, it follows that Ec is bisected in D, 
and EC is the difference between ac and cb. 

Hence ac— ad=ik:; or ad+dc==ac, and aD'--ed(=dc)=: 
a^(=bc). Q. E.D. 

proposition iii. 

y 

(W) In any plane triangle, the sine of any angle, is to the 

side 
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iiik tfposite t9 ky ms the wie of any 9$her ar^k, is to tie tide offpotiti 
to it, and the cofUrary. 

Since any triangle whatever may 
be inscribed in a circle, let abc be 
the given triangle and o the centre 
^rf* the circle. Draw OD and q£ per- a 
pendicular to the sides of the tri- 
angle, then (by Euclid IIL and 3. 
and III. and 30.) the sides of the 
triangle will be bisected, and also the arcs which these sides sub- 
tend. Now an angle at the centre of a circle is double to an 
angle at the circumference when .they stand on the same arc, 
(Euclid IIL and 20.) tiherefore an angle at the centre is equal to 
an angle at the circumference standing on the double arc; or in 
other words, an angle at the circumference of a circle is measured h 
ha^the arc on which it stands, and an angle at the centre by the whole 
arc on which it stands: hence the angle coDsthe angle cab, and 
coEzscBA, &c. Now CI is the $ine of. the angle cod and cm is 
the sine of the angle co£. Draw mi, which will be parallel to 
AB> then per similar triangles ci : cb : : cm : ac, viz. the sine 
of the angle at A is to the side bc, as the sine of the angle at B 
is to the side ac, and the contrary by inversion. 

CoROL. The sides of triangles are to each other as the 
chords of double their opposite angles. 

PROPOSITION \y. 

(X) 1. In any plane triangle, the sum of any two sides is to 
their diff^ence; as the tangent of half the sum rf their opposite 
angles, ts to the tangent of half their d^rence. 

Let ABC be any triangle j make B£=sbc and join ce, then the 
angle gee, being the exterior angle of the triangle abc, is eq^ual 
to cab + 8CA (Euclid I. C 

and 32;) ..^-^^''^^^^^v''-* ^ 

Bisect AEin pand ce in ^^^^^^^^ , ^^'^T^-**^-.. 
G, then join dg and it will ^ — ^^---^^ — 6 v g -y -'"""*'^ 
be parallel to ac: draw ef ' v^.^ 

parallel to dg, join SG, and with the centre B,^nd radius 8G 
describe a circle. 

The angle cbg= the angle ebg equal to half the sum of the 
angles cab and bca; for the triangles cbg and ebg have the 
two sides Qcand cg, equal to the two sides be and bo, and the 
;5ide bg common to both, therefore they are equal in all respects 
(Euclid I. and 8.) 

BF being parallel to ac, the angle FBE=athe angle CAB, and 
the angle CBF=the angle acb. (Euclid L and 390 

The angle gbf= half the difference between the angles CBf 
gnd FBE, for it is the excess of the greater abov^ half their sum 
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CBE (IT. 49)4 hence GE=tan^xit of the half sum, and cpsa 
tangent of t^e half difference oetween the two angles CBV and 
FBE. For tne same reason, db being the excess of the greater 
of the two given lines ab and be or bc, above half theii^ sum 
AD, it is equal to half their difference. 

» • M . • 1 / AB+B^x _ / AB-BC 

By simdar tnangles, db (= pj : db <=? — - — } : : c« 



{ = tangent 4- acb + cab) : gf (= tangent \ acb — CAB)q.E.B. 

Half the sum of the angles acb and cab added to half their 
difference gives the angle opposite to the greaterside (U. 4*3.), for 
the greater angle is opposite to the greater side : and half the sum 
diminished by half the difference, gives the angle opposite to the 
less side ; for the less angle is opposite to the less side, (Euclid I. 
and 18.) 

(Y) Note. Insteadofthetangentofhalf thesumof theop- 
^posite angles, the tangent of half the supplement of the contained 
angle may be used ; or the co-tangent of half the contained 
angle *, which are all equal to each other. 

PROPOSITION V. 

(Z) In any plane triangle, double the hase or longest side^ is 
to the sum of the other two sides ^ as their difference is to the distance 
rfa perpendicular from the middle of the hase: this disfance^ added to 
half the bas€y gives the greater segment^ and being subtracted leaves 
the less*. 

Let ABC be the triangle ; with c as a 
centre^ and the radius cB=the least side, 
describe a circle, produce ac to H; then 
because cf=cb=ch; ah = ac+cb the 
sum of the sides, and af~ac*-bc the 
difference between the sides. 

Because cd is perpendicular to gb, gd=bd (Euclid III. and 3.) 
therefore ag is the difference between the segments of the 
lasc 5 but £0=4 AG (U. 43.) for it is the excess of the greater 
segment ad above half their sum ae; ab being the base, or sum 
01 the segments ad and db, and ae its half. 

Then (Euclid III. and 36 corol.) ahx af=abx AG, there* 
fore ab: ah :-: Af : AG, that is ab : ac ^ CB : : ac — cb : 2ed, 




• Since the sum of the three anp-lcs of every triangle is equal to -two riclit 
•angles, it is plain that half the sum of any tw5 angles ig half tlie sdftpUinent of 
the tbii^ angle. And, that tlis tanjent of half the supplement of any angle is 
«qua1 tu the cotangent of half that angle may be thus shewn : 
^ Let BBF (Fig. I. Plate 1.) be any arc bisected in b, and fa/, its mpplement, 
bisected in a; then ,ak, the cotangent of the half arc 3p> is evidently the tan> 
S^txA of the half €uppleiDent af. 

• or. 
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As the sine of any other ande^ 
Is to its opposite side. (W. 4S») 
(£) An angle found by this rule is sometimes ambignous^ fer 
trigonometry gives tis only the sine of an angle^ and not tlie 
angle itself, and the sine of every angle b also the sine of 
ks supplement. The tables give only the a^ute value of an 
angle ; the ohusevzhxe is the supplement thereof. 

when the given side, opposite to the given angle, is greater 
than the other given side ^ then the angle opposite to that othar 
given side is always acute. But when the given side opposite to 
the given angle, is l^ss than the other given side, then the angle 
opposite that other given side may be either^acute or obtuse, and 
consequently it is ambiguous, 

(F) II. fF'ben two sides and tie angle contained Bufween them 
are given ^^ 

The sum of the two given sides. 
Is to their difference ; 

As the co-tangent of half the contained angle. 

Is to the tangent of half the difference between tbe 

other two angles. 

This half difference added to the complement of half the 

contained angle, gives the angle opposite to the greater side; 

and being subtracted, leaves the angle opposite to the {ess side. 

^ OR, 

The sum of the two given sides. 
Is to their difference •, 

As the tangent of half the supplement of the contained angle^ 

Is to the tangent of half the difference between the othar 

two angles. 

This half difference, added to the half supplement, gives the 

angle opposite to the greater side ; and being subtracted, leaves 

the angle opposite to the less side. (X. 44.) 

The remaining side of the triangle may be found by Rule I. 
(G) III. When the three sides of a triangle are given to find the 
angles.^ ' 

Double the base, or longest side, 
Is to the sum of the other two sides; 
As the difference between those two sides, 
Is to the distance of a perpendicular from the middle of the 
base. 

t -— - — — — — - * ■ ■ — "— — — ■ — ' — -^ *— ■'^ f — — ' — ■ — 

* If the two given sides be equal to each other, the triangle is isosceles, aod 
each of the remaining angles will he eqtml to half th6 supplement of the 
given angle. If the given angle be Qt'**, the required parts may be found l^ . 
Case VI. of right angled trianj;les. 

f If the triangle be equilateral each of its angles will.be 60**; if it be isosceles 
the perpendicular will bisect the base, and the angles may be found by Case IV. 
of right angled triangles. TMs 
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This distance added to half the base gives the greater seg- 
ment, and being subtracted therefrotni leaves the less segment. 
fU. 43.) ^ 

The triangle being thus divided into two fight Ingled tri- 
angles, each of which contains two given sides, the :^emaining 
angles may be found by Rule t. 

OK, 

From half the stim of the three sides of an]^lane triangle^ 
subtract the side opposite to the angle sought, and note the half 
sum and the remainder. Then, to the logarithm of the half 
sum, add the logarithm of the remainder, and increase the 
index of the sum by 20; from the sirni, thus increased, sub- 
tract the sum of thfe logarithms of the two sides containing the 
required angle, the remainder, divided by two, will give the 
logarithm cosine of half the angle required. (A. 46.) 

The remaining angles m^y either of them be found by 
Rule I. 

OR, 

From half the sum of the three sides of any plane triangle 
subtract each of the sides containing the angle sought, and 
note the two remainders. 

Then, add the logarithms of these two remainders together, 
and increase the index of their sum by 20; also, from half the 
sum of the three sides, subtract the side opposite to the angle 
required, and add the logarithm of the half sum to the loga- 
rithm of the remainder; the difference between these logarith- 
mtcal sums, divided by 2, will give the logarithmical tangent* 
of half the angle sought. (B. 47.) 

Either of the remaining angles may be found by Rule I. 

(H) Case I. Given the angles and one side of a triangle^ to find 
the rest. • ' 

CTheangIeA= 32M5'7tj • j .u -j . 
Giyen ) The an|le b= 1 14^24' f ^^q^^^^d the sides Ac 

#rru -J no V and BC. 

(^ The side AB= 98 j 



* If an angle be near 90°, or if it be a very small angle, it ought to be defer- 
mined by a rule which producer a tangent or a co-tangent. For the sillies of 
arcs near 90° vary by almost imperceptible increments ; and the cosines of 
very small arcs, or those near 180°, vary by decrements which are not easily 
assigned. To illustrate these observations by an example; suppose that in 
working any problem, by a table ca'culated to seconds, and carried to 7 places 
of decimals, the result of the operation should produce 9-§999998 a sine, or co- 
sine. By th^ tables this is the sine of any arc between 89°. 56'. 19", and 
89°. 5V. 8"; or the co-sine of any arc between 2'. 52" and 3'. 41" ; here is there- 
fore a choice of 42^' or arcs, and no reason can begiven why one shonld be pre- 
feiTed to another: But the logavithmical di^reoces between the tangents and 
co-tangettts are never so small as to leave any doubt respecting the accuracy of 
the result, the smallest difference for 1" being 42, at which time the arc is 45°. 

H fiV 
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BY CONSTRUCf ION. 

Make ab equal to 98 by a scale of 
, equal parts, draw bc making the 
iingle B equal to 1 1 4\^4'. (R. 27) 5 
also make the angle A equal to . 
32^ 15', draw Ac meeting bc in c. 
Then Ac meAared by a scale of 
4tqual parts is 162, and bc 95. 

BY CALCULATION. 5tt? Rule L 

To the angle a=S2M5' add the angle B = 114'^ 24', the 
«um is 146°. 39', which subtract from 180^ leaves the ande 
c=33'.21'. ' ^ 




To find AC. 

sineZc=33°. ar • - 9-74017 

AB = 98 - - - 1-99 1.23 

; sine/B-lUP, 24' - 9-95937 

side AC = 162'54 - - 221043 



To find BC. 
s;neZc = S3°.2r - 
: AB=98 

:: sineZA=32°. 15' 
: sideBC=:95'12 



- 9-740n 

- 1 '99123 

- 9-72723 

- 1-97829 



(I) By GUNTER^S SCALE. 

1. Extend the compasses from 33*. 21' to 65^ 36' the sup- 
plement of B, on the sines, that extent will reach from y8 to 
162 on the line of numbers. 

2. Extend the compasses from 33°. 21' to 32**. 15' on the line 
of sines, that extent will reach from 98 to 95 on the line of 
numbers. 

PRACTICAL EXAMPLES. 

1. In the plane triaingle abc, 

(Z. A = 27°. 59' 
Given ^] 2iB = 44*'. 12' 

( AC=:104 

Required the other parts. 

2. In the plane triangle abc, 

f4.A=79".23' 
UivenjZ.B=54°,22' 
t BC = 125 
Required the other parts. 

(K) Case II. Given two sides and an angle opposite to one ofthm 
to find the rest. 

5Theanglec=33\21")o . ^ ^ 
The side AB=98 (Required the angles a anJi 

The side BC =95-12 ) and the side Ac. 

BT 



AB = 142-02 
ilc=107°.49' 



Ac=103*4 
-lc=46M5' 



\ 
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BY CONSTRUCTION. 

Make Be =95* 12 by a scale of 
equ^ parts, draw ca making the 
angle c=33^2l'. (R. 27), With 
the side ab in your compasses, taken 
from the same scale of equal parts, 
and 3 as a centre, describe tbe arc 
a a cutting AC in the point a. Then 
AC measured by the scale of equal 
parts, will be 1 62, and the angles A 
and-B measured by a scale of chords (S. 27) will be 32**. 15' and 
1U^24'. 

Here agreeably to the observation (E. 48) the angle A is acute 
and not ambiguous; but had ab been less than bc, the arc 
a a would evidently have cut AC in two points on the same side 

ofBC, 




BY CALCULATION. Ses Rule L 



ABspS - 

: 8ipeZc=33^2r 
:: BG«:9512 - 
: sine/ A =52**. 15' 
bet^ce/ 8 = 1 14^24' 



f-99i23 
9-74017 
1-97827 
9-72721 



sineZc=33^2r * - 9-74017 

: AB==98 - - . 1-99123 

:: sine /. 8 = 114^24' or? ^.^K^n^ 

sine 65°. Sb' - J 9 9^937 

: side AC » 162*34 * ^ S'21043 



(L) BY gunter's scale. 

1. Extend the compasses from 98 to 95 on the line of num*- 
bers, that extent will reach from 33°. 21' to 32°. 15' on the line 
of sines. 

2. Add the angles A=:32M5', and c=;33^2^ together, 
and the sum will be QS"". 36'; then extend the compasses from 
33°. 21' to So". 36' on the line of sines, that extent will reach 
from 98 to 162*3 on the line of numbers. 

(^The side AB=60 ) 



BY CONSTRUCTION. 

This construction is exactly t}>e same 
as in the preceding example ; only Ajft^ 
being shorter than bc, cuts Ac ip two 
points on the same side of bc, hepce 
the angle A may be either acpte or 
obtuse, 




BT 
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AB=»60 - . 

:: Bc«9512 

The sum of the angles c and a sub- 
tracted from 18()0 U-aves the angle 
B«86*. 1' if A be acute j or 27^ 17' 
if A foe obtuse. 



1»LANE TRIGONOMETRY. 

BY CALCULATION. See Rule L 



1 '7781 5 
9-74017 
1-97837 

9*94039 



sine/ c=: 33°. 21' 
: AB»<^0 

:: siQeiCB«B86°. 1' 
: AC = 108-87 

OR, 

sinc/c«33**.2r j 
: AB«60 

: : sinews =27®. 17* 
: AC =50-03 
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9-74017 
1-77815 

9-99893 
20369S 

9-74017 
1-77815 
9-66124 
I -69922 



PRACTICAL EXAMPLES. 

1. In the plane triangle abc, 
rAc=104 
Given ^bc=70 



rilA=27".59' 
Am. i /lc=I07°.49' 
tAB== 142*02 




or 107^49' 
or 10 



Required the other parts. 

2. In the plane triangle abc, 

f Ac=I04 
Given ^ ab= 142*02 Arts, 

C Z.B=44^ 12' 
Required the other parts. 

3. A man travels from a to b, S-7 miles, then turning a little 
to the left hand goes from b to c which is 4-7 miles -at c he 
observes that a and B make an angle of 29^ 16'. What is th^ 
distance from a by the shortest cut ? 

Answer, 7 miles. ^ 

4. A man travels^ from A to b, 3-7 miles; returning back in a 
jnist, he loses Ins way, and going a little too much towards the 
left hand, comes to c, which is 4-7 mUes from b. It now clear 
4ng up be could see both a and b, and observes that thev make 
•in angle of 29^ 16'. Pray how f^ is he from a ? ^ 

Answer, 1-201 mile. 

tl^ifinZl'L.. ^'"^•-^^-^^<"^*'' a„,k contained h^een 

CThe side ab =5^8 7 t> . 

Given \ Th^ side Be:;=:95*12 > Required the angles a and 
^The angle b= 1 14^ 24' j ^* ^^ ^'^ "3e ac. 

BT CONSTRUCTION. 

Make ab=98 by a scale of equal 
parts, arid the angle B=sl 14'. 24' by a 
scale of chords (R. 27.) ;drawBc,which 
make ^qual to 9o-12, and abc is the 
triangle required. The angles a and 
C will measure 32^ 15' and 33^21', 

and Ag will be 162, 

A B 

IT 
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BY CALCULATION. See Rule IL 



To find jthe angles. 
J» + BC=«19312 - - 228583 
: iiB— BC = 2-83 - - ()-4s5939 

:: co-tang:ent4B=57° 12' 9 80919 

t. tanffent ^ koTc = 0^. 33' 7-98275 
} B=57?. 12' its comp. 32°. 48' 



sum 33*21 =5^0 



Or thus, 

aB + BC==19312 - - 2-285S3 

: AB— BC=:2-88 - - 0'45939 

:: tang. ^sapp. b~32*'. 48' 9-80919 

: tangent J A CO c =0^.33' - 7-9827S 
sum 53*21 = Zc 



diff. 32*I5=Za 



diff. 32-15-Za. 

Tojind the side AC 
sineZc=33° 21' « - - 

AB = 98 - - - - 

: sine/ B= 1 U^i 24', or sine 65^ 36' 
side AC =162 34 ... 



9*740n 
1*99123 
9 95337 
2*21043 



(N) BY gunter's scale. 

1. Extend the compasses from 193*12 to 2*88 on the line of 
numbers, that extent will reach from 32°. 48' to 0°^ 33' on the 
line of tangents. This is the method of working such ex- 
amples as this, but so small an angle as 33' is not contained on 
the scale. 

2. Extend from 33^ 21' to es**. 36' on the line of sines, that 
extent will reach from 98 to 162 on the line of numbers. 



PRACTICAL EXAMPLES. 

1 . In the plane triangle abc. 

Tab =345 
Given ^ ac== 174*07 

(^ Z. A =37^20' 
Required the other parts. 

2. In the plane triangle abc, 

Cab=103 
Given K AC = 1 26 An, 

Required the other parts. 

(O) Case IV. Given tie three sides to find the angles* . 
C The side AB =98 1 
Given < The side ec=^5'12 >• Required the angles A, B,arid €• 
/The side AC = i62-34\ 



Z.B = 2r'. 4' 
Ans, \ Zc=115°.36' 

BC=232 



rzB=72°.ao' 

r. ^ Zc = 5!°. 10' 
^BC = 110-3 



BY CONSTRUCTION, 

Draw the longest side ac = 
162*34 from a scak of equal parts ; 
with AB=98 in your compasses 
(taken from the same scale) and 
one foot in a describe an arc; with 
P5::;=95*lg in your compasses cross 



\B.- 
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It m 6; then abc is the triangle required,- The angles mea- 
sured bv a scale of chords (S. 27.) will be a = 32*' .IS', 
B=: 114°. 24' and c = 33°. 21'. 

BY CALCULATION. See Rule IIL 

Let E be the middle of the base ac, and db perpendicular 

to AC. 

Tojmd the segments AD and DC of the hose. 
double AC =324-68 - - - 2'5n45 

: AB + BC = 19312 - - - - 2 28583 

:: AB-BC = 2-88 - - - - 0-45939 

toED = l-713 .... 0-233T7 

Thenf AC + ED =81-17 + 1 •713=82-883 = AB, the greater segment, and f ac- 
id = 81-17-^1'713=79-457=DC, the less segment. 

To find ike armies in the right angled triangles adc andcixB, 

AB=«98 ... 1-99123 

'. radius, sine 90'' - 10*00000 

:: AD=»82-883 - - 1-91846 

: sine DBA = 57°. 45* - ? 9.9^c23 
or co-sine DAB =32®. 15' J 

Then dba + dbc =57°. 45' + 50°. 39'= 1 1 4° 24'= abc, 

OR THUS, 

*(ac + ab + bc) = 177-73 log. =2-24976) 

X onri 1 ,n,^^oCSom + 20=24-16679 

4 ac + ab + bc— Bc = 82-61 log.= 1-91 703) 

AB = 98- log. =1-991 23 1 
AC=-l62.54log.=2-21042r''"' == ^'^^^^^ 

I 2}19-96514 



Bc = 9512 - ■ 1-97827 

: radius, sine of 90** - 1000000 
;: CD = 79-457 - - 1-90013 

: sine dBc =56° 39' 7 
or co-sine dcb=33°. 21' J 



9-92186 



JZ.A = 16° 7' SO'' co-sine 9 9S257 

2 .. . . ^ 



Za=32° 15' 0'' 



OR THUS. 



i AC + AB+BC- AC = 15'39 ^og--l-18724l -2Q_ 3« 

(f AC + AB + Bc)-AB= 79-73 log.= l'90162/*"" + ^"-'^'*^^^®» 

4(ac + ab + bc) = 177-73 log.=224976 > 

J Ac + AB + Bc- BC = 82-61 log. = 1.91703 J ^^^ ^ 4-16672 

2)18-92207 

|Za = 16° 7' 27* tangent 9-461034 

2 



32° W 54« 



TIte remaining angles may befouttdby Hule /, 

(P) BY gunter's scale, according to the first method. 

1. Extend the compasses from 324*68 to 193-12 on the line 
of numbers, that Extent will reach from 2'88 to 1*713 the dis- 
tance of a perpendicular from the middle of the base. 

2. Extend from 98 to 82*883 on the line of numbers, that 
extent will reach from 90° to 51°. 45' on the line of sines. 

S- Extend 
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8, Extend from 95' 12 to 79*457 on the line of numbers, that 
extent will reach from 90® to 56**. 89' on the line of sines. 

BY gfnter's scale, according to tie second method. 

1 . Extend the compasses from half the sum of the three sides 
i77'73 to one of the containing sides ab=:98, that extent will 
reach from Ac= 1 62*34 the other containing side, to a fourth 
number 89*5, on the line of numbers. 

2. Extend the compasses from this fourth number 89*5 to (the 
difierence between the half sum of the three sides and the'side 
opposite to the angle sought,) 82*6 1 on the line of numbers, that 
extent will reach trom 90* on the line of sines, to the required 
angle 32^^, on the line of versed sines, immediately under the 
line of sines. 

This is derived from the proportions in the investigation of 
Gunter's Rule (X. 23, and note.) ' 

PRACTICAL EXAMPLES. 

1. In the plane triangle abc, 

Cab = 142*02 
Given <Bc= 70 jins, 

([ac=104 
Required the angles. 

2. In the plane triangle abc, 

f AB = U 2-65 C /. A = 57'. 27' 

Given ^ bc = 1 1 2 Ms. <z.b=: 64°. 34' 

(^AC = 120 (-^c=57*.59' 
Required the angles. 

SCHOLIUM. 

(Q) There are some authors arid teachers of trigonometry, 
who make no distinction of cases between right and oblique-- 
angled triangles, but divide the whole into three cases ; because 
the three rules necessary for solving the problems that occur in 
oblique trigonometry, are sufficient for solving those which 
occur in right-angled trigonometry. For instance Rule I, 
(D. 47.) will solve all the cases in right-angled triangles (except 
the 6th), and the first and second case in oblique-angled tri- 
angles: Rule II. (F. 48) will solve the 6th case in right-angled 
triangles and the 3d case in oblique 5 and Rule III. (G. 48.) 
will solve "the last case in oblique triangles. 

CHAP. III. * 

THE APPLICATION OF PLANE TRIGONOMETRY TO THE MEN- 
SURATION OF DISTANCES, HEIGHTS, &C. 

(R) The mensuration of distances and heights depends upon 

the 
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tbe niles of plane trigonometry already explained, together with 
the use of certain instruments for taking angles. 

(S) Horizontal and vertical angles are usually measured with 
at theodolite furnished with one or two telescopes, and a vertical 
arc; and if the horizontal and vertical arcs of the instrument 
be described with a radius of not less than S-^ inches, the oi> 
served angles may be measured to half a minute, or the 120th 
part of a degree. 

(T) Angles which are oblique to the horizon are generally 
taken with a sextant; which must be held in such a position, that 
its plane may coincide with the two objects and the eye. When 
vertical angles are taken with this instrument, an artificial hori- 
zon must be used, and the reflected image of the object from 
the glasses of the sextant must be brought to coincide with the 
reflected image of the same object in the artificial horizon. 

(V) Base lines are generally measured with rods, or thejit/r 
pole Gunter's chain; but common tape of 50 or 100 feet in length 
is often preferred boti) for accuracy and expedition ; especially 
if it be kept dry, and the ground be tolerably level. 

(W) The use of instruments must be acquired under the direc- 
tion of a person well skilled in their several adjustments, as but 
little information can be obtained from written description*, and 
even the most expert observer will find it necessary, in several 
cases, to apply corrections to the difierent angles according to 
the situations of the objects. See Chapter IV* 



EXAMPLE I. 



Being on one side of a 
river, and wanting to know 
the distance of a fort, or 
other object, on the other 
side, suppose 1 measured 500 
yards along the side of the 
river in a straight line ab, 
and found the two angles be- 
tween this line and the ob- 
ject to be CAB = 74°. 14', 
and CB A = 49°. 23'. Requir- 
ed the distance between 
each station and the object? 







• 
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» Copper plates, well exccntea, of theodolites, sextants, quadrants, ahd otb«r 
instrnftents for taking angles, are given in Adams' Geometrical and Graphical 
Essays, edited and published by Mr, Wm. Jones, mathematical iosUument 
maker in Hulborn, London. 

180' 
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WO^- Z CAB+ CBA- Z ACB^S^.SS^ ''^ sjfce' i.ACBf=^5^. 1<^'^ - ' ' 9-9*^^ 



sneZACB«56°.33' i - . 'i9'920^Q. 
: AB=»50()- '-• - ..f2-&989,7 

: ^ sine ^ .cba = 49°. 23' - 9*88039 
: ACi=455*8- ^- • '-^' 2-65in4 ' 



AB^500 .i -^ -o: v '2'.698dl^^' 
: ^iflkfi vZ CA».=f p4?-i l(f; , - 9^3:?^ . 
Bc=577-^/ - , " - .2761Z9 



(X) Qr, ojKf oduce AB t;ll*'B^ pe ®^ua^l t^;it^/l^ni[4 gb till the 
angle a be equal to the angle A; then will the distances B^ and 
^, be equaLtjDj therdistaijces.BC and .aQvit/ 'jL': ?* / . 

( Y) Or, without any ins^rumcjut tc? measure an angle, the 
distances Ac and bc may I?e, $a>uad* Make Af :of» any. length 
in a line with ac, and bg in,^ lioB with,BC; measure AF|AB,;Bf5, 
FB and AGj then the three si^Qs 4Df th(^ .^n^ngles. BAF!mi-A#<G 
will be give?, with which tjie ^gles Bigp wd A?g nfiayj^ foi;upLd$ 
their supplements will give the angies-.c^B 9»d CBi^ and h^ace 
the distances Ac and bc may be found as4n the^x^iiple. 

(Z) The perpendicular disUnc^ DC maybe readily deter- 
mined', forvkiving fouud^ BCy^the anj^le b an^ BCfw^l be ffvn^ ; 
or find.ACj th^ ac and the apgle ^ will be, given tp jSadiue. . 

Thej ^rpendiculsgr dist^ce.Dc may. bejfqiphd without ,any 
instrunveat for taking angie3. .With ^ crpsp^taff fixed, ^ :^ 
obser\5e the object. at c, anc^set «p a staff i^ a. line ^th it at ^j 
and anptjber at b at xigh^ angles .to <:£, m^veth^ crofs^sta^^ &om 
Dto E^\ai^fset»'«p a pole or, staff at ^'pp:p^i\4ic^lar to Bq? 
Measure the distances db, jde, and alsa E<3 in. the direction EH 
iill G, b, and c make one straight line. ' Then 

EG— db : DE : : EG t EC froiti which take db. 

On, -Ed-^^Bi ^E ::.Dfi : ®ci ' 

The four following ieatani|>k8 ate referred to the foreg6ing 
figure, and «€rye to. exercise the above observations. 

. » ■ 

/ EXAMPLE ir. , , 

An engineer wanted to know the breadth of a river, (bver 
T?hich the general intended to pass the whole army,) in order to 
det^niiine how mapy pontoon's of 5 -feet broad and six feet 
asunder, he should have occasion to make use of, Perceiving 
an object (c) on the opposite banik of the river close to the edge 
of thewatei'i he measured 144 paces or 360 feet along the^dge . 
of the river (as ab). The angle at a bptween the object and 
the base line was 83°. 57', and at B it was 80"*. 32' ; required the 
perpendicular breadth (dc) of the river, and the numhier of 
|K)ntoons sufficient to form a passage for the troops ? 

Answer. The perpendicular breadth of the river, is 528 paces 
or 1320 feet, a military pace hetng 2^ feet^ and 120 pontoons 
"^lUi answer the purpose;. -^ > 

EXAMPJ4E HI. 

T^o ibaps of war intending to cannonade, a fort at c, sepa- 

J • .rateij 
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y' EXAMPLE X. 

Wanting to khO'W the distance be- 
tween a church at a and an obelisk 
at b; both objects could only be seen 
from a particular place as d; at d. 
I took the angles adc=89°.0', adb 
=72°. 30', and bde =: 54°. 30\ I 
then measured de = 200 yards,^ and 
at E I took the angle bed =88°. 30'; 
and lastly, I measured dc = 200 
yards, and at c took the angle dca = 
53°. 30'. Required the distance ab ? 

Ansnver. ad=237'62Xi db=332'21S, and AB=345-^yardsr 

EXAMPLE XI. 

I wanted to know the distance 
between two places a and b, but 
could not meet with any station 
from whence I could see both 
objects. I measured a line cd= 
200 yards J from c the object A 
was visible, and from d the ob- 
ject B was visible, at each of 
which places I set up a pole. I 
also measured FC =200 yards, and 
DE=200 yards, and at f and e set up poles. — I then took the| 
angle afc=83*, acf=54^ 31', acd=53°. 30', bdc=156°.25', 
BDE=i54°. 30', and bed=88°. 30'. Required the distance ab? j 

Answer, db = 332-215, ad = 237*627, ac=293-93; th( 
angle adc= 83°. 55', consequently adb =72°. 30', hence -ab; 
345-5. 

X EXAMPLE XII. 

Wanting to know the dis- 
tance between two inacces- 
sible objects A and B, I mea- 
sured a base line CD =300 
yards : at c the angle bod was 
58°. 20' and acb 37°; at D 
the angle cda was 53°. 30' 
and ADB 45°. 15'. Required 
the distance ab.^ 

Answer. First find Ca = 
465*97 by Example I, and also 
cb=761'46; and then find 
AB == 479 79ii.yards by Ex- 
ample vi. 

EXAMPLE 
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EXAMPLE XIII. 

* Snppose the base line in the foregoing example had been 
908-36 feet, the angle acb=14°. 34', dnd acd=60°.50'', also 
the angle adc=96°. 44', and bdc=115°. 23'; what would hav« 
been the distance ab in this case? 
' Answer^ 674'62 feet. 

example XIV. 
Wanting to pn>- 
long the inaccessi- 
ble line CD. in order Si 
to place a mortar 
battery behind the 
obstacle b in the 
. direction of cd, I 
measured a base 

line ab = 414*2 

yards, at A, I took A E 

the angles cad=49^ 13', cab=123°.45', and the angle caezz 
100*^, having first set up a pole at E behind the obstacle. At B, I 
took the angles dbc =c 33°. 45' and dba=67°. 30'. Hence it is 
required to find the angle aef, which will determine the posi- 
tion of EF with respect to cd? 

Answer. Exactly in the same manner as in the two preceding 
examples find ac = 601*6, ad=622, and the angle acd = 
67°. 30', then AC«)+CAE=AEF=167^30'; if therefore at e, 
an angle of 167°. 30' be made with A, the point f will be 
determined, in the same line with tD. The distances cd or 
GE are easily calculated if necessary. 

EXAMPLE XV. 

From a station at D I perceived three objects a, b, c, whose 
distances from each other I knew to be as follow, ab=12 
miles, bc=7| miles, and AC=8 miles : at d^ I took the angles 
cdb=25°, and ADC = 19^ Hence it is required to find my 
distance from the objects. 

CONSTRUCTION. 

Make a triangle abc whose three 
sideis are 12, 7|, and 8 (O. 53), viz. 
make ab = 12, bc=74, and ac=8. 
At B make the angle eba=ade= 
19°, and at a make the angle eab= 
BDE=:25°; draw ae and be, and 
through the point of intersection e, 
and the points A, b, describe a circle. 
From c through e draw ced, join 
BD and AD, then will ad, cd, and 
BD.be the distances required. From 
this construction it appears, that if 

the 
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the angles at the station D had been greater than the angles A 
«»d B of the triangle a»c, the point fi would have fallen b^ond 
Of but this would not alter the manner of construction* neitfaiea' 
would it materially a£fect the method of calculation. 

CALCt^LATlOM. 

I. In the triangle abc are given ab a= 12, BC = 7-j-, and 
Jic=8 to find the angle bac=35°. 34', 38". 

II. In the triangle a£B are given all the angles^ viz. 6AB s: 
25'', £BA3=19S and AEB=136%and the side ab =3 12, to find 
AE=5-624, and be=7*3. 

III. In the. triangle CAE we have given the side At=:6» 
AE=5'624, and the angle CAE=iBACcoBAE=alO*'. 34'. 38"^ 
hence the angle aec will be found =146^. 45'. 7", but because 
this is the exterior angle of the triangle ade, if we subtract the 
angle ade from it (==19^) we shall have the angle eaDss 
127^.45'. 7", and if to this angle we add the angle ca£s3 

^ 10°. 34'. 38", we shall have the angle cad = 1 38^. 19'. 45". 

IV. In the triangle dac all the angles are given and the side 
Ac^ to find ad and CD, vir. cad=1S8^ 19'. 45", and adc^ 
ADE=:19% the sum of these taken from 180° leaves acd=: 
22^ 40'. 15" and Aci=:8. Hence AD=9-47iI miles and dcs= 
16-3369 miles. 

V. In Ihe triangle deb the side be and all the angles are 
given* Because the opposite angles of every quadrilateral in-^ 
scribed in a circle are equal to two right angles, the supplement 
of ead=s127^ 45^ 7" gives the angle ebd-52^ 14'. 53", and 
the sum of EBD and edb subtracted from 180^ leaves DEBst: 
102^. 45'. 7", and be has been found =7*3. Hence db=:5 
16*8485 miles. 

example XVI. 

Suppose three objects a, b, c, were seen from d> (and stood as 
per figure Example xv,) and that their distances were abz=12 
furlongs, fic=:9, and ac=6 fiirlongs. The angle bdc=33^ 45' 
and ADC =22"*. 30'. It is required to determine the distances 
AD, DC, andDB? 

Answer. This example is of the same kind as the 1 5th, and 
the distances maybe found in a similar manner, ads=i4*01^ 
DC=:l5-64 and db=10-6. 

EXAMPLE XVII. 

From a station d, I perceived three ob- 
jects A, b, and c (situated as in the an- 
nexed figure) whose distances were as 
follow, AB=:12 miles, ACt=:8 miles and 
Bc=7| miles. At d I took the angles 
CDB =25^, and adc = 19^. Hence it 
is required to find my distance from the 
objects* 
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CONSTRUCTION* 

This is constructed exactly as Exasapk ±y. except turning the 
vertex of the triangle acb towards the place of observation D. 

CALCULATION. 

I. In the triangle ABC are ^veA ABsslS, BCtzl^^. and MSi'=z% 
to find the angle bac =35^ 34'. 38^'. 

IL I/i the triangle A£B are given the angle £AB=e:25% £BJ=: 
19% and A£B=136°> and the side hA^Miy to find ASi^^'^i^ 
andBE=7'3. 

III. In the triangle CAE there is given A£s:5*6£4» ACsrS, 
»d the angle EAc = EA»+&AC = ro^ 3^'. 38", ta find the 
angle ac«=43*. B\ 14", if from this angle (being the exterior 
angle< of the triangle dca) we subtract the angle A9C33l9t* 
the remainder 24°. 5'. 14" will be the angle dac. 

IV. In the triangle ACD there is given the side Ac and all 
the angles, viz. ac=8, adc^ 19°, iu/c =5=24°. 5'. 14", and acd= 
136^ 54'. 46", to find ad=16'7857, and CD = 10-0286. 

V. In the triangle EBD all the angles and the side eb are given^^ 
to find BD, viz. EDB = CDtt = 25% EBD^ 180°— E AD = 180** 

-DAC+CAE=95% 20'. 8'', and bed =59°. 39 •52" and w^=s 
7'S. Hence bd = 14*9095. 

EXAMPLE XVIII. 

Suppose the three objects a, b, c were seen from d (and stood 
as^^ figure to Example xvii. and that their distances were 
ab = 106, ac=654, and BC=53j^. The angle bdc = 13% SO', 
and ADC =29% 50'. It is required to find the distances da, 
Dc,andDB? 

Ansnver. This example is of the same kiMas the 17th, liA= 
131, Dc=107'4, andDB=15r4. 

EXAMPLE XIX. 

From a station at d, I per- 
ceived three objects, a, b, c, 
(situated as in the annexed 
figure), whose distances were; 
as' follow: AB = I2 miles, Ac= 
8, and bc= 7|. At i> the an- 
gle ADa was 17*^. 47'. 19". 
Required the distances da, 
DC, and DB ? 

Answer. With the three given sides of the triangle abc find 
the angle cab =35°. 34^3^', the supplement of this angle 
=BAD=144°.25'. 22% also cab- adb=17''. 47' . 19'=abd. 

Hence 
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Hence all the angles of the triangle adb are given» and one side 
ABf to find the remaining sides. 
Viz. AD=:12, and 50=22*85, and DC=:2a. 



EXAMPLE XX. 

Hu^e objects A, B| and c, whose dis- 
tances were ac=8, bc=74, ^^^ a® 
= 12 miles, were visible from one sta- 
tion at D, from whence the angle adc 
was observed to be lOT. 66\ IS". Re- 
quired the distances da, dc, and dB ? 

Answer. With the three sides of the triangle abc find tho 
angle BAc=S5^ 34'. 38". Then in the triangle adc all the 
angles will be given, and the side ac, to fii^d ad =5, and 
DC = 4*892 •, hence DB=: 7 miles. 




EXAMPLE XXL 

Three objects a, b, and c, in a 
straight line, whose distances were 
AC = 3-626, AB = 12, and bc = 
8*374 miles were visible from one 
station at d, from whence the angle 
ADC was 19°, and BDC=25°. , Re- 
quired the distances da, dc, and 

DB? 




CONSTRUCTION. 



The construction to this example is almost exactly the same 
as t^e construction to Example xv. 



CALCULATION. 

I. In the triangle «ab are given the angle eab = eac=25\ 
EBA = 19% and consequently aeb = 136% and the side ab=12, 
to find AE =5-624, and be=7'S. 

II. In the triangle aec there is given AC =3*626, ae= 5-624, 
«nd the contained angle eac=25°, to find the angles about c, 
viz. ACE = DCB = 121°. 45'. 7" the supplement of which is 
aod=ecb=58°. 14'. 53". 

III. In the triangle ACD, all the angles and the side ac are 
given, to find ad=9-4711 miies, and dc = 10'861. 

IV. In the triangle ADB or DCB all the angles and two sides 
iire given, to find db= 16-8485 miles. 

■.EXA-MPOLE 
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EXAMPLE XXII. 

Three objects a, b^ and c, forming a 
triangle, were visible from one station 
at D indthin the triangle; the angle adb 
was observed to be 123**. 45', cdb= 
ISS^'.SS', and consequently adc = 
103*. 53'; the distance ab was known 
to be 12 miles, from b to c=9, and 
from A to 0=6 miles; required the 
distance of each object from the sta- 
tion at D ? 

CONSTRUCTION. 

Make a triangk whose three sides are ab=12, bc=9, and 
Ac=c6. At B make the angle ABE=the supplement of adcs 
' 16°. 7'=ADE, and at a make the angle BAE=the supplement 
of BOC=47^ S8'=:bde, through the intersection e of ae and 
BE, and the points a, and b, describe a circle. Then pa,.dc, 
PB are the distances requirecL 




calculation. 

I. In the triangle AEB all the angles and one side are given, to 
find AE. Thus the angle abe=76°. 7', and bae=:47°. 38' by 
construction, hence AEB =56°. 15', and ab=12; hence ae= 
14-011. 

n. In the triangle ABC all the sides are given, hence the 
angles may be found, thus cab =46°. 34', this added to the 
angle sA^^gives cae=:94°. 12'. 

III. In the triangle cae, are given Ac=6, AEs=l4'01l, 
and the angle cak = 94'' . 12', to find the angle ace = 
63^. 18', 21, 

rV. In the triangle dac all the angles are given, viz. Acna: 
63M8'.2l", Anc=103°.53', and dac=12°.48'.S9", and the 
side AC=6, to find ad=5'523 and dc:?= 1-372. 

V. In the triangle BDC, two sides bc and CD, and an angle 
BDc opposite to one of them i$ given« to find the side bdst 
8018. 

SCHOLIUM* 

(C) Various other problems concerning distances might be 
formed^ firom the different situations which objects may be sup- 
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posed to havei but 
they are only appli- 
catioiis of the pre- 
ceding examples. — 
For instance, the 
distancesof the most 
remarkable places 
in a town, the dis- 
tances of several 
villages from each 
other j the plan of a 
camp, &c. &c, may 
be taken from what 
has already been 
explained. 

Let A, B, c, D, E, r, G, H, I, K, L, be several remarkable ob^ 
jects, whose situations are to be laid down in a map. Choose a 
convenient situation ab for a base line, from whence you can 
see all the objects j let this base liiie be as long as possible, in 
proportion to the most distant object. From the extremity A 
measure the angles gab, iab, kab, eab, fab, hab, &c- from 
B measure the angles gba, kba, iba, fba, eba, hba, See. Now 
it is evident from what has been already shewn, that having the 
base AB given, and the several angles, it will be easy to find the 
sides, or distances, AG, Ai, ak, &c. &c. By Example I. < 

(D) A country may be surveyed, and the distances of remote 
objects may be obtained by means of a series of triangles. Thus, 
measure a base ab, and let c and d be two objects which can bi( 
seen from a and b. Measure the 
horizontal angles bag, bad, abc, 
ABD, and calculate the distance dc, 
as in Example xii., and likewise 
the distances db, da, bc, ac. In 
like manner if e and k be two ob- 
jects visible from c and p, the dis- 
tance EK may be found, and its 
S>sltion with respect to CDj and 
. OS the measurement may be con- 
tinued to any distance* But, in ^ 
order that the conclusion may be 
mor^ accurate, the mensuration 
from one base to another may be 
carried on by different sets of tri.- 
angles; for instance, two objects 
V and w might have been chosen instead of A and b, by meant 
Pt which the distance ek might hjiv^ been ^certain^d ; and, it 

il 
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28 plaixi) thttt by taking $eTeral series of trian^es whidx lead to 
the same two objects, die mean of tlie results will be more 
accurate tiiail the measuremeat obtained from one triangle. 
When a series of triangles has been carried on for a consider'* 
able disunce, the interval of two objects, vdiose distance has 
been determined by Calculation, should be actually measiu'ed, 
in order to detect any error which may have been made in the 
calculated distance. This is called a Base tf verification. The 
trigonometrical survey of England and Wales had its first com- 
mencement in 1 784 ; and from a base of 27404*2 feet measured 
(m Hmmilono Heathj and continued by a series of triangles to 
Salisbury Plains the medium distance between Be^cm Hill^XiA OUi 
Sarufn was 36574*3 feet, and from actual admeasurement the dis« 
tance was 86574*4 feet, a cUfference of little more than cne inch.^ 
(E) By the assistance of a survey, executed with such ac- 
curacy, the length of an arc of a meridian may be measured. 
Let Ns be the meridian of any place a, and let represent 
thecpoint of the horizon where the sun sets, measure the angle 
9AO ; now, by having the latitude of the place A given, the 
amplitude naq is easily ascertained,f and consequently their 
difference ban is given ; also if from bag there be taken ban, 
the remainder can is given. Let bf, ci be drawn perpendicu- 
lar to the meridian, then because ABand the angle ban are given, 
AFand FB are easily found : iii the same manner, because ac and 
the angle can are given, the lines ai and ic may be found. 

If from the angle abc there be taken the angle abf, the re- 
msunder fbc, added to dbg, gives dbf ; by means of which, and 
the given side db, dg or fl will be found, and likewise BC. By 
adding af to Ft* we get al, and by deducting bg from bf we 
shall Rave gf=dl. 

In a similar manner the several distances from the point A %o 
the perpendiculars, let fall from each of the angular points of 
the figure upon the meridian ns, may be determined, as also 
the perpendicular? themselves. By this method the extensive 
survey of thie; kingdom of France was carried on from the 
measure of nineteen bases.j: 

The measures being all reduced to the meridian ns, the dif- 
ference of latitude between A and D may be determined. Find, 
from observation with a zenith sector, H the true zenith distance 

* Trigonopnetrical Survey of En^and and Wales, Vol. 1. pages 27^ and 280^ 
published by Mr. Faden, Charing Cross, London, 
t Or if the sun be above the horizon, its altitude may be taken in th# direO'* 

lion A Of and thence its azimuth O as may be computed. 

\ Traitfe de Trigonometrie par M. Cagnoli, Chap. xi.ATt.841. 

I Trigonometrical Survey of England an4 Wales, Vol. II* Part. IL ptiblUh^ 
ky Mr. Faden. 
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of a star^t each place^ the difference of these zenith distances 
will be the difference of latitude between a and d. Perhaps it 
may be proper to remark that the perpendicular dl does not ac- 
curately coincide with a circle^* or parallel^ of latitude^and where 
the utmost exactness is required the difference must be calcu- 
lated and applied to AL; the true difference of latitude between 
M and L'wiU then be obtained. This difference of latitude will 
be to 1° as the length of the meridian al is to the length' 
of a degree. The difference of latitude between a and eack of. 
ike other places By C| K, &c. may be found by a similar process. 

(F) In small surveys^ military sketches, &c. where great ac- 
curacy is not required I angles may be taken with a good pocket 
compassy having two sights, and being fitted to the top of a 
staffs, sharp at one end so that it may be stuck in the ground^ and 
allow the needle to move freely about. 

Every circle is divided into S60 degrees ; the compass is 
divided into 32 points, therefore I point is J P. IS' 5 ^ poijnt= 
2\ 48'. 45" V Y point =5 5°. 37'. SO" and ^ point = 8*. 26'. 15". 
These points are reckoned from the north and south> towards 
the east and west, as in the following table : 



North. 



N.b.E. 

N.N.E. 

N.E.b.N. 

N.E. 



N.b.W. 

N.N.W. 

N.W.b.N. 

N.W. 



N.E.b.E. 

E.N.E. 

E.b.N. 



N.W.b.W. 
W.N.W. 

W.b.N. 



South. 



S.b.E. 

S.S.E. 

S.E.b.S. 

S.E. 



S.E.b.E. 

E.S.E. 

E.b.S. 

E. 



S.b.W. 

S.S.W. 

S.W.b.S. 

s.w. 



S.W.b.W. 
W.S.W. 

W.b.S. 

w. 



Points. 

1 

2 



Degrees. 

11M5' 
22 30 
33- 45 
45 



5 
6 
7 
8 



56 15 
67 30 
78 45 
90 



The variation of the magnetic needle ought to be allowed for, 
in measuring angles with a compass. *» 

At London the north point of the needle rests in a direction 
of about 24* westward of the true north. 

,' -^ EXAMPLE XXIII. 

Having occasion to travel through the counties of Kent and 
Surrey, I perceived the fort built by Lady James on Shooter's 
Hill, which bore from me N.N.E., and travelling 20 mile;s in a 
W.N.W. direction, I perceived the fort again, which bore 
N.E.b.£. Required my distance from it at each station ? 



-!* 



* The difference is not mt^terial, except the distance PL be very great. Jefe 
Chapter xv. (G, '77.} 
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CONSTRUCTION. 

*Witii the chord of 60** describe a circle, 
draw the meridian NSj and £W> at right- 
angles to it. 

. Set off -the N.N.E. point of the com^ 
pass, or 22^.30', from n to e, draw AC 5 
set off the W.N.W. point of the compass, 
viz. 67®. 30' from n to g, and draw AC, 
on which set off ab=:20 miles from a 
scale of equal parts. Lastly, set off the 
NJE.b.E. point = SG"". 15' from n to D, 
draw AD, and parallel thereto, through B, 
draw Bc; then ac and. bc are the distances required, and c 
the fort. 

CALCULATION. 

Because ad is parallel to bc, the angle cAD=:BCA=:the dif- 
ference between nd and Nf =33°. 45^ The angle BAC=sthe 
sum of NG.and N^ssSO^, hence the angle CBA=56^ 15'. By 
case second, right angled triangles, ac ==29*93 and bc r: 36 
mfles. 

EXAMPLE XXIY. 

I observed a church which bore from mc N.E.b.N. and going 
24^ miles in a N.N.W. direction, the church then bore £.S.£. 
Required my distance from it at each observation? 

Ansiver. At the first observation the distance was 1*8 mile, 
and at the second 2*1 miles. 

EXAMPLE XXV. 

From a ship at sea I observed a point of land to bear Cb.S. 
and after sailing N.E. 12 miles> it bore S.£.b.£. Required the 
distance of the last place oi observation from the point of land? 
' Answer^ 26 miles. 

EXAMPLE XXVI. 

From a station at H, an object G, the distance of which I 
knew to be 4 miles, bore N.E.b.N.^E.; and another c, distant 
2|. miles, bore S.E.b.S.iE. Required the distance between c 

and G? 

Anlwer. CG=4'*923 miles. 

EXAMPLE XXVir. 

Saint Paul's church at London bore from me N.b.E. and 
travelling W.N.W. 15 miles, it bore N.E.^E. Required 'my 
distance from St. Paul's at the last place of observation i 

Ansitfer. 25^' 19 miles. 

* EXAMPLE 
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EXAMPLE XXTIJI. 

Onsting along the sea-shore I observed tiro headlaiids» the 
first bore N.N.W. the second N*N .£•{£. Then steering 
E.b.N.4N. 16 miles, the first headland bore W.N.W. the sc 
cxmd N.W.b.N.^W. Required the bearing and the distance 
cf the two headlands from each other ? 

CONSTRUCTION* 

with the chord of 60** describe a cir- 
cle; draw the meridian ns and sw at 
light-angles to it. 

1. Set off the N.N.W. point of the 
compass, or 22^ 30' from n to a^ and 
draw Atf* 

2. Set off the N.N.E.|E. point, or 
30^ 5&. 15'' from N to ^, and draw a^, 

S. Set off the E.b.N.iN. point, or 
73**. ?'• 30'', from N to f , draw Ar, on which set off ad = 1 6 miles 
from a scale of equal parts. 

4. Set off the W .N. W. point from n to £f=67^ 30' draw 
Mdj, and parallel thereto, through d, draw vb, then b is the 
situation of the first headland. 

5. Set off the , N.W.b.N.|.W. point of the compass, or 
36^. S3'. 45" from n to e, draw Ae and DC parallel to it, then 
c is the situation of the* second headland^ Join 8C, which "will 
be the distance required. 

CALCULAflON. 

1. Inihe triangle BAD, the angle BAD=arc ac^95\ 37'. 30^, 
the angle ABD=angle jA/3f=arc rffl=67°.30'.— £2^. 30'=45% 
for ABD and dAa are alternate angles. Hence the angle bda=: 
39^. 22'. 30^', and the side ad= 16. The distance ab may be 
foupdss 14*35, and bd =22*52 miles. 

2. In the triangle adc the angle CAD=arc ^^2=73**. 7'. 30". 
—30^ 56^. 1 5"=42*». 1 1'. 15". Because as is parallel to DC, and 
AD is produced to ^ the angle eAf, measured by the arc e/, 
or the supplement of tfi:=ADcs=70^ 18'. 45"; hence the angle 
ACD=dT. 30'; hence Ac maybe found = 16*31 miles, and 
Dc= 11-63. 

3. In the triangle BAG are given ab = 14*35, Ac=16'Sl, and 
the angle B AC, measured by the arc /z^=53^26'. 15"; hence 
the angle abc will be found =70°. 29', and the distance Bc= 
13 Smiles. 

If from the supplement 109*. 31' of abc, the angle ban be 
taken, the remainder 87°. V will be the bearing of the second 

headi|and 
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Iwadlukd c &(Mn ikx first s, viz. N. 87". l' b; or of tlie fint 
beadland B from the second c, viz. S. 87°. I'. W. 

EXAMPLE XZIX. 

The distance between a tWer x, 
and 2 chiffchc, waskmnratobe^d 
miles; from a ship at anchor A, I 
saw a windmill at M in a right Kne 
with the tower, tbe bearing of both 
was N.W.b.W. the church at the 
same timeboreN.^^.b.N.^^N. After 
which we weighed anchor, and sail- 
ed upon a W.b.N. course HA=25 N 
miles, and the mill and the church were in a straight line uc, 
and bore N.E.b.N. Required the distance between the chorch, 
tower> and windmill, at each station, or place of observatjoa a 
2nd fi? 

f AMSS23-09 II HM= 9'S 
Jntwer.^ AC =26- 19 hc =2r9+ 
tAT=38-82 II HT=18-41 
-<j|XAurtE xsxl. 

From the bottom b of a 
tower, I measured 200 feet 
ia a direct line ab on an 
horizontal plaiie. I then 
took the angle cab =: 
46°. 30' *, the height Aa of 
my instrument was S feet. 
Required the height bc of 
the tower? 

Am^ver, Here are given 
the base <i^ and the angle 
cah of a right angled tri- 
angle, to find the perpendicular 4c=2IO-7, to which addth« 
height of the instrument, then £C=215'7 feet. For it is. 



■ In CroiUJ'c translatlTin of fMavrfviTs inganometry, page 18Q, it is shewn (i# 
AtiTTori^an i^Hudt Be, H tu the errot tommilted ia taking iJie angle cai, aiduuhUli* 
kagbl t<;it ioUie tint of doable the okercid aaglt Cah. 1'he error thsi'efiire, nbich 
can prevail in the determiaBtion of tbc said hciglit, will be thv leaat |>os!ible, 
VhcnUiewK of double the observed angle isChegreateit possible; tbat is,i>lie« 
tbii angle i> 45'. Hence, cays he. wben «e want to SnJ the height uC an;' ub« 
jert, we must so contrite it that the ob>erved angle be the nearest possible to 
45". He then shews that in obserpi ng an object at an angle of 45°, if an error 
or 1 minute be made in the determination of the angle, the ercoi' in the alii- 
cod* dill be j^, part of the altitude ; alxi if the angle oiwerved be greater or 
lentban 45% tot error ia the biiight witV&o incmued in the ratiuofiwliustotb* 
iate of double U^ said angle, 

erid^K 
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-evident that Aa^zBi, since at is parallel to ABand equal thereto^ 
and the angle 0BA equal to the angle iau. 

EXAMPLE XXXU 

Wanting to know the height of a church BC, I measured 45 
yards from the bottom b upon a horizontal plane ab, at A, I 
took the angle ca3=48". 12 , the height of mj instrument wa» 
5 feet. Required the height of the church? 

Ansnver. The height *c= 50*33 yards, to which add B^ the 
height of the instrument, then BC=51*99 yards the height of 
the church. 

EXAMPLE XXZII. 

Wanting to know the 
height of a steeple Be, in- 
accessible on account of se- 
veral small trees on one 
side, and uneven ground on 
the other sides j at d, I took 
an angle CPB=51^ 30', and 

measuring the distance AD =: p^ ^ __^ 

75 feet, at A,I took the angle ^ ^ 

CAB=26^ 30'. Required the height of the steeple, and the 
distance of the first station from its base I 

SOLUTION. 

Subtract the angle cab from , the angle ci>b, the remainder 
25*= the angle acd: for acd is the difference between acb 
and DOB, the complements of the two^ observed angles, and 
the difference between the complements of two angles must be 
equal to the difference between the angles themselves. Then 
ia the oblique triangle adc all the angles are given to find 
00=79^18, and in the right-angled triangle dbc, the hypo- 
thenuse dc, and angle cdb are given, to find bc=:61'97, and 
DB==4'9'29. 

EXAIUIFLE XXXIII. 

Wanting to kiKJw the height of an inaccessible object bc j at 
A, I took the angle cab =28*. 34', and measuring in a straight 
line towards the object from a to d 30 yards, the angle cdb was 
50". 9'. Required the height of the object, and my distance 
from it at the second station ? 

Answer. The height bc=30 yards, and distance ijB = 24*99» 

EXAMPLE XXXIV. 

Two observers at the distance of half a niile from each other, 
on an horizontal plane, took the altitude or angle of elevation 
of a cloud at the same moment of time, the sam? point of the 

cloud 



...J 
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clood was observed by both, and ia the same direction : the 
angles were 35". and 64°. Required the perpendicular height 
of the cloud, and its distance from each observer ? ■ 

AtuvKT. The perpendicidar height was 9S5'75, the distance 
from the observers 1041-1, and 1631'4 yards. 

EXAMPLE XXXT. 

In the year 1784 two observers on Blackheath, at the eiacc 
distance of a mile &om each other, observed the angle of ele- 
vation of Lunardi's balloon ; the angle at the nearest station to 
it was 36°. 52' and the other angle 30°. 58'. Required the per- 
pendicular height of the balloon, and its distance from each 
station? 

Aniwir. The balloon's distance from the nearest station was 
5*006 miles, from the other station 5'8S7 miles, and the per- 
pendicular altitude S-003 miles. 

-<■ EXAMPLE XZXTI. 

Frbm the top (a) of Flamborough-head light-house, the 
angle of depression (eac) of a ship at anchor was 3". 38' } and 
at the bottom (b) of the«!ight- 
house, the ang^e of depression 
(fbc) was 2". 43' ; required the 
horizontal distance (oc) of the 
vessel, and the height (db) of the 
promontory above the level of 
thesea; the Iight-hoiise(AB)being 
85 feet high. 

The iEAC=.iACD = 3'.38'j 
the ^FBC=^BCD=2°.43'; andAB=:S5feet. 

Hence cd will be found = 5296-4 feet, and DB = 251-31 feet. 
Answer, 

EXAMPLE XXXTII. 

Wanting to know 
the height of a tower 
. EC, which stood upon 
a hill: at A, I took 
the angle of elevation 
"CAB = 44°j I then 
measured ad = 134 
yards in a straight line 
towards the tOwer, at 
D the angle cdb was 
67" .50', and cdb a 
16».5o'. Required the J 
height of the tower,^ 
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«iid the li^gbt of the hill ? The beigld of the tostntraent betng 
£feet. 

SOLUTIOK. 

1. Subtract the angle cab from cdb, the remainder S3*.5tf 
=ACD, hence all the ;ui^les in the triangle CAoare given, and 
<»ie side ad, to find dc =: 2304 yards. 

2. In the triangle CDE ail tiie angles ar« given, viz, cde= 
le'-Stf, DCE=9O°-67°.50' = 22'. Itf, hence the angle CEB = 
141*. and CE = 106 yards; also de = 138-13 yards. 

3. In the right-nngled triangU EDB all the angles are given, 
"Viz. EDB =i CDB — CDE = 51°, and DEB = 39', also de is given, 
tence be = 107"3 yards, to-which add the height of tflf in- 
strument, and you have 108'96 yards for the height of the hill. 

EXAMPLE XXXVIII. 

Wanting to know the height of a castle standing npon as 
eminence, I took an angle ofelevation cad=40°, and measur- 
ing 40 yards in a straight line towards the ^astle, the angle CDS 
was 63°. 20', and cde 14°. 30': what was the height of the 
castle EC, and the distance DB i 

Aniwer. Ec=:24'6g yards, and db=29'I3 yards. 
xexauplb xxxix. 

Wanting to know 
the h^ght of an ob- 
ject standing on ^n 
inclined plane ab,.'I 
measured fro?n the 
bottom of the object 
a distance bd = 40 
feet, at d, I took the 
angle cdb = 41''i 
eoitig on in the same 
direction 60 feet far- 
ther, the angle cab li 
, ot^ect ? 

SOLDTION. 

1. In the triangle adc are given the angles, viz. CAB = 
S3°.45',ADC=180''—*1°=139°, hence ACD=\1''.l5'^ or CDB 
— CAB=ACD=17°, 15' and ADbeing=:60 feet, Dcwfll be found 
to be 81-488. 

2. In the triangle cDB are ^iven CD ==81.488, D8=.40 and 
the angle ess =41°, to find bc3=57'64. 

EXAMPLE XL. 
An olyect standing on a declivity whose height I wished t* 
deterinine, — I measured 15Q yards from't^e base of it, and thea 
- Wok 
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took an angle cdb=47°.50', and in the same direction I mea- 
sured 80 yards farther, and then took the angle cAB = 38''.S0': 
Required the height of the object ? 

Attsnaer. dc=307'1, and BCliie he!ght32S4'4' yards. 

JT EXAMPLE XLI. 

Wanting to kni ■■■■'■ ■ - 

at D the angle 

CDBwas58°,CDB 

= 26'*, and ADC 
=^2^10'. The 
ground not per- 
mittingmetore- 
treat in a straight 
line towards F, I 
therefore mea- 
sured from D to 

A 52 yards; at i . _ ...^ . . ._ 

height of the castle Ec, and the height of the hill bb, above dxe- 
level of the £rst station o^ 

SOLUTION. 

1. Jn the triangle ADC are given the angles adc=72°. 10', 
CAD^fil". SO* and consequently acd = 43°. SC, and the .side 
AR=52 yards, to find DC=68*392 yards. 

2. The remaining part of the solution b the same as in Ex- 
ample xxxvii; cEwillbefound=M'463andBE— 23'536yard& 

X EXAUPLE XLII. 

Wanting to know the K 

standing upon a hill, the ' 8^1 

and the horizontal dis- •£/.•.: ::.T.*.V"!!.'f ^^g|Hft 

tanceAHfromthestation ^T^\y'''--, . ^^MwU^ 

'■ — ^^ ^ *^^ angle gck /Jm^^^^^^l]/"'-&^ iBB^^^HK ■ 
was3°.38', and the angle "g^wMMH^li i ,X — SB^^^SiHfc 
GCE was 2°. *3'; thai 

having set up a staff ic, whose height was equal to that of the 
theodolite, I measured 18095 feet up the sloping ground AB,-a9 
abase, in a direct line with the tower, keeping the points E, E, 
c, B in the s»m^ vertical plane. At B I took the following 
angles, viz. fdc=:bai = 1°.54'} and EDf=1°. 33'. Required 
the horizontal distance AH, the height he of the hill, the 
height EK of the tower, and ib the elevation of the station b 
tbove that at a. 
J SOLUTION. 
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SOLUTION. 

1. In the triangle E»c, the Z.EDC=3®'27', ECD=175^23', 
DEC= 1**. 10', and the side dc = 1809'5 feet, hence ge=5348*08 
feet. 

2. In the triangle GCE, the Z.GCE=2®. 43', and CE=5348'0S 
feet, hence CG= ah =3342-07 feet, and ge=253'48 feet. 

3. In the triangle kce, the Z.kce=0«'- 55\ CEK=92*»- 43', CKE 
ssSe**- 22', and ce=5348-08 feet, hence ek=85'73J feet. 

4. In the triangle BAI, AB= 1809*5 feet, and the angle bai = 
1*. 54', hence Bi =59*994 feet. 

Lastly, if to the height ge, the height ac, of the instrument 
be added, it will give he, the height of the hill. 

EXAMPLE XLIII. 

At the distance of 25 miles from a 
tower its top juk appeared in the ho- 
rizon; required its height. The dia** 
meter of the earth being 7964 miles, 
wa/i its circumference 25019*7024 miles* 




SOLUTION. 

25019*7024 miles : 360** : : 25 miles : 21', 34''= ilPAB. In 
the right-angled triangle abd, ab and the /dab are given, to 
find AD= 3982*078446 miles, from which take ac=ab, the re- 
mainder DC3S5'078446 miles=4r4'19 fe^t, the hei^^ht of the 

tower* 

EXAMPLE XLIV. 

Supposing it were possible to see a light-house or other object 
Vi in the horizon, at the distance of 200 miles, it is required to 
£nd its height cD, the diameter £c of the earth being 7964 
miles, and its circumference 25019*7024 miles. 
• Answer. The /, dab si 2^ 52'. 39", ad == 3987*0272 miles, 
and DC=s5-0272 miles =26543 616 feet, being 5910*616 feet 
higher than Chimiarago, the highest of the Andes, and perhaps 
the highest mountain in the world, 

EXAMPLE XLV, 

The Peak of Teneriffe is said to be 21 miles above the level 
of the sea; at what distance can it be seen, supposing the radius 
of the earth t o be 3982 miles ? 

Jmwir. V^ j;dxix: ==db (Euclid HI. and 36) =?: 1 4 1 •! 2 miles. 

^XAMPLB 
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EXAMPLE XLVr. 

If the Peak of Tenerifie be 2| miles high, and the angle cdb 
made by a plumb line, and a line db meeting the surface of the 
sea in the farthest visible point B, be equal to 87"^. 58'. 13", it is 
required to find the diameter c£ of the earth, supposing it to 
be a perfect sphere, and the utmost distance db that can be seen 
fronEi the top d of the mountain. 

(rad.+sine cdb)xdc , 

Answer. ' ' ' . — — =db=141'12 miles, and CE 

cosme CDB . 

2=7964 miles. 

CHAP. IV. 

OBSERVATIONS OK THE ADMEASUREMENT OF A BASE LIKE. 

^G) Where the ground is perfectly level, the manner of 

measuring a straight line from one object to another appears to 

be simple and easy ; yet, on account of the curvature of the 

earth, no two points on its surface can be exactly situated in 

the same horizontal line ; the chord of the arc, and not the arc 

itself being the horizontal distance* Now the radius of one 

circle is to the radius of any other circle, as any arc of the 

former is to a similar arc of the latter. If we take, for instance, 

the base line measured on Hmmhw^heath (Da.67.) 27404*^ 

feet, the radius of the earth 39S2 miles, or 21024960 feet, 

ve shall have 21024960 feet : 27404*2 feet :: 1 : 

27404*2 X 

feet, the length of the measured arc in terms of the 

!l^ 1024960 ^ 

radius 1. But the difference between any arc and its chord, 

the ra dius being 1, is ^ of the cube of the length of the arc *; 

hence - y ^V = *OQ0000000092258 will express the 

21 024960]^ . 

difference in terms of the radius 1, which multiplied by 
21024960 feet, the radius of the earth, produces -001939, the 
extent in feet by which a terrestrial arc of 21404*2 feet exceeds 
the chord of the same arc, a difference scarcely worth notice, 
even where the greatest accuracy is required. 

(H) When the ground on which a base line is to be measur- 
ed is sloping, it will be necessary, in some cases, to reduce it to 
a horizontal level. Thus, after having determined the direc- 
tion of the base af f, by poles la, iw, h/;, g<?, pointed at one end 
and fixed perpendicularly in the ground by means of a plumb- 

• See Chapter V. foUowin«r«- 
f The point a, and the siimmlis of the hiJls m, n, a, f, should be coimected} so 
as to form a regular sIope> af. 

line J 
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line ; the sum of . ±, 

distances Lm, 1/7, j. _,, jlj ^! —--^^^^^^Si 

to the whole ho- A Ji C i> E 

rizontal distance ae ; and, if the heights al, mi, iiH, Go be suc- 
cessfully measured, their sum will give the whole height ef- 

(I) If the ground be irregular, or if it rise and descend alter- 

nately, it is evident that the difference between the heights of 

th^ pole$ must be added when ascending, and subtracted when 

descending, in order to determme jthe different elevations and 

^ depressions of the ground. 

(K) Surveyors generally ascertain the altitudes of irregular 
hills by the assistande of a spirit-level, and perpendicular poles 
placed at convenient distances from each other. This practice 
is called levelling. 

(L) A base line on a sloping ground may likewise be measur* 
cd by taking angles at its extremities with a theodolite. Thus, 
let im represent a theodolite, al a p/ole fixed perpendicular to 
the horizon and equal in length to the height of the instrument; 
also, let Ki be a horizontal line (which may be ascertained by 
the bubble of air in the spirit-level of the telescope resting in 
the middle) and kil the angle of depression between the top of 
the pole AL and the horizontal line Ki. 

Then, because Ki is parallel to ab, the angle kil is equal to the 
angle m ab; then (£ VjB), rad. : Am : : cosine / KiL : ab, or ab=^ 
Am X cosine / kil 

(M) If Aw=:400 yards, and iCKiL=4% ab wiU be 399-025 
yards, hence the difference between Am and ab is less than 
1 yard. It appears from this example, that when the measured 
base is inclined to the horizon in a small angle, a reduction of 
this kind will be imnecessary, except in cases where great ac- 
curacy is required. 

OF THE ERROBS WHICH OCCUR IN TAKING ANGLES OF ELE- 
VATION AND DEPRESSION WITH A THEODOLITE. 

(N) When the observer is at a considerable distance from 
the object, the altitude taken with a theodolite will require cor- 
rection. In the first place the horizon of the observer and tliat 
of the object observed are not the same. Let c be the centre 
of the earth, d the summit of a mountain, and hpob the horizon 
of the observer. Through D draw edf perpendicular to do, 
and it will be the horizon of the point d. Now sd will be the 
true height of the mountain above the horizontal line ps ; dps 

tlie 
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t&e true ang^ of elevation^ 
and DPB the obsefved an- 
gle, £rom which the height 
€}£ the monntain is deter- 
mined to be BD, instead of 

Again, the / pbd is sup- 
posed to be a right angle, 
in ordinary calculations, but 
in reality it is equal to the 
sum of the two interior an- 
gles BPC and PCB (Euclid I» 
and 32)=90°+ZC. 
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(O) The French academicians measured an inclined base 
at Peru, the length pd of which was found to be 6274*057 
toises *, the angle of elevation dpb was l^ k\ 43" (the effect of 
refraction being deducted). Now, rad. : pd : : sine dpb : db. 



hence db=: 



PD X sme DPB 



rad. 



= 1 19*93 toises. In order to cal- 



culate BS ; PD may be used instead of pb, and cs and cb may be 
considered as equal to each other without sensible error. And 
as (2CS+B6} X bs=pb* (Euclid III. and 36.), it will follow thlat 

2csx Bs=PB*, and hence B$= 



PB* 

2cs' 



(P) If the diameter of the earth be taken ==6543373 toises, as 
deduced from the admeasurements in Lapland, Paris, and Peru ; 

Bs will be found =< * =:6'0158 toises. Bv addinc: 

6543373 ' - * 

BS to BD the true height sd of the mountains 125*9458 toises. 
Had the height ds been determined from the triangle dps, by 
the most exact calculation, it would have been = 125*97 toises. 
Hence it appears that in most cases the angle at c may be re- 
jected, that PB may be taken =pd, the z PBD=a right angle, and 
csssCB without material error. 

(Q) -Angles of elevation or depression taken with a theodo- 
lite may be corrected thus: Let D be the place of the telescope 
when the theodolite stands on the vertical line cd ; p the situa- 



•*-^ 



* B<Migoer» Figure de b Tene. A toises 6 French feet^and 107 French feet 
>144£iiglUh^. 

tion 
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tion of the telescope on the vertical line CP. Then if the tele^ 
scope at p be directed to an object at J>, the elevation of that 
object above the horizontal line hpb is the / dpb ; and when 
the telescope is at D and directed to an object at p^ the angle of 
depression^ below the horizontal line edf, is the z fdp* 

Now> because pb touches the circle, and Ps cuts it, the ZBPS 
(measured by half the arc Ps*) =4:/ c ; therefore ZDPs=Yi:.c+ 
the z of elevation dpb. 

Through D draw dg parallel to €P, then the ZGDP=sznPS 
(Euclid I. and 29.), hence ZGDP=TZC + the z of elevation 
DPB ; and because the triangles cps and cdg are isosceles, and 
the Z c is common to both of them, the zcps=Zcdg, but the 
angles cpb and cdf are right angles, therefore the zbps (=4 ^c) 

=:ZFDG. ' 

i Again, ZFDP=ZGDP+FDG=T^c+the Z of elevation dpb 

4-T i^c; therefore ZFDp=ai zc+the z of elevation dpb; to each 

of these equals add the zdpb, then the z of depression fdp+ 

the z of elevation DPB = ZC+twice that of elevation i^Bj 

. (zof depr. fdp+Z of elev. dpb) — Zc . - 

hence ^ — ^ = the true z of 

2 

elevation. 

When the angles, are both elevations or both depressions^ 
their difference must be diminished by the z c, and half the re- 
mainder will be the true z of elevation of the higher of the 
two objects. 

The zc is generally very small, and where the measured 
base does not exceed six or seven hundred yards, it may be 
rejected. 

example XLVII. 

(R) Suppose D and p to be two objects fixed exactly at 
the same height above the ground as the height of the telescope 
of the theodolite ; now if the z fdp of depression be 26', and 
the ZDPB of elevation 14', what will be the error in obser- 
vation? The arc ps, or distance of the stations, being 8000 feet.. 
* The length of a degree in latitude 51*. 9'. is 364950 feet f* 
S64950 feet : 60' : : 8000 feet : l'. 19" nearly = Zc. Then 

(26'-l>14')-r.l9" , ^nr r. r , . 

■■' = 1 9 . 20 i the true z of elevation dpb, hence 

z 

■ .11...- ■ « m « * m II ■ . , I .1 . .11, 

* Tb» angU formed heiween the tangent of any arc and iU chord, is meantredbyhalf 
that arc. 

The Z Tsr (Plate U fig. 1.) is measured by half the arc ar. For the Ztbf i« 
ei^nal to the Z fbtiin the alternate setrment (KiK'iid III. and 33.), and the Z rbi- 
«}Z FCB '(Euclid III. and 20.) therefore the Z TBP»iZpCB; but the ZFCB.i« 
HitTasund by the arc cr, therefore the Ztbf is measured by half the arc bf. 
Q. F.. o> 

f Tiigonometrical Survey of Euglaod and Wales, Vokll. Hrt ff. page 11^. 

19'- 
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19'. ^CK'^-^ i4'^y. 20"^ IS thfe error df the instruiheiit, of tix^ 
quantity by which the z of elevation was too small, or the / of 
depressidn too larg^. 



i-HE NATURE 6f TJERREStRlAL REFRACTION AND ITS EFFECTS 

OH ANGLES OF ELEVATION*/ 

(S) As terrestrial refraction arises from the gross vapours, 
and exhalations of various kinds, which are suspended in the air 
near the surface of the earth, and which are perpetually chang- 
ing, it is very difficult to ascertain the exact quantity# of it at 
any particular time. 

(T) The course of a ray of ligh,t in its passage through the 
atmosphere is, in general, that of a curve which is concave to-* 
wards the ealth, and the observer view;5 the object in the direc- 
\ tion of a tangent to this curve ^ hence the apparent, or ob- 
I served angle of elevation is always greater than the true angle. 
(U) The altitudes of the heavenly bodies when within 5° or 
6° of the horizon, should never be used where a very accurate 
; result is required. The figures of the sun and moon, when 
near the horizon, are sometimes elliptical, having the minor 
I axis perpendicular to the horizon, and the major axis paral- 
lel to the horizon; This change of figure arises from the 
i refraction of the under limb being greater than that of the 
upper. But a perpendicular object, situated on the surface of 
I the earth, will not have its length altered by refraction, the re*« 

fraction of the bottom beiiig the same as that of the top. 
i (W) The allowances usually made for refraction are top un-» 
i certain for any reliance to be placed on them, as scarcely two 
I writers agree on this subject. Dr.Maskelyne makes it -^ of 
[ the intermediate arc ps between the observer and the object t 
I Bouguer -J i Legendre -^ ; General Roy from ^ to -^^ ; and ir* 
the second volume of the Trigonometrical Survey, the variation 
is found to be from ^ to ijV of the intermediate ate f • This 
difference does not arise from inaccuracy of observation, but 
from circumstances which cannot be avoided, as the evaporation 
of rains, dews, &c. which produce variable and partial refractions^ 
(X) The foUox^ing method is used in the Trigoriomefrical 
Survey J for ascertaining the quantity of refraction. 
Let c be the centre m the earth, p and s two stations on its 



• See a paper by Mi*. Haddart, \ti the Philosophical Transactioti;; for 1797, 
^age 29 J and another by the Rev. S. Viiice, 1799, page 13. Also th^ Trigono- 
Hetrica^I Survey of inglatfid arid Wales, vol. i. page 175, 

f Page 177 and 178, Part I. 
• * J Volume i, f>6jG nif 

A surface; 
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surface; pb, sa the horizontal lines at right angles to CA and cb; 
also suppose a and B to be. the true places of the objects ob- 
served, and a and b their apparent places. Then the 2L^ps will 
be the refraction at p,^and the Z^a$F that at s^* 

In the quadrilateral figure csop, the angles at p ands are right 

angles, therefore* the Z.sop+'^csatwo right angles, but the 

. three angles of the triangle sop = two right angles, hence ^osp 

4- Z SOP+ -^ ops::= z SOP+ z c, consequently /.os9+/.O^s = ztr, 

which is measured by the intermediate arc p5* 

Now (Z ASP +Z0PS) — (zBp3 + Z AS^J = (-/OSS + ZOPs) — 

( Z 3P^+ Z Asa)=r z c — (z BPi+ z ASif)= /.a- sP+ z^PS the sum of 
both the refractions. Hence the following 

(Y) Rule. Subtract the sum of the two depressions from the 
contained arc, and- half the remainder is the mean refraction. 

(Z) If one' of the objects (a) instead of being depressed, he 
elevated, suppose to the point ey the.Z of elevation being esA ; 
then the sum of the angles wisp, f»ps willbe greater than z ops +• 
zosp (the zc, or contained arc Ps) by the z of elevation ^sa. 
Hence z c + z ^ s a = z /» sp + z «i Ps, from each of these equals 
takethe z»p^,then zc+z^sA — zbp^=Z»/sp + -^^ps the sum 
of the two refractions; that is, subtract the depression from the 
sum of the contained arc and elevation, and half the remainder 
is the mean refraction. Perhaps it may be necessary to remark^ 
that previous to the observations the error of the instrument 
must be accounted for (Q. 7^.) 

example xlviir 

(A) The refrStction between Dover castle and Calais churck 
was thus determined f. 

Let c be the centre of the earth, ps the surface ; d the station 
on Dover castle ; a the top of the great balustrade of Calais 
steeple; edf the horizontal line; also let pg=sd; then the 
/FDG=-2. /.Cf or half the arc Ps (Q. 80.). The distance from 
Dover to Calais fs 137455 feet, hence 364550 feet : 60' ::. 
137455 feet : 22'. 35" the zc, hence zfdg=:11'. l7"|. 

The height of d above low-water spring tides =469 feet. 

'Vhe height of a (communicated from France) = 1404- feet. 






* Iniobserving these angles two iostruments are used, one at p and another at 
t; and tbd reciprocal observations are made at the same fostaat of time by 
means of signals^ or by iivatches previously rei^ulated for that purpose. The ob- 
server at p takes the depression of », at the same moment which the obserrer at 
s ta^«atbf depression of pb 

f '^rifoQOfottrical 3uvvey, v«l. 1. page 173* 

The 
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The triangle dga may be considered as isosceles, and dg or 
DA = 1374-55 feet, the distance between Dover and Calais. 
Hence i AG : rad. : : da : secant Zdag= 89°. 55'. 52"'2, the 
double of which,* deducted from 180°, leaves 6'. 15" for the 
/: GDA, to which add the z fdg= 1 1'. 17^ '> ^^d the whole angle 
FDA = 19'. 32^" supposing there was no refraction; but the. 
Z FDA was determined from observation to be 1 7'. 59", hence 
the refraction was (19'. 32^"- 17'. 59'^=) l'. 33f , being about 
Ty of the contained arc. * 

(B) Mr. Huddait is of opinion, that a true correction for 
the eflfect of terrestrial refraction cannot be obtained by taking 
any part of the contained arc * ; for, different points, though 
nearly at the same distance from the observer, will have va- 
rious refractions. 

OF THE REDUCTION OF ANGLES TO THE CENTRE OF THE 

STATION. 

(C) In surveys of kingdoms and counties, where signals on 
the steeples of churches, vanes of spires, &c. are used for points 
«f observation, the instrument cannot be placed exactly at the 
centre of the signal, and consequently the angle observed will 
be different from that which would have been found at the 
centre. The correction is generally very small, and is only 
necessary where great accuracy is required. 

The observer may be considered in three different po- 
sitions with respect to the centre, viz. he is either in a line with 
the centre and one of the objects, or a line drawn from the 
centre through his situation would, if produced, pass between 
the objects ; or a Hoe drawn from the centre to the place of 
the observer, when produced, would pass without the object?. 

(D) First, let the observer 
be at D, in a line between the 
objects B and c> vi^. on one side 
of the triangle abc ; b being the 
proper centre of the station and 
the Z.ABC that required. It is 
plain that the Z.cda, being the 
exterior Z. of the triangle adb, 
is too large by the interior i. 

PAB. 

Therefore Z. abc = Z. cda — Z. dab. 

(E) Secondly. Let the observer be at o, within the tri- 
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apgleABp, and let Bbp the ceiitre of the statiQnjjaivi thez abc that 
required. Now /aoc + zoac + /oca==zabc + zoa» + ^oac 
+ /oCA + ^ocB, each of the sums being ecjual to two right an- 
gles; therefore the ZA0C=ZABc+iioAB+/0CB, that is, the 
jL Aoc is greater than the / abc by the sum of the angles oA^ 
fad ocB. Therefore z abC * =» z' aoc — ( z oab + z qcb). 

(F) Thirdly. Lpt the observer be at e, without ih^ tri- 
^gle Ai^Cf and let A be the centre of the station, and the ji CAB 
that required. 

Now zceb + /5CA + Z Aco + Zocb + zebo + zo^c = 
4 cab -1- z Apo + z ogs + Z ABE + Z EBo + z OBC, each of the §umi 
bring eqval to two right angles; therefore 

Z CAB + z ABE = z c|:b rh Z ^c A, and consequently 

Z CAB = Z CEB + Z ECA — Z ABE. 

EXAMPLE XLIX. 

Let A and b represent tlie vajies on two steeples 5 E the situa- 
tion of the theodolite upon the steeple A, and o its situation 
iq>oh title steeple b» Th«n, suppose 



AE=:12 feet 
ZCEB=:74°.S2' 
ZCEA=:139°.S9'. 



B0=rl0*5 feet 
ZAOc=:49°.27' 
ZCOB = 137^55^ 



It is required to find the angles cab and A^c, the dist^ce 
iiB being 5000 feet. 

SOLUTIpN. 

The zceb = Zcab nearly, and ZAoc=rzABC nearly, with 
these angles and ab, find Ac and Bc (as in Example I. Chap. III.) ' 
e= 458 1 -8 and 58 1 1 '6. Then, 

AC : sin. zcEA :: ae : sin. Zeca=5'. 50" 

AB : sin, zbea :: ae : sin. Zabe=7'. 29". 
Hence zcab=:74°. 30'. 21" (F. 84.) 

BC : sin. zcoB : : bo : sin. Zocb=4'. 10". 

AB : sin. ZAoB :: BO : sin. z oab =0'. 56". 
Hence zabc=:49°.21'.54"{E. 83.). 

With the corrected angles cab, Abc, and the distance AB, th,p 
sides AC and bc may be determined. ' 

OF the reduction of angles from one plane to 

ANOTHER. 

(G) Angles which are inclined to the horizon^ may be re- 
duced to the corresponding horizontal angles, in cases where 

t If the proper centre of the station wer^ at o, and the observer at B, it u 
plain that the angles oab and ttCB must b« added to the Z abc t« obtain the 

flfAOC. 

very 
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very great accuracy is required. Let the lines psj- ps, bs be 
tliree chords of terrestrial ?tcs, that is, let the points e, B, ?nd 
^, be all equally distant from tfae centre of the earth, and let 
the point D be elevated so as to be farther from the centre of 
fhe e3«h than any of the points P, B, s, by the quantity SD, it 
ts required to reduce the triangle BDP to the triangle bsp- 

(H) The line sp may be supposed to be perpendicular to 
each of the chords sii and sp without sensible error, though 
strictly speaking the angles dsb and ds? are each equal to 96''+4 
the arc which the chords sb and sp subtend (Q. SO. and Note). 

Likewise the chords sb and sp may be used instead of their cor- 
responding arcs (G, 77.). By in- * 
spection of the iigureit is plain that 
BD is greater than us, and pd great- 
er than ps; but the base PBis com- 
mon to the two triangles bdp 
and Bsp, therefore the ZBsp is 
greater than the £ bdp, in the same 
manner as the Zaoc is greater 
than the iiABc in a preceding 
case. [E. 83,) 

(I) In the right-angled triangles Dsb and dsp. 
SD* = BD*-«s'— dp'- ps' (Euclid I. and *7.). 
Hence bd' — Df*=:Bs' — ps% to each of these equals add the 
square of Pe, tlien pb'+bd' — dp-=pb^+bs'— Ps', and if each 
of thpse equal quantities be divided by 2pb, we get 

'ffB* + BD*— dp' PB' + Bs' — PS* 



2pb 2i'B 

(K) Now if a perpendicular be drawn from D upon the base pb, 

CB~— " - " ~°'' (Euclid II. and 13.). But 

BOX COS. DBF 
rad. : BD : : cos- dbg=cos. dbp : g*, hence gb= -j ; 

and if a perpendicular be drawn from the point s upon the base 

PB, the segment intercepted between ps and the perpendicular 



-, hence cos. dbp x bd=cos. sbp x Bs. 



-«r-vd- 
And COS. sBP=cos. DBP X — , also BD : rad. : : bs ; cos. dbs. 

ES ^ ^; 

xrad, 



■) or COS. DBS : cos. dbp : : ra^. 

COS. SBP. 

(L) That is, 7%e cosine of the A of eU-rmtion : the cwne of the 
d. inclined ta the horizon : : radius : cosine of the horizontal i. . 

Exactly 
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Exactly in the same manner the ^spb may be found. 

Then 180'*-(ilsBP+z.sPB)= Absp. 

(M) But the ZBDP taken on the elevated situation d, may 
be reduced to its correspondiujg; /:bsp, by using only the ob- 
served /BDp, and the angles of depression wdb, and «dp. The 
4^mpB = /DBs and the z«dp2=zdps; hence the three angles 
necessary for this reduction are bdp, dbs, and dps, 

T . . /Tx «^\.l. ^'P* + BD*~DP* BDXCOS. DBP 

It IS shewn (K. 85.) that — ' == , 

^PB raci. 

• ^ COS. DPB 

Hence pb*+bd*~dP*=2bdx P» X ^| — , and jpb*+bd*- 

,^ COS. DBP \ - 

{2bD X PB X ; ) =DP*. 

rad. ^ 

(N) That is. Tie square of the side subtending any acute I. of 
m triangle^ is less than the squares of the sides containing that acute 
/; by double the rectangle of those sides, multiplied by the cosim cftb^ 
acute /. divided by radius. 

Therefore, in the triangle bdp 

^ . * /^ cos. bdp\ 

PB*=BD* + PD*— (2BDXPDX ; J. 

rad. ' 
And, in the triangle spb 

« 1 I 2 /« COS. BSP \ 

pb*=bs* + PS*— (2bs X PS X r — ■ j . 

rad. ' 

By making the values of pb* equal to each other, , and jfeducinj 
the equation we get (bd*— bs*) + (pd* — ps^) == (2Bn x pdx 



cos. BDP \ .^ cos. BSP \ Ti * , , , 

^ j - (2bS X PS X ■ ^^^ J. But BD*-BS*=?;PD*-PS'=5 



rad. ' ^ rad. 

SD^ (Euclid I. and 47.), therefore sd*x rad.ase 

(BD X pdx cos. bdp) — (BS X PS X COS. BSP), 

... (bd x?iyx COS. 9dp) — (sD* x rad.) 
And hence cos. bsp=^ ^- u . . > . i, 

BS X PS 

rad. : BD : : sine dbs : sd 
. rad. : PD : : sine dps : sd. 
Hence, rad* : bbxpd :: sine dbs x sine dps : sd*. 

And, SD* X rad. = bd x PD x sine dbs x sine dps x — r-. 

rad. 

Again, rad. : bd : : cos. dbs : bs 

rad. : PD : : cos. dps : Ps. 

Hence, rad.* : bd x pd : : cos. dbs X cos. dps : bs x p$. 

And Bs XPS = BD X PD X cos. DBS X COS. DPS X rz. 

rad.* 
Therefore by substitution the cosine of the /L bsp = 



coif 
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COS. BDP — (sine DBS x sirr^ dp^ x — r- i 

^ ran. / 



COS. PBS X COS. DPS X 



rad.« 

(cos. BDP X rad.*)— (sine dbs x sine dps x rad.) 

I » ■■ I I ■ n il ■ I ■ ■ I I " ■ I III I I ■ I I , 

COS. DBS X cos. DPS 

{O) M. de Lambre gives the following formula for finding" 
the angle bsp, which he demonstrates by spherical trigo^ 
nometry, viz. 

* m ...... , . . .. .M 

Sine 'BSP=rad. A'"^^(°p^ + dbs— dps) x sine^(BDP+ DPS — DB3) 

^ COS. DBS X COS. DPS 

The sides bs and Ps of the triangle bsp are easily found, fron]b 
the height ds and the angles dbs and dps being given. 

EXAMPLE L. 

Wanting to know the height of an object sD (standing on the 
horizontal plane psb), and also the horizontal distances sp and 
SB. I measured a base pb=300 yards, at p the Z of .elevation 
DPS was 8°. 15', and the /dpb, inclined t& the horizon, was 
5T. 15': at Bthe z of elevation dbs was S''. 45'. 50", and the 
Z dbp, inclined to the horizon, was 63°. 15'. Required the ho- 
rizontal Zbsp, the horizontal distances sp, and sB, and the 
height of the object above the plane. 

Answer. zbps=56°. 51'. 50" j ZPBs=62^ 54^ 30"; (L. 85.) 
Bs=r289*41 ; Ps=307-695 and Ds=: 44*6 14 yards. 

The height Ds, and the distances bs and ps may be found 
tvithout reducing the angles. For, in the triangle dbp all the 
angles are given, and the side bp, "whence bd and pd may be 
found J then in the triangle dps, the /dps and the side pd are 
given to find Ps and sd ; also, in the triangle DBS, ©B- and the 
Z DBS are given, from which bs may be found* 

EXAMPLE LI. 

From the top of a tower 44*614 yards high, the angle bdp, 
subtended by two distant objects b and p, was 59*^. 30'; and the 
angles of depression «/ db = 8°. 45', 50", and « dp = 8^15'. 
Hence it is required to find the horizontal distances pb, bs, 
and PS. 

Answer. The ^mvB = /dbs = 8°. 45'. 50"; and z« DP =■ 
zdps=8°. 15', and Zbdp=59°.30'. By the formula (N. 87.) 
COS. z BSP ='49655, henceZBsp=60M3'.40"-4. and,(0.87.)Bs= 
289-41, ps=307-69, and p»==300. The same answer may be 
obtained without reducing the angles, and without the formula. 

(P) The formulae at the conclusion of N. 86, and O. 87,, 
may be applied to any two triangles, whether their bases be ia 
the same horizontal plane and their vertices be elevated, as ia 
•samples l and li, or their vertices be in the same horizontal 

plane. 



8ft 



THE MENSURATION OF I^ElGHTS, &C. ioOKlI; 




ne4 (PDB+ PJ)»— BDo) X sine^(pDB + BDO~PDs) 

COS. POS X COS. BDO 



plane, and the extremities of the base ef the one triangle be 
elevated above the extremities of the base of the other. 

In the annexed 
figure, if the an- P 

gle PDB be mea- 
sured with a sex- 
tant, and the ver- 
tical angles bdo, 
Pjis be measured 
with a theodolite, o^ 

. (cos. PDB X rad/) — (sine pds X sine bdo x rad.) 
cosme Z SDO = ^^ ^ ' : '^- — • • 

COS. pds X COS. BDO 

or by M. de Lambre*s forniula, * viz. 

sine Y SDO = rad, /- 

E:iAMPLE Lll. 

From a station at d in the horizontal plane d^o^ I took thd 
angle pdb, subtended by the tops of two towers, = 37*. 53'. 20^; 
and also the angles 6f elevation BD0=4?°. 23'. 55'^ and pds= 
4°. 17'. 21''. The height of the tower bo is known to be 40 
yards, and that of ps 30 yards 5 from which it is required to 
find the horizontal distance of my station from each of the 
towers, and their horizontal distances from each other. 

Answer. By the formula (P- 88.) 2sDO=37°. 59'; DS=400 
yards ; do = 520 ; and so =i 320 y^rds. 

(Q) The sarnfe aiiswer may be found without the formula. 
For, with the Zbdo and height bo, find db=521'0536, and 
ro=520; with the zpds arid height Ps, find dp =401 •1234', 
andDs=400. Then with di*, db and the zpCb, find pb:^ 

320* 1 562 5 lastly, /pb'^ — Bo — ps*^ = so, the horizontal distance, 

=320 yards. 

OF THE DI]^, or DEPRESSION OF THE HOUtlZON Af ^£A. 

(R) The dip, or depression of the ho- H 

rizon at sea, is the angle contained between 
the horizon of the observer, and the far- . 
thest visible point on the surface of the sea. 

For, if an observer whose eve is situated 
at D, tak«s the altitude of a celestial object 
by a sextant, or lladley's quadrant, and 
brings that object to the surface of the water 
at B, iii^ead of the horizon df, he evident- 
ly makes the altitude too g^at by the L fdb. 




♦ Traitg de Trigonometrie par M. Ca^nolj; Appendice, paje 467. 
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Now the ZADFisaright angki atid tftieZABD is i3sev«ise« 
right angle, therefore the zn>Bzz z«>ab. Heince, m the rig&t 
angled triangle abd> there is given ab the radius of the -sph^e^ 
Al>^AC+DC, the radhis of the ^here increased by the iieight 
of the eye above the sitrface of the sea> to £nd the j:dab, or 
quantity to be -subtracted frdm the observed altitude of any ce* 

lestial >object. Hence i:o$. /dab = cos. «1|fd^=: 



PWi>ii>-aia>«- 



^^ AC + CD 

Where ac=: ab is the radius of the sphere, and dc the hei^t d£ 
the observer's eye above the surface of the sea. 

OR, 

(EC + Cd) X ©or: DB* (Euclid III. and 56.), that is 
(ec X Dc)+Dc*=DB* ; or (2AC X Dc)+DC^=DB*, aud rejecting 
DC* as b eing smal l \/2ac x dc :zi jaa, but ab=:ac : rad. : : 
db=\/2acxdc : tangt, dab = taBgt. /mxb, therefore 

radx ^il^ / 2 X rad/ 

tangent i:FDB= ^7^""*^ X \/ pc =V — J^ — X\/^. 

Now the first of these terme is a constant quantity, and if the dia- 
meter of :the earth be 79IS4 miles, the logaritlAn of this quan* 
tity in feet will be 6'4!891S, hence -log. tangt* ^f i>Bs.6'4fi9l5 ^ 
i log. DC in feet. 

0^ THE PARALXAX OF THE CELESTIAL BODIES. 

(S) That part of the heavens 2 

in which a planet would appear, K.^^^'^ T 

if ^ewed from the surface of the 5^ \ I n 

earth/ is called its ii^^rf^j&A^ftf.* yr \\ | 

and the point in whicn it would be r^ \':,i^ jjj^ 

seen at the same instant from the /*''••. y/^vT^* 

centre of the earth, is called its W ^ ^ '*-S^ \jjiA 

true place, the difference between ^ * */ *' • •yC^^^^^lf' 

the ^r»tf and a^r^w/ place is called -J jf iC^A^?^ 

the parallaic in altitude. IT ujS/^ 

Lefc^be tiie c^ntreof die eartK^ rAthe.placex^f an. observer 
on its isttffeoe, -whole visits horizon is i,A3) 'true :honzon cD^ 
andssenfth z. Let .ziH> be-aporticm of. a great xircle. in the 
heavens, and'fi the abs^olute^place of aay.o^ct in > the visible 
horizon ; join CE and produce it to f ; then F is the true place of 
the object, and B its apparent. pl»«e in tbe rhoavdos^ ?ai|xi fhe 
angle B£f=A£c is theparaUax. 

The parallax is the greatest when the object is in the horizon ; 
"for the angle aec is greats than ago, hence the more elevated 
an objtect is (its iliitahce'ftW jAe^^arAVtr^ntye c<^ 

M $am9) 
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same) the less is the parallax. When the object is in the zenith 
the parallax vanishes, for then ac and Az are in the same straight 
line cz. 

Since the apparent place (h) of a planet is more distant 
from the zenith (-z) than the true place (i) it therefore follows, 
that the parallax in altitude must be added to the observed alti- 
tude, in order to obtain the place of a planet as seen from the 
earth's centre. The stars on account of their immense distance 
from the earth have no sensible parallax, and the sun's mean 
parallax is only S'\6, The moon's greatest horizontal parallax 
•is6l'. 32'Meast54'.4''. 

(T) The horizontal parallax being given, to find the parallax it 
sny given altitude. 

In the right-angled triangle eac 

Radius : EC : : «ne AEc : Ac 

And in the triangle gag 

Gen EC : sine gaq : : ac : sine agc 

And by comparing these two proportions 

radius : sine gAc : : sine aec : sine agc. 

But the sine of an arc is equal to the sine of its supplement, 
therefore sine GACzzsine gak, and Gak is the complement of 
CAfi, therefore sine of GAKzzcosine Gae, hence 

radius : cosine gae : : sine aec : sine ago. 

The last two terms being small, the arcs may be substituted 
for their sines without sensible error. 

Hence the following rule : 

Radius 

I Cosine of the apparent altitude ^ 

: : The horizontal parallax in seconds , 

: The parallax in altitude in seconds. 

EXAMPLE LIII. 

The apparent altitude of the moon's centre is 24?**. 29'. 44/'. 
the horizontal parallax 55\ 2". Required the parallax in 
sdtitude ? . 

Radius, sine of 90" ..... 10* 
: cosine moon's altitude 24*. 29' 44" . . 9-95904* 
: : horizontal parallax 55\ 2" =s 3302" log. = 3*5 1 878 
: parallax in altitude 3005'' log.= . . 3*47782 
. Hence the parallaxin altitude is 3005"= 50'. 5'\ 



OF THE admeasurement OF ALTITUDES BY THE BAROMETER 

AND THERMOMETER. 

« * - • 

(U) One of the most simple ahd easy practical rules fof 
measuring the elevatioiis anji depressions of objects by means of 

the 
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the barometer and thermometer, is that given in the Encyclo- 
paedia Brit. Article Pneumatics, or in Dr. Rees* New Cyclo- 
paedia, under tlie word Barometer. The directions are as follow. 
— Let the observers be provided with two portable barometers, 
each of the same construction, with a nonius properly adapted 
to the scale, and a thermometer attached to each, having their 
bulbs each of the same diameter, nearly, as the diameters of 
the barometric tubes. 

Place one of these barometers in the shade at the top of the 
eminence, with a detached thermometer near it ; and let the 
other barometer be placed below in like manner, with a de- 
tached thermometer near it. When the thermometers have ac- 
quired the temperature of the air, that is, when the fluid in 
each becomes stationary, the observers must note down the 
temperatures shewn by the thennometers and the heights of 
the mercurial columns in the barometers. 

Then the elevation of the higher barometer above the lower 
may be determined by the formula, which is deduced from %h^ 
following observations : 

(W) 1. The height through which we inust rise in order to 
i produce any fall of the mercury in the barometer, is inversely 
proportional to the density of the air ^ that is to the height of 
r . the mercury in the barometer. 

t 2. When the barometer stands at 30 inches, and the air 
[ and quicksilver are of the temperature 32% we must rise through 
1 87 feet, in order to produce a depression of -r^th of an inch. 
I 3. But if the air be of a different temperature, the 87 must 
I be increased or diminished by '21 of a foot for every degree of 
; difference of the temperature from 32**. - 
i 4. Every^ degree of difference of the temperatures of the 
; mercury at the two stations makes a change of 2*833 feet, or 
2 feet 10 inches in the elevation. Hence, 
If rf be the difference between 32*^ and the mean temperature of 
the air, d the difference between the barometric heights in 
tenths of an inch, $ the difference between the mercurial 
temperatures, m the mean barometric height, and E the correct 

r^, 30D(87±-21rf) ^ 

elevation. ThenE= ^^ —±^x 2-833, 

m 

This formula may be given in words, thus ; 

(X) 1. Multiply the difference between 32* and the mean 
temperature of the air by '21, and add the product to 87, if the 
mean temperature be above 32*^, but subtract it if below. 

2. Multiply the sum or difference, found above, by thirty 
times the difference between the barometric heights, in tenths 
p{ inches, and divide the product by the mean of the barometric 
heights, the quotient will give the approximated elevation. 

N ^ 3. Multiply 



^EMttLAL moraitTlBS Of SlSIES, 



BqwZ& 



S. Multiply the difivrence between the aenmml teaiptt^ 
ratures by 2-833 feet, and add this product to the approximated 
elevation^ if the upper barometer has been the wmrmer of the 
two, otherwise subtract it> the result will be the eorrectod ek« 
vation, in feet. 

EXAMPLE LIV. 

Suppose that the mercury in the barometer at the lowtr 
station was at 2^-4 indies, that its temperature was 5(f of Fah- 
renheit's thermometer, and the temperature of the air 4>5'* j w4 
let the height of the mercury at the upper s^tion be 85*19 
inches, its temperature 46°, and the temperature of the air S9^, 
what would be the elevation of the l^gher barcmieter abo?f 
the lower ? 

, 45°+ SQ"* 

1, ■ ■ 5=42° mean temperature of the ^ir, 

42°-32°=:flO°(=rf). 

C21 X 10)+J87=89-1 (=87+*21rf), 

2. (29-4 -25-1 9) X 105342-1 diff. of barometric heights in 
tenths of inches (=0) 

^9*4< J- 25*19 

' .r ■■ =s27'295 mean b^ometric height {5*»i) 

42-1 X 30x89-1 ^ , . . , . 

— =4122*854 fee^ the approximated elevation 



(= 



27*295 
30d(87 + *21^ 



m 



S, 50°— 46°=34^ diiF. of mercurial temperatures {=*) 
^•83Sx4ss: U-332 {=fx 2*833).. 
Then 4 1 22*854 - 1 1 '332 =4111 *522 feet, the correct elevatio9* 

(T) If several sets of observations be made at each statical 
after short'intervals of time, and the niean of the s^arate resets 
t)e taken, the conclusion will probcibly b^ more aco^te tMQ 
that derived from a single obs^rvatiozi. 



CHAP. V. 



OF TIIE SIGHS 0? T&IGOMQMETRiqAL QXJ4MTITIE8, &C« 

(Z) In the investigation of seme theorems in q)|ierical trJr 
^nometry, and in th^ a{^lication of trigonometry to several 
astronomical and analytical problems, the changes of the signs 
of the tangents, sines, &c. from affirmative or +9 to siegative 
pr —1 ought tQ b^ prti^ylarly s|t(eBde4 to, TW likewise 



!♦ 



Oaa9. V. ^A^cmn9$ itce. of A&es. ^S 

s^rve to iUostml:^ the use of tke negative s^pi in the applicatkii 
of algebra to geometry* 

(A) The tangents, sines, and versed sines are counted fronit 
or have their origin, at s, th« b^[iai^g of the arc (Plate L 
£g. I*). The cosines, secantSy and co-eecants^ originate at the 
<entre c. 

(B) The co<-tangents and co-versed sines orig^ate at tke 
eod of the first qiaadrant, as at ii« 

(C) The sine increases firom nothing at b till k becomes 
equal to the radius^, at the end of the first quadrant AB ; from 
hence it decreases along the second quadrant from A to h, and 
irapbhes at the point b, shewing the sine of a semicircle to be 
TiOthing* After tins, the sine will lie on the contrary side of 
the diameter: therefore beiag reckoned affirmative before^ 
must now be counted negative. During the 3d quadrant 3d the 
sine lb increases negatively, till it becomes equal to the radius; 
after whi^h it decreases negatively, till it arrives at the point b, 
where it is nothing as before. 

(D) The cositte is equal to the radius when the arc is 
nothing; but decreases through the first quadrant ba, at the 
iend of which It is nothing : during the second quadrant it is 
negative ; for the cosing ci will lie id an oj^site direction to 
the cosine cc. Through the third quadrant bu the cosine de- 
oresuses n^atively, at d the negation is destroyed ; and in the 
fourth quadrant db it again becomes affirmative. 

(E) The tttf^ent at the beginning of the arc is nothing, and 
increases to infinity during the first quadrant ba, at the point a 
there is no tangent, for ca produced can never meet bt (L. 31.). 
la the second quadrant kb the tangent b/ is negative \ for the 
tsusgents being reckoned firom the point b, the tangent B/ tvitt 
lie in an opposite directicm from bt. During this second quad^ 
rant the tangent decreases negatively, from infinity to nothing. 
In the. third quadrant the tangent is again affirmative^ and in<* 
creases £rom nothing to infinky. In the fourth quadrant it de-* 
P'eases from an infinite negative to nothing, just the same as in 
the second quadrant. 

(F) The co-tangent at the beginning b, of the arc, that is when 
the arc is very i&mall, is infinite affirmative, but in the second quaw 
drant it will fall on the contrary side of ad, and consequentljr 
will be negative. In the third quadrant it wi!l again be affirma»> 
tive, and in the fourth negative, exactly the same as the tangent. 

(G) The secant at the commencement of the first quachrant, 
when the arc is nothing, is equal to the radius, and increases 
affirmatively to the end of the first quadrant ba, where it ceases 
to exist (M. 32.). In the second quadrant it is negative, for the 
revolving radium falls OQ th^ ^xxitrary side of APj and cpntinuet 

so 
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so through the third quadrant ; but in the fourth quadrant it h 
again affirmative^ or falls on the same side of ad as in the £rst 
quadrant. 

(H) The co-secant will agree with the sine, for the same tea- 
son that the secant agrees with the cosine. 

(I) The versed sine increases from nothing during the first 
two quadrants, till it becomes equal to the diametei' its utmost 
limit. It decreases for the last two quadrants till it become^ 
nothing, but being always counted in the same direction from 
B to 3 is always affirmative^ 



(K) 



rt From O"* 
Hence, ^^ ^^p 


From 90® 


From 18(r 


From 270^ 


to 1«0** 


to 270" 


to 360* 


Sine . . + . 


. -f- . 


— 


. — 


Cosine . + . 


— • 


— 


. . + 


'langent + . 


— 


. -h 


— 


Cotangent + . 


— 


. 4- 


. . — 


Secant . + . 


• — • 


• — 


+ 


Cosecant -f- . 


. + . 


. — • ^ 


> • '—- 


Versed sine + • 


. + . 


. + 


. + 



(L) In analytical enquiries, arcs of all magnitudes *, whe- 
ther greater or less than 180° are frequently used; but in tri- 
gonometry, every arc or angle made use of must be less than 
180°. It has already been shewn that equal arcs have equal 
sines, tangents, &c.; but if any arc be considered as affinna- 
tive, its equal arc in a contrary direction will be negative. 

Let BF and bh be two equal arcs; now if the arc bf be 
considered as positive, the arc bh in a contrary direction will 
be negative. The arcs bf and bh are equal, and have the same 
cosine gc, and the same versed sine bg ; but the sine hg, lying 
in a contrary direction to the sine fg, becomes negative^^ or con- 
trary to the sine fg of the positive arc bf. 

It is shewn in the xith proposition following, that if A = any 

sine A cos a 

arc, tang a = _^ x rad; cot A3e- ._ x rad; and co- 



cos A 



sme A 



sec A =: 



rad^ 



These quantities will consequently have a 
different sign for a negative arc, to that which they will have 



sine A 



♦ For if to any arc bf, there be added one or more circumferences of tlic 
circle, they will terminate exactly in the point f, and the augmented arc will 
liave the st^me positive or negative sine, cosine, &e. with the arc bf. Thus if 
c denote an entire circumference, or 360°, sine x == sine (c + x) n sine (2c + 1) 
n=sin {8c.+ x),&c. tmd the same will take place with respect to the cosine, 
tangent;, &c. Ls^m^^s Geometry, 6th edit, page 336, 

fCET 
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for a positive arc; but as sec A = -, the secant will have 

the same sign for a negative arc as it will have for an affirma* 
tivc arc. 

(M) If the sine, tangent, cotangent, or cosecant of a— B be 
found at the conclusion of a problem, and the arc a be less than 
the arc B, the signs of the sine, tangent, cotangent, or cosecant 
of A — B, wiH be contrary to those which are given in the fore- 
going table. It may also be remarked, that in trigonometrical 
calculations, when a required quantity comes out a sine, the case 
is frequently ambiguous ; because the sine of an arc and the sine 
of its supplement are equal, and have the same sign. But 
when the required quantity is expressed by a cosine, tangent, or 
a cotangent, there is no ambiguity, for a positive cosine, tan- 
gent, or cotangent, shews the arc to be less than 90^; and a ne- 
gative cosine, tangent, or cotangent, denotes an arc between 
90^ and 180% 

, (N) Since the sine of an arc z= sine of its supplement, 
tangent of an arc = tangent of its supplement, &c. ; if A re- 
present any arc less than 90°, we shall have 

Sine (90^ + a) = sine (90* — a) = cos a 
Tang (90** + a) = tang (90^ — i^) = cot a 
Sec (90"* + a) = sec (90° — a) = cosec a 
Cos (90** + a) = cos (90° — a) = sine- A 
.Cot (90^+ a) = cot (90° — a) = tang a 
Cosec (90* -f a) = cosec (90° — a) = sec a 

Also if A represent any arc greater than 90°. 

Cos A = — cos (180° — a) 
Tang A = — tang (180° — a) 
Cot A == — cot (180° — a) 

(0) The cosine of half an arc is equal to the sine of half the 
supplement of that arc, or the sine of half an arc is equal to the 
cosine of half the supplement of that arc, &c. for the tangent 
and secant. 

For if 4^A be substituted for a (N. 95.) we shall have, 

1 80° — • A 
Cos 4a = sine (90° — ^a) = sine — 



Sine 4a = cos. (90° — ^a) = cos 
Cot l-A = tang. (90° — ^a) = tang 
Tang iA = cot, (90° — 4a) = cot 



2 
180°- a 

2 
180° - A 

2 
180° — A 



Cosecf. 






^m^kaAm. tm ti * «*ii 



Cosec ^A rr sec (90'' — 4a) 5C sec 

160*^ — A 
Sec -f A =; cosec (90* — -Ja) zr cosec ^^ — 

And as a, in trigonometry^ mi]$t always be less thai| 180*, ^A 
will always beiess than 90^^ and consequently its sine^ tan|;ent» 
&c. will have the same sign as in the table (ei 94.) 

CSNERAL PROPERTIES OF THE SIMES, TANGENTS, CHORDS^ &C» 

OF SINGLE ARCS* 

PROPOSITION VIII. f Plate L Fig. l.J " 

(P) The chord tfanyixrc is a mean frc^/mrtmat hetwetn the dk* 
meter and the versea sine ofihat arc. 

The angle ^Ft> being m a s«nidrcle, b a ri^t axi^ (Eadid 
HI and 31.) And fg, by the definition of a sine, is peirpeii£-* 
cttlar to fo, therefore the triangles ^(3f > axid rgf, ate similar to 
«ach other, and to the whole trian^ ^tfi, (Euclid VI tsA 8.) 
Hence, 

^6 : BF : : BF : BC; but h^ is the diameter, bf the «cboril of 
the arc b/f, and BC is the reareed sine of die arc BfF. ^'R.d. 

(Q) CoRDL. The nne cfany arc is a mean j^rtf^tionaitAweett 
the versed sine ofihat arc, and the versed sint»cfit4 capplemenU 

For the zF^=:^iBf g, consequently to : GF : ; iMEr : Bd». (^E.n. 

PROPOSITION IX. 

(R) The square of the sine gT any arc added to the s^are of its 
Versed sine, is equal to th^ square tfthe chord ofihat aire ,• or to four 
times the square of the sine rfbiJftbat arc. 

For GF^-f GB*=:|F* (Euclid I and 47.) 

Draw cf parallel to 3f, and it will cut BF at right angles in 
z ; but if it cut it at right angles, it will bisect it (Euclid QI 
and S.)> therefore bz=:zf, and bf=2bz, therefore BF*=:iBZ*« 

PROPOSITION X. 

(S) The tangent of any arc is a mean proportional between the 
sum and difference of the radius and the secant ; viz. rad + sec : 
tang : : tang : sec — )r(id. 

Join Fc, and produce it to h and to T, so as to meet the tan- 
gent BT of the arc iiF. Then hr + FT =TB* (Euclid III and 36), 
that is hT : TB : : TB : ft (Euclid VI and 1 7.) But >5t = rad 
+secant ct, and FT=:^cant ct— rad; therefwe rad+sec: 
tang I : tang : gee — rad. Q.E.D. 

PROP. 
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PROPOSITION XI. 



(T) The right angled triangles FGC, TBc, C^K, CEI, are equi-* 
urtgular and similar. 

For FGC, TBC are right angles, and the angle fcb=:/Tcb, 
therefore the remaining angle cfgzz z ctb. 

The triangle cef = triangle cgf, for the /cfg =: /fce 
(Euclid I and 29), and /fec=zcgf, being each of them right 
angles, and the side cf is common to both the triangles, there- 
fore they are equal (Euclid I and 26). Again, ak is parallel to 
BF, by the definition of a tangent and sine ; therefore the triangle 
CAK is equiangular with the triangle cef ; and consequently 
with CGF and cbt. 



(U) { 

(X) 



In the triangles CGF and CBT. 



CG : GF 

cosine : sine 

j CF : FG 

(radius : sine 

i CB : CG 

(radius : cosine 



CB : BT. 

radius : tangent, 

CT : TB. 

secatit : tangent, 

CT : CF. 

secant : radius* 



In the triangles CEF=CGF and CKA. 

( OF : CE=GF s : CK : ca. 
radius : sine ' : : co-secant : radius. 



In the triangles CTB and CKA. 

fZ) I CB : BT : : ak : ca« 

^ ^ .( radiusr : tangent : : co-tangent : radius. 
,p\ ( AK : EFncG : : ck : cF. 



Secant : tang 
Secant : rad. 



co-tangent : cosine : : co-secant : radius. 

(B) By comparison. 

Cosine : sine : : co-tangent : radius. (U and Z, above,) 

: co-secant : radius. (W and Y, above.) 
: co-secant : cc-tang. (X and A, above.) 

(C) Tangent xeo-iangentzr-radius square, (Z, above.) 
Therefore the tangent of any arc x its co-tangent = the 

tangent of any other arc x its co-tangent. 

(D) Sine X CO- secant 'zzradius square. (Y, above,) 
Therefore the sine of any arc x -its co-secant =z: sine of any 

other arc x its co-secant. 

(E) Co^sinexseeantizradius square, (X, above.) 
Therefore the co-sine of any arc x its secants co-sine of any 

other arc x its secant. 

(F) Square radius zzsquare sine •+ square co^sine. 
for^ CF" =:CF^ + CG* t Euclid I and 47 . ) 

P ^ (G) Square 
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(G) Square radius = square secant -^square tangent = square oh 
secant — square co^tangent. 

For, CB* = CT^— TB* (Euclid I and 47), and AC^=;:cK^— ak;*. 

(H) Square radius ^=:C0'S'tnex secant (X. 91. )^=^ sine x co-secant 
(Y. 97. )=z tangent X co-tangent (Z. 97.) 

^xv -^. tangent X co-sine, ^^ ^ ■ tane. ,„ . 

(I) Sine = — 2 — ^ (U.97)= — ^xrad(W.97)= 

: radius ^ secant ^ 

square rad ._ ^ . cosine xrad ,„ ^^. ^ 

-^ (Y.97.)= (B. 97), &c. 

co-sec co-tangent ^ 

(K) And, generally, if A=any arc*, r^i£?=radius, cos==co^ 
sine, /dEwg-= tangent, ^^/=: co-tangent, j-^r= secant, roj^rzz co-se- 
cant, v^rjr= versed sine, vers sup= versed sine of the supple- 
ment, or the superversed sine, the following formulae will be 
^asily deduced, where the sign x is represented by a point (.). 

,T \ T o- / — 7 cos A. tang A tang A. rad 

(L) I. Sine A= v rad*— cos* a = . = 

rad sec 

rad* tang A. rad rad* 



rad.cos A 



cot A 



V rad* + cot* a V'rad^ -f tang* a ^^^^^ ^ 



sec A . cos A tang A . cot a rad 



cosec A 



cosec A 



= \/ sec^ A •— rad*zz 

sec A 



Vvers sup A.vers a=:v (2'rad.vers a)— vers* A. 

(M) II. Cos A = rad — vers a = vers sup A — rad = 

— . raci . sine a rad* rad* 

V rad* —sine* azz — = — =:= = 

tang A v^rad* + tang* a sec a 

tang A .cot A sine a • cosec A 3ine a. cot a rad . cot a 



sec A 
rad.cot A 



sec A 



rad 



cosec A 



rad 



V'rad^ + cot* A cosec A 
(N) III. Tang A= 



V^ cosec* A— rad*. 



rad . sine a 



cos A 



rad^ 



•A/rad*— cos*A = — :— =• 



rad= 



rad. sine A rad 

. ^^" -■ 

y'rad*-sine* a^cos a 
cos A . sec A 



V'sec* A— rad*ii: 



cot A ^ cosec* A — rad* 
sine A.cosec a rad . sec a 



cot A 



cosec A 



cot A 

rad' . cos A 

sine A . cot* A 



rad-v/(2rad.versA)— vers*A_rad\/(2rad.vers sup a) —vers sup* a 



rad— vers a 



vers sup a — rad 

rad* sine A.cosec A 



(OJ IV. C(?/. A=A/cosec*A-rad*= — = 

^ "^ ^ . tang A tang a 



* Emerson's Trigonometryi 2d edit. Prop. I. Scholium. 
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^ COS i.sec A__rad.cosec A rad.cos A rad - . 

— tang A - sec A "" sine a =^e'i^^^^'-'"'^*^ 
rad . cos a rad* ' rad^ . sine A 



V'rad^ - cos* A y^see" a — rad* <^os A . tang'" A 
(rad— vers a) . rad (vers sup A— rad). rad 



v^(2 rad. vers a)— vers* a. >v/(2 rad.vers sup a)— vers sup* A 

(P) V. &.A=v/ rad-+tang-A =^^= ''^^ ! *^g ^ = 

° cos A Sine a 

rad^ _rad.cosec A__tang A . cot a sine a . cosec A 

sine A. cot A cot A cos A cos a "" 

rad* rad ^ — ; — rad . cosec A 

v/rad* + cot* A= 



iv/rad* —sine* a ^^^ ^ V" cosec* a — rad* 

tang A . cosec A rad* rad* 

rad rad— vers a vers sup a— rad* 

(Q) VI. Cosec A = v/rad^ + c^e A=^=?2LLi5li: 

Sine tang A 

rad > cot a _ rad^ _*^^& A . cot A cos A . sec A 
icos A "~*cos A . tang a^ sine A ~ . sine a 

rad* rad — ;; ; — rad . sec A 

V rati + tang* a=" 



V'rad* — cos* a tang a ° ^sec* a — rad* 

cot a . sec A rad* 

^^^ ^2 rad . vers a— vers* a 

(R) VII. Fers A=2 rad— vers sup A=rad — cos A=rad — 

: rad* rad.cot A 

j^/rad* — sine* a zirad— — =rrrr=rad— 



V' rad* + tang'- A v^ rad* + cot* A 

rad^ . rad ^ — — — 

= rad — = rad v^ cosec* a — rad . 

sec A cosec a ^ 

(S) VIIL f^ers sup A =: 2 rad — vers A = rad + 

, , rad* 

V^ rad* — sine* A=rad + cos A =srad H ==z===:==r=i=rad + 

-x/rad* + tang^ A 

rad . cot A , rad sine A + tang A 

• — ■ — -—rad -f ' a/ cosec* A— rad*::: 

v/rad* + cot*A ^°s^^ ^ ^^"K A 

, , sine A.cot A , rad* cot A + cosec a ^ 

l^d = rad + : =rad H = ^"rad. 

rad , sec a cosec A 

(T) If the conversed sine be wanted, it may be found by 
subtracting the sine from radius; that is, co-vers a = r ad 

— sine A ; also the chord = >v/vers* a 4- sine* A = 

^ rad — cos a]* + (r ad^ — cos* A ) = y' 2 rad.(rad— cos a). 

o 2 (U) Besides 
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(U) Besides the preceding formula, others may be deduced, 

thus, sine* a + cos* Azzrad* (F. 97) rad^+tang* A=sec* a, and 

rad* + cot* a = cose* a (G.98,). Now because tang a = 

rad . sine A .__ ^ , rad^.sine* a , 

(N.98.) tang^ a= 1 , hence rad*+ tang' A 

cos A COS A 

,, rad\sine* a rad*. (cos* A + sine* a) rad* 
= rad* + TT— = ^^ II ^^ "= T-- &c. 

cos'' a COS* A COS* a 

GENERAL PROPERTIES OF SINES, TANGENTS, &C. OF DOUFLS 

ARCS AND OF HALF ARCS. 

PROPOSITION XII. f Plate L Fig. I. J 

(W) The right angled triangles boVj BGF, ^FB, and CZB, are 
equiangular and similar ^ and cz, the co-sine of the arc Biy is equal ta 
the half of ^F, the chord of the supplement ^f double the arc Bi. 

For ^GF, BGF, and 6fb, hav0 already been shewn to be equi- 
angular (P. 96), and the triangles czB> fgb, have the angle at 
B common to both of them ; also the angle ^fb, being an angle 
in a semicircle, is a right angle ; and since cz is parallel to fc, 
by construction (R. 96), the imgle czb is likewise a right angle. 

Now Bz : cz : : bf : f^, but bz = ^bf (R. 96), therefore 
czrz^^F. 

Hence the following proportions. 

f CB : BZ (sine arc Bi) : : bf (=2bz) : BG 
(X) -J radius : sine of an arc : : double that sine : versed sine 
;i j l^oi double that arc. 

Ill C CB : BZ : : ^F (r=:2cz) : gf 

( Y) ■< radius : sine of an arc : : double its cosine : sine double 
(_the arc. 

CB : cz : : iF (=2cz) : te 
(Z) \ radius : cosine of an arc : : double its ^cosine : versed 
sine supplement of double the arc. 
cB : cz : : bf (=2b2^ : gf 
^A) ^ radius : cosine of an arc ; : double the sine : sine of 
double the are. 
BF ( = 2bz) : bg : : 3f (=2cz) : gf 
(B) }. double the sine of an arc : versed sine double arc ; : 
^ double cosine : sine of double the arc. 
^i C bf (=2bz) : 2gf : : ^F. (rz2cz) : iG 

1 1 (C) -J double the sine of an arc : sine double the, arc :: 

double the cosine : versed sine of double the arc. 
BZ : cz : : GB : GF 
(D) \ sine of an arc : its cosine : : versed sine double arc : 
sine double arc, 

(E) BZ 



'■■h\ 
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iB2 : cz : : GF : to. 
sine of an arc : its cosine : : sine double arc : versed 
sine supplement of double arc. 
BG ; GF : : GF : ^G 
versed sine double arc : sine double arc : : sine double 
arc : versed sine of the supplement of the double arc. 

(G) By comparing* these proportions Tvith the proportions 
Prop, XI. and casting out the equal terms, various other pro- 
portions may be formed. Thus ( W. 97.) it is said 

radius : sine : : secant : tangent, and (X. 100.) we have 
radius : sine : : double sine : versed sine double arc, there- 
fore secant : tangent : : double the sine : versed sine double the 
arc. Sec. for others. 

(H) CoROL I. Tie rectangle of the radius and the sine of any 
arc J is equal to double the rectangle of the sine and cosine of half that 
arc. 

For. (A. 100) CB : cz : : 2bz : gf 
Therefore cb x gf=2jbz x cz. 

. (I) CoROL II. The rectnngh of radius and half the versed sine 
of an arc^ is equal to the square of the sine of half that arc. 

For ( Y. 100) CB : bz : : bf : bg 

And CB : BZ : : ^bf : 4-bg 

That is CB : B2 : : bz : ifiG 
Therefore cbx4bg=:bz^; now cb is the radius, BG the versed 
sine of bf, and bz is the sine of b/, which is half the arc bf. 

(Kj CoROL III. The rectangle of radius and half the versed sine 
of the supplement of an arc^ is equal to the square of the cosine of half 
that arc. 

For (Z. 100) CB : cz : : *f : te 

CB : cz : : J-^f : \bQ 

CB : cz : : cz : \bG 
Therefore cb x 4^g=cz*. Where cb is the radius, Ig the versed 
sine of the supplement of the arc bf, and cz the cosine of half 
the arc bf,=: cosine of the arc ^if. 

(L) CoROL IV. The diameter of the circle is to the versed sine of 
any arc^ as the square of the radius is to the square of the sine of half 
that arc* 

For, (1. 101.) cbx4^bg=bz% multiply by the radius cb, 

then cb* x 4bg=cb x ez" 

therefore cb : -^bg : : cb* : bz* 

that is 2cb : bg : : cb* : bz^ 

(M) CoROL V. The rectangle of the sine of any arcy and of the 
ntangent of its half is equal to double the square of the cosine of half 

that 
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ihat arc. And the same is true^ 'writing tangent and fine ^ fir cotaih 

gent and cosine, 

T^ ./• . r ^^s A.rad ,_ . 

For, if A rr any arc, sine of Azz (L. 98.) and cos A 

^ cot A ^ ' 

rad.sine A ^^, . 

m (M. 98), 

tang A 

And rad : cos A : : 2 sine A : sine 2a (A. 100), hence 

2 cos a . rad . 

rad : cos a : : : sine 2a ; tnereiore 

cot A 

2 cos* A 

sine 2Azr ; or sine 2A.cot A=:2 cos* A, that is 

cot A 

sine A. cot ^Azr2cos* -^A. 

Again, by substituting the value of the cosine of A in the se- 
cond term of the first proportion, we shall obtain 

sine 2 A.tang A =12 sine" a, that is sine A.tang |A=:2 sine^^A 

(N) Using the same notation as in K. 98, the following for- 
mulae may be easily obtained, by simple algebraical reductions*. 

,^, ^ ^. 2 cos A . sine A 2 sine* a 2 cos* a 

(O) I. Sine 2A= ^ = =— = 

^ rad tang A cot A 

2 rad . sine A^2 rad . cos a _2 rad* . tang A 2 rad* . tang A__ 

sec A ~" cosec A ""rad^-f tang* a~~ sec* a "" 
2 rad* _2 rad* . cot A ^2 rad^.cot A 

cot A -^ tang A""rad*4-cot* a~ coscc* a 

^^ ^^ _ cos* A — sine* a rad* •— 2 sine* A 

(P) IL Cos 2AZZ 5 = 

^ rad rad 

2 cos* A— rad*_ rad*— tang* A i _ ^^t A — tang A _ 

. — r " , - , , • rau. — ; '• raci — • 

rad rad + tang* A cot A -t- tang A 

cot^A — rad* 2 rad* — sec* A 2 cos A— sec A 

— r — j^ r7.radz: ; .rad=: . rad == 

cot A + rad" sec* A sec A 

cosec* A— 2 rad* cosec a— 2 sine A 

.rad=: —. rad. 

cosec A cosec A 

.^N TT^ rr, 2 rad* . tang a 2 rad* 

(Q) III. Tang 2a=:— rr* T" =— I = 

^ "^ ^ rad* — - tang* a cot a — tang a 

2 rad . cos a . sine A 2 rad . cos A . sine a 2 rad* . cot a^ 

rad*— 2 sine* a 2 cos* a — rad* cot* A— rad'* 

2 rad^. tang a __ 2 rad* . cot A 

2 rad*— sec* A ~~ cosec* A — 2 rad** 

.T^ V TTT ^ rad* — tang* A cot* A — rad 

(R) IV. Cot 2 A — = -; 

^ ' 2 tang A 2 cot A 
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* Eujcrscn's Trigonometry, ^d edit. Prop U. Scholium. 

cot A 
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cot ^ — tang A rad^— 2 sine* A 5 cos* A — rad* 

' /:> ' " —t; '• • rad := — : . rad =: 

2 2 cos A. sine a 2 cos A.sme A 

2 rad*— sec* A^cosec* a — 2 rad* 

^ tang A "" 2 cot A 

,^ , -.^ « rad . sec'^ A sec a . rad 

(S) V. See 2 A= -r: r — zz z=. 

2 rad* — sec* a 2 cos a — sec a 

rad^ _ rad^ _^^^' "I" *^^"R* A 

2cos* A — rad*~"rad* — 2 sine* A~"rad* — tang^ a * ^^ ~ 

cot A . tane a , cot^ a H- rad^ . rad.cosec* a 

— ■ —•rad :z: ■ — —— — .rad:::— ; — 

cot A ~ tang A cot* a —rad" cosec* a — 2 rad* 

m-.-^ ^ sec A . cosec a rad . sec a 
VI. Cosec 2 A = ~ — ^ = r — = 
2 rad 2 iune A 

rad . cosec A rad' rad'+tanej* a ^ sec* a - 



2 cos A 2 cos A . sine a 2 tang rV 2 tfing a 

cot A -f tang A_rad*+cot* A sec* a ^co'.ec* A 

2 ~ 2 cot A "~2cot A'~'2cot A ' 

2 sine* a 2 rad" — 2 cos* A 



(U) VII. Vers 2 A- , - 

rad rad 

2 vers A.vers sup a_2 vers a.(2 rad — vers A)_^2rad. tang* A 



rad rad rad^ + tang* a 

g^rad . tang* A 2 rad . tang a_ 2 rad' _ 2 rad^ 

sec^' A ""cot A + tang A~"rad- 4- cot* A^cosec* A 

2 rad.sine a sec* a — rad* , sec A — cos a 

~i = :: . 2 radi^--^ .rad. 

cosec A sec* a sec a 

/\kr\ T7TTT rr r. ^ ^ad* — 2 sine* A 2 cos* A 

{W; VIII. Vers sup 2 A= -. ;= -r— =? 

rad rad 

2 rad* 2 cot* A , 2 rad.cot A 2 rnd' 

.rad zz — ;; — .rad i= 



rad^+targ^ a* rad^ -f- cot* a' tang a -foot a sec* a 

_2 cos A . rad 2 cosec* a — 2 rad* 2cosecA — 2sineA 

— ^ z= ;; .raa= — -.radz:^ 

sec a cosec a cosec a 



2 vers sup a - radi 2 rad — vers a1 



rad rad 

(X) The coversed sine may be expressed in terms of the rest 
•by substituting its value in any of the above forms. 

n^. ^ , . ^ ,2 cos A . sine a 

Lovers 2 a = rad — sme 2 a = rad — — 

rad 

rad*~(2 cos A.sine a) 

"~ ~^ ' ^^^ ^^^ chord of 2 A 1=2 sine A. 

(Y) Also if J-A be substituted for A in each of the foregoing 
f xpressions, we shall havc^ 

(Z) I, Si?j^ 
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2 cos iA.sine ^A 2 sine* i-A ^ 
(Z) I. 'Sine A = ~ — = ^ ,y &c. exacdy 



as in 0. 102. 

(A) 11. C0SA=z 
(seeV. 102.) 

(]3) IIL Zy;^ 
(seeQ^. 102.) 



rad tang 4-a 

cos* T A — sine* ;J a rad* — 3 sine* J. a 



rad 



2 rad*.tang 1a__ 



rad 



2rad^ 



&c. 



rad^ — tang* ^ A cot ^A — tang 4 A 



.&c. 



rad. sec* -J- A 



sec' i A. rad 



-. &c; 



2 rad* — sec* tA 2 cosec 4 a — sec -{-a 



sec iA.cosec 4a rad . sec ih ^ 
- — ^-. &c. (see 



' 13 rad 



2 sine 4:A 



.^x »^^ ^ rad* — tane* ^-a cot* -J^a — rad* . 

(C) IV. Cot A =— ^,^~= ^ , &c. ^i(r< 

^ ' 2 tang iA 2 cot -i-A 

R. 102.) 

(D) V. Sec A = 
(see S. 103.) 

(E) VI. Cosec A= 
T. 103.) 

(F) VII. Vers A = 
iJ. 103.) 

(G) VIII. r^r5/«/ A = 

(see W. 103.) 

(H) By finding the values of sine 4a, cos ^a, tang 4a, &c. 
from the most convenient of the foregoing equations, the sine, 
cosine, &c. of the half arc will be obtamed in terms of the sine, 
cosine^i &c. of the whole arc, by easy algebraic reductions, 

(I) I. SineiAz^TT^d AAzSE1=.t2^ /sec A - rad_ 



2 sine* 4 a 2 rad* — 2 cos* 4 A « , 

-^. &c. (see 



rad 



rad 



2rad*— 2sine*4A_2cos*4A « 



rad 



rad 



j^ 



2 rad 



2 sec A 



(rad . cos a) 



V' rad* — rad.sine a 
=4 chord A. 

(K) II. Cos 4a 



= 4 a/ rad* + (rad.sine a) — 4 

yrad . vl^s A / 2 rad -7: veXiS^ *up A 
3 =rad^ 



2 rad 



=rad^ 



rad + cos a 
2 rad 



=:rad^ 



sec A + rad_^ 



2 sec A 






rad* + (rad.cosA) — : -■^.. . . , ■■ — ^ 

^- = 4\/rad*+(rad.sineA)44 v' rad*- (rad.sinei) 



2 rad*— (rad. vers a) 



mm0m»^mm^ 



2 



yrad . 
— ' 



, vers sup A 



{h) in. Tm^ 
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/T \ TTT T' 1 J /^^^ •- COS A , /sec A — rad 
(L) III. Tang 4^A=rad^ —■— = rad^ ^ 

^ ^ ^ rad+cos a ^ sec a + rad 

rad . sine a rad* — (rad . cos a) 

= cosec A — cot A= — 7—7- = r— = rad 

rad + cos a sine a 

yvers A , /2 rad — vers sup a 
r — ^ = rad^ i-— 
2 rad— vers a ^ vers sup a 

(M) IV. C./4A=rady4±^=radyiiI±5? 
^ ^ rad — cos A ^ sec A — rad 

rad . sine A rad* + (rad . cos a) 

= cot A + cosec A =s ; = -, - = 

^ ' rad— cos A sine A 

/2 rad*— (rad. vers a) / vers sup A 

^/ — . — r- = rad w ^ J ■ • 

^^ vers A ^ 2rad— vers sup a 

(N) V. &rJA==rady--j-?^^=rady ^ '^' "^ =rad 
^ rad +- cos A 7 rad-f sec A 

y 2 tang A , / 2 rad , / 2 rad 
. -=v2iOtJ ~ 1 =radw — ; 
sme A + tang a ^2 rad — vers a ^ vers sup a 

(O) VI. Cosec iK =r2dJ^—-=rzdJ--^^^^~ 

^ rad — cos a ^ sec a — rad 



2 rad 



_ / 2tan?A , /2rad , / 

=radw ^ =rzd^ =radw -— , . 

^ tangA — smeA ^ vers A ^ 2rad — verssupA 

And in the same manner the versed sines, coversed sines^ 

chords, &c. pf the half arcs may be found. * 

GENERAL PROPERTIES OF SINES, TANGENTS, &C. OF THE SUMS, 

AND OF THE DIFFERENCES OF ARCS. 

PROPOSITION XIII. f Plate L Fig. 2.) 

(P) Tie sum of the sines of two arcs is to their difference^ as the 
tangent of half the sum of those arcs is to the tangent of half their 
difference. 

Let BA and bo be the two arcs; draw the. diameter bx, and 
on and AG perpendicular to it. Produce od to meet the cir- 
cumference in F, and draw fhn parallel to the diameter ; join 
AG and produce it to n, draw c«e perpendicular to Ao, and at 
E draw EiK perpendicular to c/ie, meeting co and cb (produced) 
in I and K. 

Because of is perpendicular to bc, it is bisected in d (Euclid 
III. and 3.), hence ph is bisected in c ; therefore ah is the 
sum of the sines ag and od, and ap their diiFerence. The arcs 
AO ai|d OF are bisected in ¥ and b^ (Eucli4 HI^ and 30), there- 

? fore 
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fore AF is the sum of the arcs bo and ba, and Ao is their dif- 
ference ; B£ is the half sum, and o£ the half difference ; but 
EK and £1 are the tangents of the arcs be and oe. 

PH being bisected in d on will be bisected in m, now since 
AO is bisected in n, and on in u, nil will be the half of aNj 
therefore 

an : AO : : »M : fio and 
" AN : AO : : AH : AP per similar triangles. 
Hence nu : //o : : ah : ap 

but /»M : /70 : : £K : ei per similar triangles; 
therefore ah : ap : : ek : ei 

viz. sine AB + sine ob : sine ab — sine ob : : 
Tang i (ba+bo) : tang i (ba — bo). a.E.D. 
(Q) Hence, if the two arcs ba and bo be represented by A 
and b, we shall have, sine A-fsine b : sine A— sine b : tang 7 
(A+B):tang4(A-B), 

sine A + sine b tang 4^ { A + b) 

or, -: : = r-r r. 

Sine A — sme b tang x ( A — b) 

proposition XIV. (Plate L Fig. 2. J 

(R) Tie sum of the cosines of two arcSy is to their difference ^ 
OS the co'tangent of half the sum of those arcs is to the tangent of half 
their difference. 

Let BA and bo be the two arcs, as in the preceding proposi- 
tion, be their half jsum, and oe their half difference. 

Draw «Q^ parallel to AG, then because Ao is bisected in «, 
CD (==Po) will be bisected in q, viz. GQ==Qp. 
Hence 2cq=cd+co the sum of the cosines 

and 2gq=cd— CG the difference of the cosines. 

By similar triangles 
nt (=cq) : m (=gO iinrink 
or 2cQ^: 2gq^: inrinA 
But «r : «A : : E$ : ET 
therefore 2cq^: Qgqj : es : bt, where Ks is the tangent of the 
complement of the arc be, or its cotangent ; and et=ei, is the 
tangent of the aro o£. 

Conse'quently cd+cg : CD — CG : :cot arc be: tang arc oE. 

(S) Let the two arcs ba and bo be represented by A andi, 

COSA-fCOSB COt4.(A + B) 

then = —; r. 

COS B — COS A tang4»(A — b) 

PROPOSITION XV. (Plate L Fig. 2.) 

(T) The sum of the tangents ef Pwo arcs^ tr^ their £fference 

MS 
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as the sine of the sum of the arcs is to the sine of their dif" 
jference* 

The same construction remaining as in Props, xin and XIV, 

Let BE and o£ be the two arcs. 

Because ao is bisected in n^ it will be bisected in s^ 

Wherefore tk is equal to t^e sum of the tangents 

EI and EK, and IK is their difference. 

And since the arc ao is bisected in e^ the arc 
. BA is equal to the sum of the arcs be and oe, and 

bo is equal to their difference; and because of the parallel 

lines TK, AM \ TK : IK : : AM : om, and 

AM : OM : : AG : pg=do, therefore 

TK : IK : : AG : oD. c^e.d. 

(U) If the two arcs be and oe be represented by A and B^ 

tang A + tang B sine (a + b) 

then 7 =-: — ; r* 

tang B — tang a sme (b — a) 

PROPOSITION XVI. (Plate I. Fi^. SJ 

(W) The difference between the rectangle of the sines, atid Hke 
rectangle of the cosines* rf two arcs, is equal to the rectangle of the 
radius and the cosine y^the sum of these arcs. 

Let BO and oa be the two arcs, od and hn their sines, CD and 
c« their cosines \ then ag will be the sine of the sum of the 
arcs, and cg will be the cosine. 

Draw nt parallel to cb, and » (^ parallel to od ; then the 
triangles cod, cno., and a/;/, are equiangular and similar. 

The jLAnc= JLinQ,^ being each of them a right angle, and if 
tlie common ^inc be taken away, there will remain the Z.A«i 
= Z.c/»(^ 

Then if the arc bo be represented by A, and the arc Ao by 
B^ we shall have 

, cos B.COS A 

CO : c» : : CD : cq, viz, rad : cos B : : cos A : cq== , 

rad 

GO : OD :: A/s : ni=GQy viz. rad : sine A : : sine b : GQj= 

sine A sine B 

rad 

But CQj-GQ==cG, the cosine of the arc ba,=cos (a + b) 

_ _ cos b.cos A sine A .sine b . . 

therefore ; ; =cos (a + b) 

rad rad 

that is (cos A.cos b) — (sine A.sine b) = cos (a+b) .rad 

^£.D. 

(X) The same construction remaining, we shall have 

cosB.sineA 
CO : Oil : : oD : /la, vfZ> rad : cos b ; : sme A : «q=-- j — ■ 

p 2 , CO 
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CO : CD : : Afi : At, viz. rad : cos A : : sine b : a/= 



cos A. sine B 



rad 



' But «Qjf Af =AG the sine of the arc BA,=:sine (a + b) 

^ cos B . sine A cos a. sine b 
therefore -j f- , ■ =sine (a+b) 

that is (cos B.sine a) + {cos A.sineB)=sine (A+sJ.rad. 

PROPOSITION XVII. f Plate L Fig. S.J 

(Y) Tie sum of the rectangle of the sines y and the rectangle of the 
cosines J of two arcs, is equal to the rectangle of the radius, and the co^ 
sine of the difference between these arcs. 

Let BO and oa be the two arcs, make or=: ao^ then the chord 
Ar will be bisected in «, and br will be the difference between 
the arcs BO and ao ; through r draw rp parallel to gb, and rh 
parallel to AG, then will AG be the sine of the sum of the arcs 
bo and ao, and rh the sine of their difference. By similar 
triangles a« : ar : : a/ : A?, but An is the half of AR, therefore 
Ai is the half of AP, that is Ai=:ip 

cQjf ;ji=CQjf GQ=CQ-f QH = cH. But by the preceding pro- 
cos B.cos A sin^ A. sine b 
position, CQjfGc^ ::73 1 ::7-]; , therefore 



cos B.cos A 



f 



rad 
sine A 



sine B 



rad 
=cos (a— b), hence 



(Z) 



Q^£.I>. 



rad ' rad 

(cosB.cos A) + (sine A.sine b)=cos (a— B).rad» 

«Qj-Ai=Gi--Pl = PG = RM. But «Qj- A/ = 

COS B.sine a cos a • sine b . 

. therefore 

rad rad 

(cos B.sine a) — (cos A.sine B)=sine (a— B).rad. 
PROPOSITION XVIII. f Plate L Fig. 3.) 

(A) The square of the radius, is to the square of the radius dimi^ 
nished by the rectangle of the tangents of two arcs ; as the tangent of 
the sum of these arcs, is to the sum of their tangents. 

The same construction remaining, let bo and AO be the arcs. 
Draw the tangent b/ and co and CA to meet it in T and 1 2 
through A draw Ai perpendicular to c/, and through T draw et 
parallel to ai : when the arc ao is greater than the arc bo, the 
line ET will fall within the circle, but that will not affect the 
conclusion of the problem. , • 

The triangles CAi and get are equiangular and similar ; also 
the triangles /Bc and ^t are equiangular and similar ; for the 
triangles cbt and ^£T are right angled at b and £, and have the 
angle at / common. 

tt 
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irt (=:/B — tb);/e (=:/c— ec) : ;fc :/b. 
Hence /b* — /b x tb =/c* — /c x ec 

or, /C X EC=^C* — /B*+/B X TB 

but /c*-/B*=:cB* by Eu clid L and 47. 

therefore ifc x EC = cB* + /B x tb 
By similar C ^t : et : : /c : cb 
triangles (^et:ai ::ec:ac=cb 
Hence /t : ai : : /c x ec : cb* 

or /B — TB : Ai : : cb* + /bx tb : cb* 

therefore /b x cb* — tb x cb' i* ai x cb* + ai x /b x tb 

or, /B X cb* — ai X /b x tb = ai -I- tb X cb* 

hence cb* : cb*— ai x tb : : /b : ai + bt. q.e.d. 

(B) The square of the radius ^ is to the square of the radius iu" 
ireased bvthe^ectang/e of the tangents of two arcs; as the tangent 
cf the (^erence between these arcs, to the difference between their 
tangents. 

This is proved in the last proportion but one, by inversion; 
in the above investigation. 

(C) If the two arcs BO and Ao be represented by a and b, 

rad* tang (a + b) 

then — tr ; r=: ; 

rad* — (tang A.tang B) tang a + tang b 

rad* tang (a — b) 

and — JO 7 . r= 

radH-(tang A.tang b) tang A— tang b 

(D) From the propositions already given, a great variety of 
formulae for the sums and differences of arcs may be deduced^ 
some of the most important of which will here be pmnteS out. 

By Props, xvi and xvii it is shewn, 

^. , . (sine A.cos b)-|-(cos a. sine b) 

1. Sine (a + b)=^ ^—\ 

rad 

^ , • (cos a.cos b)-— (sine A. sine b) 

2. Cos (A + b) =^^ ^—\ ^ ' 

rad 

^, , ^ (sine A.cos b)— (cos A. sine b) 

3. S>ne (a - b) =^^ '—^ - 

rad 

, -, , . (cos A.cos b) + (sine A.sine b) 

4. Cos (a — b)=-^ --1 

rad 

(E) By adding the first and third equations together, and 
dividing by 2. 

Sing A COS b ,.>,,. , \* 

1. ^ 2=^ sme (A + Bj+l-sme (a — bJ* 
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By subtracting the third equation from the first, and diTiding 

bv 2. 

cos A . sine B . , . . ^ 

2. --j =.i sine (a+b) — ^sine (a— b) 

By adding the second and third equations together, and di* 

viding by 2. 

cos A. cos B , , . , , X 

3. -r =4: COS^A — B) -{-^ COS (A + b) 

By subtracting the second equation from the third, and di- 
viding by'2. 

sine A*sine b , ^ , , ^ . 

4. 1 =i cos (A — b) — 4 cos (a + b) 

(F) If in the formulae (E. 109.) there be substituted P for 
A+B, and c^for A — B, then a=^(p + ^), b=4^(p — q), and we 
shall obtain 

2 

1. Sine p + sme<^=— T. sine J-(p + <i).co6i (p — O 

2 

2. Sine p— sine <^ — -j. sine 4- (p — o).cos r (p + q1 

2 

3. Cos p+cos <^==-— 7. cos4^(p + q),cos J^(p— q) 

2 

4. Cos qj- cos vP = — r.sine 4 (p + q) .sine 4^ ( p — q) 

^ . , , sine A tancr a ,^, ^ , rad ^ ^ » 

(G) And because = — V" (U. 97.)= (Z.97.) 

cos A rad cot A 

we shall obtain by division Ind reduction. 

sine p + sine Q_ sine4 (P + <^)«cos4(P^<^) _tang J* (p + q) 

* sinep— sine q"~cos -J- (P + <i). sine ^^(p—q)"" tang ^(p—q) 
sine p -f sine Q sinet{p + a) tangf(p + Q) 

cosP+cosq^ cos -J- (p + q) rad 

sine p-f sine ci_cosf (p— Q)__cot f (P— Q.) 

cosQj-cosp sinef(p — Q.) rad 

sine p — sine Q sine^^ (p — Q)^tang f (p — q) 

cos P + cos a cos 4 (p — q) rad 

sine p — sine a cot i- (p-f q) cotf (p + q) 

cos Qj— cos P sine -J- (p + q) rad 

cosp + cosQ cos t (P + <i) cos f (p — q) cotffp + q) 

' COS <^-~ cos p «ine i (p -f .a).sine i{p — o) tang t (^ — ft) 
sine (p + q) 2 sinef (p + Q).cosf (p+q) cosf (p-f a) 

•7 » IT - I I ■ ""i^ - I. I I ■ I . 1 1, - 1 I ■»— . . 

sine p + sine (^ 2 sinef (P + ft).cosf(p — q) cost(p—a) 
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sbe(>+a) _28inef ( p4'Q).cosi(p + Q) _sine j^(p + q) 

* sine P — sine q"^ 2 sine f ( p -* a).cos f (p 4- a j sine f (p — o) 
Now if two fractions be equal to each o her. the numerator 
of the one is to its denominator, as the numerator of the other 
b to its denominator. The first equation is therefore the same 
as Prop. XIII. (or Q. lOG.) The sixth is the same as Prop. xiv. 
(or S. 106.) 

(H) If we suppose Brr a, we shall have, from the third 
equation, (E. 1 10.) cos" Azrf rad*+(irad.cos 2 a); and from 
the fourth equation of the same article, 
Sine* Arri rad*— (f rad.cos 2 a) 

(I) But when b=a, q.=:o (F. 110.) and cos o*=rad (D. 

93.) 

1 1 2 cos* i? _, , , . , 

hence l.rad+cosp= -^ — . From the third equation (F- 

11 oO 

» 2 sine* t p -r. , ^ 

2. rad— cosP=: — ? — . From the fourth equation 

(F. 110.) 

^ , 2 sine i P.cos 4 P - , ^ 

3. sine P= -r^ . rrom the first equation 

gp. 110.) 

sine P tanff4.p , r , . ,y^ 

4. — r-* — — ^ — . From the fourth equation (G, 

rad+cos p rad * ^ 

llO.)=-^(Z..y7.) 

' cot 4 P ^ 

sine P cot 4- P rad , , . , 

5. — -, = r~= 1 — • iTom the third equa^ 

rad — cos P rad tang ^ P ^ 

tion(G. 110.) 

rad + cos P cot 4 p rad* _ , . , 

6. — ; = :r~— n — • From the sixth eqaa- 

rad — cos p rad* tang* ^ p ^ 

tion (G. 110 and Z. 97.) 

rad — cos p tang* i p rad* _ , . , 

7, — r- = — ~r — = 7 — . From the sixth 

rad + cos p rad* cot t ? 

equation (G. 110.). &c. 

,^. ^ . rad.sine(A+B) ,^^ , , 

(K) Because tang (a+b)= r^TTT" (^ ^0 ^^ -^^^^^ 

cos ( A ""c^p ) 

have from the first a'^.d second equations (D. lo9.) ta.)* (a -\- a) = 

(sine a.cos B) + ,sine B.cos a) , , . 

^- — — r : r . rad, and since sine a = 

(cos A cos a) — (sine B.sme a) 

cos a. tan pr A , . cos B. tangs ^„ , , , . 

~ — , and sine B = r*^ — \^' ^^0 ^Y substitu- 

rad. rad -^ 

ting these values and dividing the numerator and denominator 

by 



112 GENERAL PROPERTIES OF SIKES^ BoOK IL 

, . , . tang A+tang B. 

by cos Axos B, we obtain tang (a + b)= — jr — ; , ; ■ 

^ ' bv • / rad*— (tangA.tangB) 

rad*, but this has been already obtained by another process (C 

109.) 

tang(A~B)= JTf/""T.^° , jad^(C. 109.) 
®^ ^ rad^+(tang A.tang b) ^ 

, rad*— (tanfir A.tane b) . , .- 

cot(A+B)=: 7 ^ — (from above, and L. 

^ ' tang A+tang b 

98.) 

cot (a+b)= '^^ -f angA.angB ^^^ above, andL. 98.) 
^ ' tang A — tang b. 

general properties of sines, tangents, &c. of arcs, in 

arithmetical progression. 

PROPOSITION XIX. (PUte L Fig. 2, J 

Let the three arcs bo, be, and Ba, be in arithmetical progres- 
sion ; viz. let ao be bisected in e, then ae=oe is half the dif- 
ference between the arcs bo and ba, . and therefore BE is half 
the sum of the arcs bo and ba (U. 43.) 

But bo + ba = bo + (bo+oe+ae)=bo+(bo + 2oe)=2bo + 
2oE = 2be, that is the sum of the extreme arcs, Bo and ba, is 
' equal to double the mean arc be. 

Draw the diameter acl, and join ol ; draw bz parallel to 
oA, and join xz ; also from l, draw lw perpendicular to ow. 

Then the following triangles are equiangular and similar, 
viz. cbr, vbz, xzv, a )P, and olw. For cbr and vbz are right 
angled at R and v, and have the angle at b common, xzv is 
right angled at v, and the angle at z is equal to the angle at B, 
for xzB is a right angle, being contained in a semicircle, and 
vBz is the complement pf vzB to a right angle, and so is xzv. 

The triangle aop having the sides AO and op parallel to the 
two sides zb and bv of the triangle vbz, is equiangular with it ; 
the angle aol is a right angle, being contained in a semi-circle, 
therefore wol, the complement of aop, is equal to the angle 
CAP : hence the angle oLV^r is equal to the angle Aop. 

The f blowing proportions, &€. are naturally derived from 
these similar triangles ; hut first we must observe that ag+od 
=:ah==:wl the sum of the sines of the extreme arcs; for ah 
f is parallel to WL, and the angles wlc and hac being alternate 

\ angles are equal (Euclid I. and 29.), therefore the right angled 

yaangles cga, cyl having one side Ac=aLc, and the angles 
equal, are equal in all respects ; hence ly=ag, and wT=op, 
CQnsequently lw=:ag^-od,. Nqw gg + cd is the sum of the 

cosine^L 
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cosines of the extreme arcs, but on account of the equalit7 of 
the triangles LTC and ago, yc=cg, therefore YC+CD=xi>=: 
Woj is the sum of the cosines of the extreme arcs. 

C CB : BR : : BZ : BY 
(L) ^ radius : sine of the mean arc : : double the sine of the 
V mean arc : versed sine of double the mean arc. 



r cb:br : ;2X (=2rc) :zv 



(Ml) < radius : sine of the mean arc : : double the cosine of 
(^the mean arc : sine of twice the mean arc. 

( CB :br: : Ao {=2o«) top (=CD— cg) 
^^x J radius : sine mean arc : : double the sine of the com- 
j ^on difference between the arcs : difference between 
. V.the cosines^ or versed sines of the extreme arcs. 

( CB : BR : : OL ( =2c«) : Lw 
iOy J I'^ius : sine mean arc : : double the cosine of the 
^ ^ j common difference between the arcs : the sum of the . 

vsines of the extreme arcs. 



( cb:cr::Bz(=2br) :zv 



(P) •? radius : cosine of the mean arc : : double the sine of ' 
(, the mean arc : sine of double the mean arc. 
/* CB : CR : : zx ( ==2cr) : xv 
{O) } ^d^^^ • cosine mean arc : : double the cosine of the 
^^' j mean arc : versed sine of 'the supplement of double 
Cthe mean arc. 

/" CB : cr : : Ao (=2o«) :jip (=ag— od) 
M^\ J radius : cosine of mean arc : : double the sine of the 
^ ^ j common difference between the arcs : difference be- 
Vtween the sines of the extreme arcs. 
( CB :cr::ol(=2c«): wo(=cg + cd) 
J radius : cosine of the mean arc : : double the cosine of 
j the common difference between the arcs : sum of the 
( cosines of the extreme arcs. 



^S) 



(T) 




BV : 2V 

mean arc : cosine of the mean arc : : versed 
double the mean arc : sine of double the mean 



(BR : cR : : zv : XV 



^jjx . sine of the mean arc : cosine of the mean arc : : sine of 
*' ' j double the mean arc : versed sine of the supplement 
\,of double the mean arc. 

BR : cR : : po (=cd--cg) : ap (=:ag — od) 
sine of the mean arc : cosine of the mean arc : : dif- 
(W) -^ ference between the cosines (=difference between the 
versed sines) of the extreme arcs : the difference be- 
.tween (he sines of the extreme arcs. 

^ (X) BR 
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^ BR :cr::lw(z=ag + od):wo(=cg + cd) 
fX) } ^^"^ ^^ ^^^ mean arc : cosine of the mean arc : : the 
f sum of the sines of the extreme arcs : the sum of the 
V. cosines of the extreme arcs. 
( Y) By comparing the above proportions, various other pro- 
portions may be formed. Thus bz : by : : zx : zv by comparing 
(L. 113 with M.) that is, double the sine of the mean arc: 
versed sine of double the mean arc : : double the cosine of the 
mean arc : sine of double the mean arc, &c. for the rest. 

(Z) By what has been already shewn, two arcs may be com- 
pared, and their sums and differences formed into a proportion. 
The arcs being in arithmetical progression, the mean arc be is 
half the sum of the extreme arcs bo and ba. Therefore in all 
the above proportions, and their variations, wherever the words 
mean arc occur, read half the sum of the arcs. Also the sine ow, 
of the arc eo, the common difference between the arcs, is the 
sine of half the difference between the arcs Bo and ba ; hence 
in the above proportions for common difference between the arcs, 
read half the difference between the arcs. Thus for example (N. 
113.) will run thus j radius : sine of half the sum of the arcs : : 
double the sine of half the difference of the arcs : difference be- 
tween the cosines of the arcs. 

(A) Hence it follows that the difference between the cosines 
of two arcs xradius=2x sine of half the difference x sine of 
half the sum of these arcs. 

But this has been obtained in another manner, see the fourth 
equation, F. 1 10. 

Indeed, from this proposition, the greater part of the formula 
rioted in Prop.* xviii may be deduced, and it will be no bad 
exercise for the young student to trace out the coincidence. 

PROPOSITION XX. (Plate L Fig. 2. J 

(B) If three arcs he in arithmetical progressioHy the sum of the 
sines of the extreme arcSy is to their difference^ as the tangent of the 
mean arc is ts the tangent of the common dffirence between the arcs. 

The same construction remaining as in the preceding propo- 
sition, AG-f oD=sum of the sines of the extreme arcs ba and 
BO, and APrrAG — PG=AG— oD=the difference of tlie sines of 
the extreme arcs. But ag+od=ah, because gh=::i>f=od= 

PG. 

By Prop. XIII. ah : ap : : ek : ei. 

Nowr EK is the tangent of the mean arc be, and ei is the 
tangent of eo, the commou difference between the arcs. 
Hence the proposition is evident.. (^e.d. 

(C) Fix. 
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(C) Viz. If the extreme arcs be represented by A and b^ of 
which A is greater than b, then 

sine A ^ s ine B tang 4- (a + b) r^ ,,>. v 

; :3 S-_- Uqq Zi. 114.1 

sine A— sine b tang t (a — b) ^ 

PROPOSITION XXI. (Plate L Fig. 2.) 

(D) If three arcs be in arithmetical progressiofiy raditss is to doukfe 
the cosine of the middle arcy as the sine of the common difference of the 
arcSy is to the difference between the sines of the extreme arcs. 

Let the three arcs be bo, be, and ba, as in the preceding pro- 
positions, and oe=ae the common difference between the arcs. 
Then hn is the sine of ae and ap= difference between the sines 
of BA and BO (B. 114.) 

The triangles a///, c«q^, are equiangular and similar, for knc 
and f /iQ^ are right angles ; if therefore inc be taken away from 
both, there will remain the Z.A«i=Z.c«Qj but the triangle 
c«Q^is equiangular with the triangle cew. 

Therefore ce : cw : : a« : ki\ but Ai=iF, for 

An : Ao : : a/ : ap, and since A«=tAo, Ai=f ap. 

Hence ce : Cfw : : a« : ip, and doubling the consequents, 

C£ : 2cm :: An: ap. q.e.d. 

(E) Fiz, If A and b represent the extreme arcs, A being 
the greater. 

rad _sinef(A-B) ^s^^2.114.) 



^i*. 



2 cos i (a+b) sine A — suie b * 

« 

PROPOSITION XXII, CPlate L Fig. 2.J 

(F) Jf three arcs be in arithmetical progression^ the rectangle (f 
radius y and the sum of the sines of the extfeme arcs; is equal to the rec^ 
tangle of double the cosine of the common difference of the arcsy and the 
sine of the mean arc. » 

The same construction remaining as in the fqregoing propo-i' 

. . en X Em 
cations, CE : Cfi :: £i» : ;7a= — : '. 

CE 

But AG + OD = AH (B. 114.) = 2«Q. 

For PG=GH (B. 114.) and Ai=ip (D. 115.) 5 now ai + ghs:? 

2P+PG=«Q, therefore a« + /p+pg+gh=ah=2«q, 

XT . , . 2c;7XEOT , . 
Hence AG + 0^= -^^ th^t ;s 

CE 
(aG + 0D).CE=:2c«.Ew. (J.E.D. 

(G) Let the extreme arcs be represented by A and B, then 
the mean arc will be t (a+e), and the common difference of 
the arcs t ( A — b). Hencey rad.i^sine 4+sine %) =: 

0^3 2 cos 






: 
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f cosf (A— B).sine(A4-B) and if rad=l^ sine A + smeB= 

2 cos f (a— B).sine (a+b). 

Consequently. If the sine of the mean jf three equidifferent arcSf 
he multiplied by twice the cosine of the common difference^ and the sine 
of either of the extreme arcs he deducted from the product^ the remennder 

nvill be the sine of the other extreme arC; the radius being 1. 

« 

pp THE SJNESx COSINES, TANGENTS, &C. OF THE MULTIPLES 

OF ARCS*. 

^««» «. ^ V (sine A.cos B) + (sine b.cos a) ,__ . 

f H) Sine f a + b) =-^ ^ i (D. 109.) 

Let b=2a, and rads I, then we shall have 

Sine 3AZ=(sine A.cos'2A) + (sine 2 a.cos a). 

^ . sine 2a ,^ . , . ,^ 

But sine A;=:: — ^ — (0« 102.) and cos 2a =2 cos* a— J (P. 

2 cos A ^ . ^ 

102.) 

' sine 2 a/ 
Therefore sine A.COS 2a =r- .(2 cos* A — l):=sine 2A. 

:^ cos A ' 

cos A^^ =(sine 2 A. cos a) — sine A, and substituting this 

|n thjs first equation, 

Sine 3A=(sine 2a»cos a) — sine A+(sine 2 A.cos a) 
Viz. sine 3A=:2(sine 2a.cos a) — sine A. 
And by making b~3a, and following the same method. 
Sine 4a =(2 cos A.sine 3a) — sine 2a« Hence we obtain 
(I) fSine A=;sine a 

Sine 2 A 3= 2 cos A.sine A 

Sine 3a = (2 cos A.sine 2a)— sine A 

Sine 4a = (2 cos A.sii?e 8a) —sine 2a 

Sine 5 A = (2 cos A.sine 4a) — sine 3a 

Sine 6Ar:(2 cos A.sine 5a) — sine 4A, &c« 
Where the law of continuation is evident. 

OR, 

' (K) By substituting the value of cos a:= -v/ 1 "-sine* a, &c 
as in the single arcs (M. 98), sine 2a found above, &c. 
:(Sine a == sine a 

Sine 2 A = ? sin^B A^ 1 tt sin^* a 



* See Euler^s Introductio ad Analysin (nfinitorum ; Traits de Trigonometrie, 
par M. C^Qoli ; Crakelt*8 translation of Mauduit*8 Trigonometry; Baroi| lif*» 
seres' Trigonometry ; Emerson, &c. 

{Cagnoli, page 27. Legendre, page 358. 
Cral^elt's translation of Mauduit, page 15. 
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Sine 3a = 3 sine A — 4 sine* a. 



&c. 



Sine 4Ar:(4 sine a— 8 sine' k)^ 1 —sine* a 
Sine 5 a =5 sine a --20 sine' a4- 16jsine* a 

Sine 6A=(6sineA— 32 sine' a + 32 sine* a) y^l —sine* a, 

OR. N 



(L) Sine a= v^ l — cos*a 



Sine 2a =:2 cos Ay/ 1 — cos^ a 



Sine 3a =(4 cos* a — 1 ) V' 1 —cos* a 



Sine 4a= (8 cos' a — 4 cos a)-/ 1 —cos* a 



Sine5A=:(16cos*A-12cos*A+lVl-cos*A 



Sine6 A=: (32cos' A — 32cos' A + 6co&k)s/ 1 — cos*a>&c. 

.««v ^' . , \ (cosb.cosa)— (sine AsineB),-^ 
(M) Cosine ( a + b) =i ^—^ ^(D. 109). 

Now if b=2a, and radius = 1 as beforey we shall obtain 
Cosine 3a=:(cos2a.cos a) — (sine A.sine 2a) 
But sine A.sine 2a = 2 sine^ a.cos a (O. 102.)= 
(1 — cos 2a).cos a (P. 102.)=cos a — (cos a.cos 2a) therefore 
Cos 3 A=r(cos 2a*cos a) — cos A-|-(cos A^cos 2a)=(2 cos A.cos 
2a) — cos A. 

And by making b=3a^ and pursuing the same method^ we 
shall find cos 4 A =2 cos A.cos 3 a — cos ISA. 
(N) *Cos a=:cos a 

Cos 2a=:2 cos A.cos A— 1 

Cos 3a =2 cos A.cos 2a —cos a 

Cos 4a=2 cos a.cos 3 a —cos 2 a 

Cos 5 A =,2 cos A.cos 4a— cos S A 

Cos 6a =2 cos a.cos 5a — cos 4Aj &;c« 

OR, 

(O) By substituting the value of cos An^l— «ine* a, 
cos 2a, found above, &c. 

•j-Cos A= \/ 1 — sine* A 
Cos2a=1 — 2sine* A 



Cos 3a=(1 — 4sine*A)v'l - sine* A 
Cos 4A=:8sine'^A— 8sine*A+l 



Cos 5a=(16 sine^ A- 12 sine* a+ 1) v' 1 —sine* A 
Cos 6a = 1 - 1 3 sine* a + 48 sine* A - 32 sine* a, &c. 

OR, 

(P) Cos A = COS A 



• Cagnoli, page 27. Legendre, pag« 358^ 
t Crakelt*s tr^slation •( Maudait, page 17. 



•*♦•■ 



Cp» 
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Cos2a=2cos*a— 1 

Cos 3a=4 cos^ a— 3 cos A 

Cos 4a=8 cos* A--8 cos* a + 1 

Cos 5 A = 16 cos^ A— 20 cos' A + 5 cos A 

Cos 6a = 32 cos** A - 48 cos^nA + 1 8 cos* A - 1 , &c. 

(Q) Tang(A+B)=— ^f^^^? r(C.109,orK.112.) 

\\c^ 6\ I ' rad*— (tang A.tangB) 

1 2 tang A , - 

Now if b=2a, and rad= I ; tang 2a =- ~ — by sub- 

° 1 — tang* A ' 

3 tang A— tang^ A _- 

stitution, and tang 3a= — ;; — — 5 ^ Hence, 

' « 1—3 tang'' A 

*Tang A = tang A 

2 tang A 

Tang2A=:; "V- 

° 1— tang* A 

3 tang A — tang3 a 

Tang Sa=z-—^~ ^ — 

^ 1— 3tang^A 

^ 4 tang A — 4 tang' A 

Tang 4a=- — r-^— r — ; — -^— r- 
^ 1 - 6 tang* A + tang'^ A 

5 tang A — 1 tang^ A + tang^ A 

Tang5A= — - — ^,-— z r • Sec* 

^ 1 - 10 tang* A -f 5 tang* A ' 

rad* 1 

(R) And since tang a= ; if ' be substituted for 

^ ' * cot A cot A 

tang A, we shall obtain 

CotA=cotA 

cot*A — 1 

Cot2A=— ; 

2 cot A 

^ COt^ A — 3 cot A 

Cot 3 A =r~ ■ ■■■' 

3 cot* A- 1 

cot* A - 6 cot* A + 1 



Cot 4 A 



4 cot' A— 4 cot A 



^ COt^ A — 10 cot' A +5 cot A ^ 

Cot 5a=: — z :: ^ ^ , . ": — j «c. 

5 cot* A — 10 cot* A + 1 ' 

Also if be substituted for cos A (N. 117.) the secant of 

sec A . ^ 

the multiple of any arc may be obtained. 

OF THE SINES AND COSINES OF THE POWERS OF ARCS.f 

(S) Cos 2A=:l-'2 sine* A (0. 117.) 



* Cagnoli, page 29. Crakelt's translation of Maaduit, page 34. 
•^ Cagnoli, page 30. Crakelt's translation of Mauduit, page 20. 

Therefore 
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Therefore 2 sine* a= 1 — cos 2a 
- Sine 3a=3 sine a — 4 sine^ a (K. 117.) 
Hence 4 sine' a =3 sine a — sine 8a 
Cos 4a=8 sine'^ a — 8 sine* A+ 1 (O. 117.) 
Consequently 8 sine' Amcos 4a + 8 sine* a — 1 = 
Cos 4 A- 4 cos 2a + 3, by substituting for 8 sine* a its value 
4— 4 cos 2 A, obtained from the equation 2 sine* a=: 
1— cos 2a, and by following the same method, we shall 
obtain 

Sine Azisine a 

Sine* A=i— 4- cos 2a / 

Sine' A =4: sine a— |- sine 3a 
Sine"^ A =4— 4 cos 2a + | cos 4 a 
Sine^ A=-J-| sine A— ^^ sine 3A+-r5- sine 5a 
Sine*^ Azz|^— 4-1- cos 2a +-/^ cos 4a— ^ cos 6a 
Sine^ A=:|^ sine A— f^ sine 3a +-^ sine 5a— ^ sine 
7 a, &c.- 

The law of continuation is obvious, for the odd powers are 
expressed in terms of the sines, and the even powers in termsr 
of the cosines of the multiples of A ; and the signs are alter- 
nately + and — . 

The numerators of the co-efficients (reckoning from the 
right hand towards the left), are the co-efficients of a binomial 
whose power is the same as that of the sine of a ; except in 
the even powers, where the term in which a is not found, has 
the numerator of its co-efficient only one half of the corres- 
ponding co-efficient of the binomial, and the denominators are 
2 involved to the power of the sine — I . 

(T) To deduce formulae for the successive powers of the 
cosine of any arc, we must apply P. 118, in the same manner 
as above. 

Cos An cos a 

Cos* A=i+iC0B2A 

Cos' A=| COS A +4- ^^s 3 a 

Cos* A =4 -J- 4 cos 2a + T COS 4a 

Cos^ A =44 COS A+^ COS 3a +-^ COS 5a 

Cos^ A =4^ +44- COS 2aH-^y cos 4A+7V COS 6a 

Cos^ A=||^ COS A+-Hcos3A + ^^^cos5A+-5?fCOs7A,.&c» 

The law of continuation is the same as S. 119, only all the 
terms here are positive. 

(U) The sine and cosine of any. arc, or the sine and cosine 
of any multiple of that arc, may also be derived by substituting 

the imaginary quantities x^/ — 1 and— iVy^ — 1, successively for 
*■■ . z. 
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Zf in the exponential expression ^=l+T"^'TTo+"r?rS+ 

Where ^ is the number whose hyperbolic logarithm is I *» 
The addition of the two new equations, obtained by substitu^ 
tion, if divided by 2, will give a series expressing the sine;and 

the subtraction, if divided by SV-^Tj will give a serifs for the 
cosine of any arc. 

THE DETERMINATION OF THE VALUE OF THE SINE AND 0» 
THE COSINE, &C. OF ANY ARC, IN TERMS OF THAT ARC 

PROPOSITION XXIII. {Plate W* Fig. I.) 

To deterynine the increment of an are y in terms of the increment of 
the siney tangent ^ decant ^ ^c. ; and thence to deduce several useful 
formula. 

Let Am be any arc; vm its sine, cp its cosine, at its tangent, 
CT its secant, &c. Take the arc mo indefinitely small, draw 
0/7V parallel to p//;, and mn parallel to ac; also, from the centre 
c, with the radius ct, describe the arc sT. 

Then, mo is the increment of the arc Am ; mn is the decre* 
ment of the cosine, or the increment of the versed sine $ 0/1 is 
the increment of the sine; T/ the increment of the tangent, 
and s/ the increment of the secant. 

The triangles w«o, and cpw, are equiangular and similar;, 
for the arc iwo, being extremely small, may be considered as a 
straight line* Likewise the triangles cat and ts^ are equian- 
gular and similar, for the lines c^ and CT are supposed nearly to 
coincide, so that Ts may be considered as a straight line, the 
Z^Tst a right angle, and the Z.s/t= 2Lcta. Lsistly the sectors 
com and csT are similar. Hence we deduce the following 
proportions. 

(W) cw : cp : : wo : o«, hence mo = (cwi.o«)-r cp 

(X) cw :ct::»»o:ts, or, Ts=(CT.wo)-ra^ . 

(Y) CA=:Qf» : CT : : Ts : T/, hence wo=(c/w*.T/)-4-CT* 

(Z) CA : AT : : TS : s/, hence wo=(c;«\s/)-t-at.ct 

(A) Piw : cm ::mn: wo, hence wo=2(cm.iw//)-rP»» 

(B) Now it is shewn by writers on fkixions, that the limit* 
ing ratio of the cotemporary increments or decrements of any 
two quantities, will be the ratio of the fluxions of those quan<%^ 



4i*i 



* Elenfents de G^om6trie, par A. M. Legendre, 6th edit. £ag6054^ Vinee'i 
TrigonOiuetiy, prop. 27 and 2S, page 79 and 80, 2d «dit. 

' titm. 
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titles. If, therefore, we put zrrthe arc aw^ om will be repre- 
sented by X, and if AT=:/, pw=:;r, AP^t;, and CT=/, then T/ 

will be represented by /, no by x, vp(=«fw) by v, and // by /, 
consequently 

^ ■'• *='E;=~rf=^ ("^- '20' '''^^i M- ^8.) 

• • 

n. i=I^=jl. (Y. 120, and P. 99.) 

• * 

in. 2=_!2__ tff — (Z. 120, and N. 98.) 

AT.CT s^/^-r* 

IV. 2=11=: !Z! ^. (A. 120, and L. 98.) 

P^ V^2rv-v* 

(C) I^ these formulae be expanded, and the fluents of each 
term be taken, we shall obtain the common series for the arC|^ 
in terms of its sine, tangent, &c.* 

rx _ ./ 1 x" , 3x* 3'5'x^ 
I. Thus «= ^p— ^-''''VT+273+2^ + ^6V' + 
S'5'7';y' . £^ Sx^x 3'5'x^x S'5'Tx^x 

2*4-6-8-^* ^'^ "^ ^■*"2r* ■*"2-4T*"''2-4?-6-r^"*"2-4-6-8-r** ^' * 

;p3 3;pS 3'5*x'' 

the, fluent of which is « = * + 3:3:;^ +5:5:5;;;; +2.4.6-7-r*+ 

2-4'6'8-9'r^ * &c. and by reversion of the series Ar=»-— — 
2-3*4-5*r* 2'3-4-5-6'7-r** 

ft /5 /5 /7 

-jj &c. the fluent of which is ^^^'^'^+TIa''^* *^* ^^^ 

byrevertmgthesenes^=2+-^+^^+— ;r+i53i7^ ^c. 
In a similar manner the rest may be found. 

But x/f^-^x^zucosine 2; rad— cos zn versed sine 25 

r* r* r* 

r rrcot aJ; rrsec «; -: =:cosec 2. 

tang 2 cos 2 sine 2 



• Vidt Baron Masercs* Trigonometry, page 424, &c. • 

R (D) Hence, 



\ 
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(D) Hence) if A^any arc, and rt^ndiuSf then 

_ . . sine' A S sine* A 3'5'sine ^ A ^ 3'5-7'sin€ ^A 

A-sine A + 2-3-r* "*" 2-4-5T* "*" 2'4-6-7V^"*" 2-4j-6-8*9^ 
2cc. 

A^A 2-3r*"'"2-3-4-5-r-* 2'3-4.-5-6-7-r^'^ 

- grr 

2-3-4-5-6-7-8-9y ' 

The same series will apply to the chord of any arc by sub- 
stituting the diameter rf, or ^r instead of r*. 
' (E) If 90° — A be substituted for A, then we shall obtaia 
. , . X sine' (90''- A) 3sine5(90°-.A) , 

90O-A=sine (90->^a)+— i^:;:r-^+ ^.;.^.^ ^ &c.; 

cos' A S cos' A S'5 COS^ A ^ 

hence A =90°— cos A— ^ _ ^ — , . , . - ^ . ^ >, ^ i &c.; or, 

r— cos A H— cos' A 3 r* — cos* A , Z'5 
A — ^*4. 1 ■■ ..J . 

1 ~ 2'3r* 2-4'5 ^ r* -2- 4 •6*7 



r^ — cds^ A 4 
3 ^>«€. 



Cos Agy-^+ ^ " ■ — ^o /r ^ c + ^«> A gr>*T o !i> &«• 



A» A* - A* A* 



/1f\ »-»*«»* tang»A tang'A tang> tang»A 

(D. 121.) 

„ A» 2a* . n<j» 62 a' 1382 a" 

Hence tang a=a+—+— +5^+55^+— g— 

21844 A'^ 

r* r* »» r* r* :. 

cot A 3 cot' A 5 cot* A 7 cot^ A 9 cot* A* 
p ^ r* A A^ 2A* A^ . 2a^ ^ 

"^ A 3 45r*" 945 r* '"4725r*~ 93555 r^" 

1382 a" 

8cc. 



638512875 r'°* 



A3 

• Viz. chord ^='^""«.«.Tr5> ^^m h«Dce the difTerence betweeo an arc and 

a3 
its chord, the radras being 1 , is —, the 24th part of the ciibc trf the length (rf the 

arc n^rly. See note, Chap. IV. (G. 77.) 
t merson's Trigonometry, 3d edit page 39, &c. 

(G) AS 
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(G) A=:90^-^-' 



sec A 2'3sec^A 2-4'5'sec^ a S'^^e'l'sec^A 
&c. or, 

>* . r* 3r* 3.5 r' 

cosec A 2*3 cosec^ a 2'4'5*co^ec* a 2'4-6'7 cosec^ A 

^ A* 5 A* 61 A* 277 a' 50521 a^^ 

Sec A == r -f — h 1 1 1 JU 

2r24!r^720r^^^06^r'' 3628800 r' ^ 

540553 A" 

1»58O0320 r"' 

^ r* A 7a» 31 a5 127 A^ 

Cosec A = —+—^——^ + ——^——^ 



*>r>- 



A 6 360 r^ ' 15120 r* '^ 604800 r** 

73 A<» 

&c. 



84^1440 r*' 

,TT* r /, . vers A 3 vers* a 3*5 vers' A 

&c.) 

„ A* A* A* A* 

Y ers A "*• - ■ grr 

2r 2'3-4r^ 2-3*4c.5-6'r5 2-3*4-5-6"7'8-r7' 

a' a* a' 



Covers ,a =r- a+ —r-z-' ,^ .,.. ■ .. + 



2*3t* 2-3'4"5t* 2'3*4'5'6-7'r^ 



;, &c. 



2-3-4-5-6-7 8-9T* 

THE CONSTRUCTION OF A TABLE OF SINES, &C. 

(I) There are various methods of constructing a table of 

sines, but the following, though not the least laborious, is the ^ 

most simple. 

Sine 30^=4 radius=:cos 60° (K 31.) 

rad y = 

Sme 15*^=^ chord 30°=-y~V 2 - y' 3 

rad / "^^ """" 

Sine 7l'=|. chord 15°=--^ /izjv£.llVJ, &c. 

These sines are found thus. From the square; of the radius 
subtract the square of the sine, the square root of the difference 
is the cosine (M. 98). The radius diminished by the cosine leaves 

the versed sine(R.99); and y^ vers* +sine*= chord*, (T. 99), 
the half of which is the sine of the next arc, &c. 

From the sine of 7°.30', find the sine of 3°.45', and so on 
contiqually, till the sines are as the arcs, which will be found at 
the end of the twelfth division from 30°: that is, at the end of 
the twelfth division, the arc will be 52".44'''.3".45"", and its 

Stn . , ■ 

-• In the forqaula here referred to, the minus should be plus, 

R 2 sine 
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sine •0002556634; but at the end of the 11th division the arc 
is l'.45".28".7"".30"", and its sine •0005113269; therefore the 
sine of the 12th division is just half the sine of the elevendi, 
in the same manner as the twelfth arc is half the eleventh. 
Now in indefinitely small arcs, the arcs will be to each other as 
their corresponding sines, hence 52" . 44?'" . 3"" . 45'"" .:!':: 
•0002556634, &c. : '0002908882 the sine of one minute. 

The cosine of l'=the square-root of the radius 1, diminished 
by the square of the sine»of 1', viz. cosine I'lr -999999951 7. 

And it is shewn (G. 1 16.) that 
2 X COS. 1' X sine l'- sineO'z=00058n764=sine2', orcos.89*.58' 
2 X cos. l' X sine 2'- sine l'= -0008726645 =sine3', or cos. 89 .57 
2 X cos. I'xsine3'-sine2'=:-001 1635526 =:sine4', or COS.89. 56 
2 X COS. I'x sine 4' -sine 3 =-00 14544406 =:sine5', &c. &c. 

This method may likewise be extended to the cosines, by 
beginning at the other end of the arc, for the cosine is only thi 
sine of the complemental arc. * 

2 X cos. 1' X cos. l'- cos.O'n-9999998308— cos.2', or s^ne89^58' 
2 X cos. 1' X cos. 2'- cos. 1' =-9999996 1 92 =cos. 3', or sine 89 .57 
2xcos.l'xcos.3'-cos.2' = -999y993231=cos.4',orsine89 .56 
2 X COS. l' X COS. 4' - cos. 3' =: '9999989423 zi:cos.5', or sine89 .5S. 

Proceed thus to find the sine and cosine for every minute of 
the arc as far as 30°. 

sine A. cos B 



(K) Then, if A and b be any two arcs, 



rad 



=TSi4e 



(A + B)+Tsine (a-b) E. 109.-, let Az=30%theli sine A=r|ra- 
dius (K.. 31.); and cos Brisine (30°+B)+sine (30**— b); hence, 
sine (30° + b)=cos b— sine (30°— b). 

If, therefore, B=r.2'.3'.4', &c. successively, we shall have 
Sine f^>OM'=:cos I'-sine 29°.59' 
Sine 30°.2'=:cos 2'— sine 29°.58' 
Sine 30°.3'=cos 3' -sine 29*.57, &c. 

And in this manner find all the sines, and thence all the co- 
sines (M. 98.) as far as 45°. By these means all the sines an4 
cosines from 0* to 90° will be obtained; for sine (45°+ a) = 
cos (45° — A) and cos (45°+A)=sine (45°- a). 

(L) The sines and cosines being constructed. 

Cosine : sine : ; radius : tangent ( u . 97) ; hence the tangents 
are found. 

Tangent : radius : ; radius ; co-tangent (Z, 97) ; hence the co- 
tangents are found. 

Cosine : radius : : radius : secant (X. 97) ; hence the secants 
jure found. 

Sine • radius ;: radius icorsecant (Y. 97) ; hence the co-secants 
^re found. 

f he versed sinps arp foynd by subtracting tjie posine from 

radiuS| 
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radius^ or adding the cosine to the radius, if the arc be greater 

tl^Q a quadrant. 

(M) Artificial, or logarithmical, sines, &c. are only 

the logarithms of the natural sines, &c. 

The natural sines are generally calculated to the radius 1, and 

being in all cases, except when the arc is QO'^, less than radius 

or 1 , they must of course be decimals. 

Now the logarithm of a whole number and the logarithm of 

a decimal is tne same, only the indent or whole number prefixed 

to the former is affirmative, and that to the latter negative. 

Hence if logarithmical sines, &c. were immediately formed 

from natural sines which are calculated to the radius 1 , their 

indices would all be negative. To avoid this, the logarithmical 

radius instead of being taken I, ^s in the natural sines, is gene« 

rally considered as ten thousand millions* 

(N) To find the logarithmical sine of V to 7 places of figures ^ 

Wthout the indf^, 

\ Rad. 1 : rad. 10,000,000,000 : : '0002908882 (the natural 

sine of I', the radius being 1) : 2908882 (the natural sine of l', 

the radius being 10,000,000,000.) The logarithiu of 29088S2 
:?:6*4'637261 the logarithmical sine of 1'. Hence th^ indices 
to the logarithmical sines from o' to 4', will be 6 ; from 4' to 
35' the indices will be 7 y from 35' to 5°.45' the indices will be 
3 ; fit)m thence upwards to 89 they will be 9 ; and at 90* the 
index will be 10= the logarithm of the radius 10,000,000,000. 
(O) Hence if we take the natural sine of any arc from a table 
of natural sines (where the radius, is unity J, and multiply it by 
10,000,000,000; the logarithm of the product will give the loga^ 
rithm sine of that arc to as many places of figures as the natural sines 
are carried to. It may be proper to inform the learner, that this 

' method will not be exactly true for the first five degrees; be- 
cause the natural sines in the tables are not carried to a suffi- 
cient number of places. 

, (P) In logarithms the operation of multiplication is per- 
formed by addition, and division by subtraction. The loga- 
rithm sines being constructed, the tangents, &c. are formed 
thus: 

Sine+ 10 •- cosine =tangent (U. 97.) 
20 — tangent c=co-tangent (Z. 97.) 
20— cosine =secant (X. 97.) 
20— sine = co-secant (Y. 97.) 

If you double the logarithmical sine of half an arc^ and subtract 
9*6989700 from the product ; the remainder will be the logarithm 
fttkal versed sine of that arc. 

For radius X ^ versed sine = square sine \ arc (I. lOK) or,*^- 
nidiusx versed sipe=square sine \ arc, or, log. 5,000,000,000 

+log. 
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+ log. versed sine = 2 x log. sine | arc, or, 9*6989700 +log' 
versed sine~2xlog. sine i arc. Therefore, log. versed sine 
=2 X log. sine i arc- 9-6989700. 

(Q) The following logarithmical formulae for the sinei co- 
sine, &c. of any arc, may in some cases be useful, viz. 

Sine = cos + tang — 10 = tang + 10 — sec = cos -f 10 — cot =5 
20— cosec. 

Cos =r sine + 10 — tang := 20 — sec = sine + c<at— 10= cot+ 
10 — cosec. * * '^ 

Tang = sine + 10 — cos =: 20 — cot. 

Cot = cos + 1 — sine = 20 — tang. 

Sec = tang +10— sine = 30 — sion "* cot ~ cosec + J^ — cot ss 
30 — COS. 

Cosec = cot + 1 — COS = 30 — COS — tang = see + 1 — tang 3 
20— sine. ♦ 

SOLUTIONS OF THE DIFFERENT CASES OF RICHT ANGL?:D PI4ANE 

TRIANGLES* 

The different cases both of right angled 
plan^ triangles, and oblique anglfd plane trian- 
gles, have already been solved by logarithms. > 
The solutions here given are adapted to the 
table of natural sines, and the niethod of nota- 
tion is that used by Lagrange and Legendre, 
the three angles of the triangle being repre- 
sented by A, B, c, and their opposite sides by a, A 
iy r, as in the figure annexed; r= radius = sine 
of 90°. . 

Case I. Given the angles and the hypbthenuse, to find th^ 
base and perjiendicular. ^ . 

sine A.^ jcos c.^ tang A. 5 r# 

Solution. «= = = — ^ = . 

r r sec a cosec a 

cos A.^ sinec.^ r,b cot A.b 




r=' 



sec A cosec A 



Case II. Given the angles and the base, to find the hypor 

thenuse and the perpendicular. 

_ . rx r.c sec k.c cosec A.r 

Solution, b. 



cos A sine c 



r 



cot A 



/■ 



sine A.r_ cos c.r tang A.r re 
cos A ~" sine c "" r cot A 



Case III. . Given the angles and the perpendicular, to find 
t|ie base and the hypoth^nuse. 

Solution. 



\ 
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^ cos A»a sine da r^a cot Am 

Solution, c'n—. = = = 

sine A cos c tang a r 

r^flf r,a __^sec A.ij_^cosec A.a 

*" sine A ""cos c tang a"" r 

CasIs IV. <3iven the hypothenuse and the base> to find the 
aagleJs and the perpeildicular. 

SoLuTioK. £01^ A=si!EMlf css-f-j sec Ancoscc c=— ; 



^^•"Jri 






Having found the angles^ the perpendicular may be found by 
Casfe L 6r by Case II. Or, a i=\/i*-r*=: */ {b+ci.(b^). 



■ m-irv rt i ■ i- 



Case V» Given the hypothenuse and the perpendiculari to 
find the anglai and the base. 

Solution. Sine k^cm 0=4* > ^^ c=cosec a=: — ; 

Haviod found th e a ngleg> the base may be found by Case I. 
Or, c=zV £" -^-^ {i+a).{B-a). 

- 

CA«fe VIw Given the base and the perpendicular, to find 
the anj^es and the hypothenuse. 

Solution. Tang Aiscotc:^: — —j cot Aiztang c= » 



bzi^a^'V^ViaJ\'\'^-cJl^ 



a 



a" 



Or, fiatjng fa«nd tli# angles, the hypothenuse may be found 
by Case II. or by Case III. 

soLUTioiN^ «r Ttafe Different cases of oblique angled 

PLANE TRIANGLt:s. 

^ Case I. Given the angles and one 
side, to find the other two sides. 

sine K,c _ sine b.c 
sine c sine c 

^ — ^ % 

sineB.^ sinec.flf] sine A. i sinec.^ 

sine B sine b * 

Case 




izZZ ■ 1 r — - — 



sine A ' -sine a 
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Case IL Given two sides and an angle opposite to one of 

them, to find the other angles, and the third side. 

^ ^. sineA^i . sineB.^y 

ooLUTioN. Sine b n ; sine a = - 



b 



sine c=7 



sineB.r . sinec^ 

sine 0=: — r — ; sine b ur- 



sine Ax . sine c»a 

— — ;sineA= , .^ , , «— 

a c i* a c 

Note. If the ^ven JL be obtuse ; or if the side opposite ta. 
the given /^ be the greater of the two given sides, then the l» 
sought is always acute : in every other case it is ambiguous. 

Two angles being now given, their sum deducted from 1 8(y, 
leaves the third JL \ hence the remaining side may be found by 

Case I» 

1111 - ■- — ■ ■ - _^ 

Case III. Given two sides and the angle contUkied betweea 

them, to find the other angles; and the third side. 

axf^ b 
Solution. Tang 4 (aco b)=— -r.cot \ c (X. 445.) 

Then4(AcoB) + (90**— 4c)=r»/.opposite to the greater side. 
And (90°— 4 c)— T (aco b)=: Z. opposite to the less side. 

OR THUS, 

h\a\\r\ tang ^ , and if a be the greater of the two given 
sides, <p will be greater than 45*^. 
r : p— 45"^ : : cot i c : tang i (aco b) , (C. 109.) 

OR THUS, 

^ sine c . b sine c .a ,^ - « v 

T»g B=— ^^7^; tang A=— ^^^(K. 85, &c.) 

r r • 

The remaining side maybe found from the angles, by Case I. 

on THUS, 



i-Ja^+I^^ (?^.cos c); (N. S6.) 



•» 



Case IV. Given the three sides to find the angles. 

Solution. Cos! c=r /^ (^+''+^) • i (^^^+^)-^(A.46.) 

^^ ba 

Tang i c=r A ^^+^ + ^)-^ ■ 4 (^ -f ^+c)'^ (B. 47-) 

Cos en — r .r (from Case III.) 

2ab ^ * 

Vers c= — zri — • 
2ab 

THE END OF PLANE TRIGOJJOMETRT. 
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CHAPTER I. 



d£Fll9lTIOK8, &C. OF SPHERICAL ANGLES^ AKCB, AND TRI- 
ANGLES. 

(A) SPHERICAL TRIGONOMETRY treats on the pro^ 
parties of spherical triangles, or the position and magnitudes of 
arcs of circles described upon the surface of a sphere or globe. 

(B) A sphere, or globe, is a round solid body, each part of. 
its surface being equidistant from its centre^ This centre is 
Common to every circle described dn the surface of the sphere^ 
wherein spherical trigpnometry is concerned, and such circles 
are called great circles. 

(C) All great circles divide the globe into two equal parts^ 
and, consequently bisect each other at the distance of a semi-^* . 
circle or 180^. Hence two arcs cannot enclose a space, unless 
they are both semi-circles« 

(D) A spherical angle is the inclination of the planes of two 
great circles to each other, which circlet intersect or meet each 
Qther on the surface of the sphere, in a point called the angul^ 
point. The inclination of these planes must always be mea* 
sured on the arc of a great circle, 90** from the angular point. 

(i) A spherical triangle is formed on the surface of the 
sphere by the intersection of three great circles, and consists of 
three sides and three angles ; any three of which parts being, 
given the rest may be found. 

(F) All the sides of a spherical triangle are arcs of equal 
circles, and the angles of a spherical triangle are measured by 
arcs of circles, having the same radii as the sides. Hence the 
^des and angles of spherical triangles are always expressed in 
degrees, and parts of degrees. 

(G) If one angle of a triangle be 90° degrees, it Is called a 
right-angled triangle. — If one side be 90^*, a quadrantal triangle. 
—If no angle or side be 90°, it is called an oblique-angled 
triangle. 

s (H) The 
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(H) The pole of a circle Is a point on the surface of the 
sphere equidistant from every part of that circle of which it is 
the pole. Consequently every circle has two poles diametri- 
cally opposite to each other, and the arc of a circle compre- 
hended between each of these poles, and the circumference of 
such a circle, is a quadrant. No two circles can have the same, 
or a common pole. If* a straight line be drawn from the pole of 
any circle to the centre of the sphere^ it will cut the diameter 
of that circle at right-angles. 

(I) All great circles passing through the pole of another 
great circle, cut that circle at right-angles ; and if two circles 
cut each other at right-angles, in the poles of a third circle, the 
four points of intersection with that third circle, will be the four 
poles of the cutting circles ; viz. the two opposite points wiU 
l^e the poles of that circle which is described between them. 

(K) Sides and angles of spherical triangles are said to be of 
the sanie species^ kind^ or affectiofiy when by comparing any two 
sides, any two angles, or an angle and a side together, you dis- 
cover each to be greater or less than a right-angle> or equal to a 
right-^gle. 

But when by comparing a side with a side, an angle with an 
angle, or a side with an angle, you discover one to be less and 
aoother greater than a right-angle \ such sides and angles are 
said to be of different species. 

(L) Spherical triangles are equilateral, isosceles, or scalene, 
according as they have three equal sides, two equal sid^s, or 
three upequal sides. 

N.B. In any of the following propositions wherever the word 
circle, or arc of a circle occurs, it must always be understood 
to be a great circle, or the arc of a great circle. And, that aB 
circles concerned in spberical trigonometry are equal to each 
other. 



PROPOSITION I. 
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( M) If ofte great circle intersect another 
great circle in any point a, all the angles de» 
scribed from the point a, on the same side of 
any arc caD, or1s.k^ are equal to two right-' 
angles ; and all the angles made about the 
point Lyore equal to four right-angles, ^ 

E -A- 

Demonstration. Let ca be perpendicular to eb, then wffl 
the angles eac and cab be each of them a right-angle. If al 
be drawn, then lab and eal are equal to two right-angles, for 
the angle cab is increased by the angle lac, and oae is dimi- 
nished by the same> therefore LAB+fiAL^BAc^-CAB. 

In 




Chap. L sbhnitions, &c. .Ki 

In the same manner ^it may be proved that the angles eao 
and DAB are together equal to two right-angles, for if ac be 
perpendicular to eb, ad- wiU likewi^ be perpendicular to it, 
therefore 2(11 the angles about the point A are equal to fodr 
right-angles. <^e.d. 

(N) Corollary I. If two arcs of circles ifHersict each titJoer^ 
the vertical or opposite angles wU be eqx^L 

For the angles eac and cab are equal to two right-angie% 
also CAB and bad are^equal to two right-angles; from each of 
these equals take the angle CAB^tben &Ae is equal to BiX). in 
the same manner it may be shewn that the angle cab is equal 
to the angle bad. 

(O) Corollary II. Att the exterior and, interior angles tfu 
jffherical triarigk are ikfgether. equal to six right^angks. 

For the intericw- angle cab and exterior angle bad are eqnai 
to two right-angles; likewise acb and bcg are equal to two 
right-angles j and abc and cbg are also equal to two right*- 
angles. 

PROPOSITION ir. 



(P) If a great circle BC be described 
meeting two great circles abg and ACG, 
nvhich pass through the pole a ^ the circle 
BC ; the angle cdb at the centre of the 

sphere^ upon the circumference BC, // the C 'h J \ 

same ivith the spherical angle bac, and the arc BtJ it called the tneo'^ 
sure of the sphe^'ical angle bac. 

Demonstration. Since a is' the pole of bc, ab and AC are 
quadrants (jH. 130.) and the angles ABC and acb are right- 
angles (I. 1 30;) 

Let D be the centre of the sphere, and join DC and db; then 
because the arcs ac and ab are each of them quadrants, the 
angles adc and adb are right-angles (H. 130.): therefore the 
angle cdb is the inclination of the planes of the circles abg and 
ACG to each other, and consequently, (D. 129.) it is the mea* 
sure of the angle cab. c^e.d. 

(Q) Corollary. If two circles cut each other in two points^ 
the angles at these pjpints are equal to each other, and to thedis^ 
tance between the pole^ of these circles. Viz.. the- angle biac is 
equal to the angle bgc, for the arc Bc Is the measure of them 
both ; and the distance between the point b and the pole of 
ABG IS a quadrant, also the distance between c and the pole of 
ACG is a quadrant, (H. 130.) therefore the difference of tb,eir 
distances will be Bc« . » 

8 2 PROPOSITION 
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PROPOSITION III. 

• 

(R) If to iht point of intersection a of two grtai cirxles^ 
two tangents Ae and a/ be drawn; the angle eAf will be the 
pleasure of the spherical angle bac. 

, For AG is the diameter of the sphere^ and adc and adb are 
right' angles, but /ad and ^ad are also right-angles, being tan- 
gents to the circles abg and ago \ thererore fA and m are pa- ' 
rallel to db and dc, hence the angle t^ is equal to the angle 
CDB ; but CDB is the nieasure of the spherical angle bag, there- 
ibre e^fis the measure thereof. 

In the same manner it may be shewn that the angle ilh is 
equal tp CDB, for it is likewise the inclination of the planes 
ABG and acg ; hence all spherical angles must be measured on 
the arc of a great circle 90° distant from the angular pointy 
for pB, and not ih, is the measure of the angle bag. 

PROPOSITION IV. 

(S) Any two sides of a spherical 
friangle are together greater than the 
third side. 



Bemonstratiok. Let abc be th^ spherical triangle, ajj 
and BC together, are greater thai| ac. 

Sincp AB, 3C, an4 ac are all arcs of equal circles (L, 130.), if 
the chords ac, AH, and bc be drawn, they will fall within the 
sphere*, and form a plane triangle abc, any two sides of which, 
by plane geometry, are together greasier than the third. 

Now in equal cirples the greater chord cuts off the greater 
arc, or circumference, therefore any two sides of the spherical 
triangle ABC, are greater than the third. q.E.p. 

Gordllary. The shortest distance between any two 
points on the surface of the sphere, is thjp arc of th^ great circle 
wl^ic|i joins them. 




proposition v. 

(T) The three sides of any spherical triangle 
are together less than the circumference of a 
tirclCj or 360^; and any one side is less than a 
semi-circle y or 180°. '^ 

Demonstration. Let abc be a spherical 
triangle, and produce the sides CA and tB to d. 

Then since all great circles cut each pt|ier in 
two points at a semi-circle's distance (C. 129.), 



A. 



« 



* 






f TbU U plain from Eoclid III. and 2, 



CAq 
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<7AD and CBD are $ach of tfaem a semi-circle^ therefore ca and 
CB are each of them less than a semi-circle. 

Now AC+CBare greater than ab (S. 132.), and ad+db are 
-greater than ab. 

But AC + CB + AD + DB are equal to the circumference of a 
circle. Therefore ac + cB -f AB are less than the circumference 
4>f a circle* <^£.d. 

PROPOSITION VI. 

(IT) If from the angular points a, b^ c, of a spherical 
triangle abc as poles, there be described three arcs nf circks 
EF, DE, and r>F ffofmhig a new sphencal triangle dfe ; each 
side of this new triangle is the supplement of the angle at its 
polcy viz. the side fe is the supplement of the afigle a ; de o/^ 
the angle b ; and df of the angle c, — likewise each angle . of 
this new triangle is the supplerfient of that side of the original 
triangle abc, to which it is opposite; viz. the angle d is the sup^ 
plement of "RCj the angle f ^ac, and the angle e is tJie supple^' 
ment of the side ab. 

Demonstration. Since b is the pole of the circle sghe, 
pyery part of this circle is 90** distant from b (H. ISO.), therefore 
the distance bjptwe^i^ b an^ £ is a quadrant, and bh and bg are 
quadrants. 

Since a is the pgle of the circle elmf, every part of this 
circle is 90° distant from a (H. 130.), therefore the distance be- 
tween A and E i? a quadrant, and am and al are quadrants^ 

Since a and b have been proved to be equi-distant from E, 
9lld AM and bg quadrants, being the side ab produced to M 
and G ; e is the pole of the circle gabm.- 

In the same manner it may be proved that F is the pole of 
KALC, and that d is the pole of nbch. 

Therefore em, eg; fl, fk; dn 
jand DH are quadrants, likewise am, 
AL; BH, BG; CN and CK are quad^ 
rants; consequently (D. 129.) lm is 
the measure of the angle a, and nh 
the measure of the angle d. 

Now EM and fl are together equal 
to a semi-circle, or fl, le, and lm are 
together equal to a semi-circle; but fl 
and LE are equal to fe, therefore fe 
and LM are together equal to a semi-r 
circle ; that is they are supplements of 
p^dx other ; but lm is the measure of 
fhj^angl^A, therefore the angle 4 iq 
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the triangle ABC5 and side £f in the triangle bfC| are tupfde* 
ments of each other. 

In the same manner it may be proved that D£ is the Jtupple-* 
ment of the angle b^ and that df and the anj^ c are supple^ 
ments of each other. ^ 

It remains now to prove that the angles in the new tr»n|^ 
DFE^ and the sides of Uie original triangle abc^ are suf^lementu 
of each other. 

Since CN and bh are quadrants, they are together equal to 
a semi-circle, or cn, ch, and bc, are together equal to a semi- 
circle ; but NC and CH are equal to nh, therefore KH and bc 
together make a semicircle; now nh is the measure of tb^ 
^gle D ; therefore the angle d in the triangle pfb, is the sup^ 
plement of the side bc in the triangle abc. 

In the same manner it may be shewn, that the angle f is the 
supplement of ac, and the angle e of ab. q.e.p. 

(W) Corollary I. The three angles of miy spherical 
triangle abc are together greater than twe right angles^ and 
less than six. 

For, 

The angle A and the side fe are equal to two ri^t-angles. 
The angle b and the side de are equal to two right-angles. 
The angle c and the side df are equal to two right-angles. 
Therefore the three angles a,b,c, together with the three sides 
FE, DE, and DF, are equal to six right-angles 5 but the three 
sides FE, DE^ and df, are together less than four right-angles 
(T. 132.)> therefore the three angles a,b,c, are together greater 
than two right-angles. 

Every spherical angle is less than two right-angles (M. ISO,); 
therefore the sum of any three spherical angles is less than six 
right-anglest 

(X) Corollary 11. The sides of spherical triangles may 
be changed into angles^ and the contrary, ^ 

Thus if three angles of a triangle are given to find the sides j 
subtract each of the angles from 1 8G°, and the three remainders 
will be the three sides of a new triangle, with which sides find 
the angles of the new triangle j then subtract each of these, 
angles firom 180°, and the three remainders will be the respec- 
tive sides of the original triangle, whose angles were giveiK 
And the contrary when the sides are given to find the angles» 

(Y) Corollary III, JVhe7i the thtee angles (a,b,c,) of a 
friangie (abc) are given to find a side (ac), take the angle (b) 
ppposiie to the side required from 1 80°, and me th^ remainaer 
and the other two angles (a and c) as sides in a new triangle 
(ppp) : In this nexit triangle find the angle {t) opposite that stde- 

(P5) 
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(oe) ^Dhere the supplement is used. Subtract this angle from 
t$€Pj and the remainder will be the side (ac) required. 

For if Fj> and fjs be continued till they meet m p ; dp and £P 
being the supplements of fd and F£ (T. 1S2.) are equal to the 
angles c aad a ; amd the side de is the supplement of the angle 
B opposite to AG the side required. 

Nov find the angle p which is equal to the angle f (Q. 131.) 
but the supplement of the angle f is equal to the side ac, there-* 
£ore the supplement of the angle p is equal to the side Ac. If 
you find the angle pde it will be equal to the side bc, and fed 
will be equal to the side ab. For pde and edf are supplements 
of each other, and edf and bc are supplements of each others 
therefore the angle pde is equal to the side bc. 

(Z) Corollary IV. A qiLddrantaltt^ngk may bechanced 
into a right-angled triangle^ bv calling thf supplement of the 
angle opposite to the qitadrantat side, t/ie hj/pothemtse, and the 
other angles the legs. 

For if AC be a quadrant, the angle at p is a right angle, being 
the supplement of Ac (Y. 1 34.)> and de is the hypothenuse, being 
the supplement of the angle b (U. 133.)* 

PROPOSITION VII. 

(A) In any two spherical triangles, if the three sides in the one 
ke equal to the three sides in the other ^ each to each, the angles %uhich 
are opposite to the equal sides will be equal. 

Let ABC be any triangle on j^ 

^ surface of the sphere. 
With A as a centre, and the 
distance AC> describe the small 
circle ced; with b as a centre, 
and the distance Bc, describe 
the small circle cfd, crossing 
ced in the point D. From the 
points A and B draw the great 
circles ad and bd, then ac= 
AD and Bc=BD, by construc- 
tion, also AB is common to 
the two triangles abc and adb, therefore the three sides of the 
one are equal to the three sides of the other, each to each. 

The angles which are opposite to the equal sides in each triangle 
are equal. For, 

Produce the sides bc and bd to tn and to «, so that bw and 
B« may be quadrants ; through m and n draw the great circle 
m9n. Then since only one * great circle can be drawn through 

• For the centre of every great circle is in the centre of the sphere, and three 
pointg detcrmtae the position of a plane, 

two 
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two given points on the surface of the sphere; if the isosceleJ 
triangle ^em, be applied to the isosceles triangle oi^y they will 
exactly coincide. But no is the measure of the JLr^Ba, aiid m§ 
^ftOy is the measure of the /.^biti (D. 129.)< 

Again; produce Ac and ad to the points q and p^ ^ that Af 
and Aq may be quadrants, and let the great circle prq be drawn ^ 
the triangles ^Ar. and ^Arwill coincide by superposition^ there- 
fore the 21/Ar= Z. qAr, 

In the same manner if da and db^ and also CA? and cFj be ex« 
tended to quadrants, the angles adb and JCB wiU coincide, 
when Ac is placed upon dt, and cs upon da. 

(B) Scholium. The triangles acb and adb, though equal 
in all their constituent parts, are not superposable, or equal by^ 
coincidence *", as Legendre has remarked. Book th. Fi^p. 1 1> 

of his Elements de Geometrie, and alsd in his notes 1st and 
l2th, where he criticises Dr. Simson. These remarks have le<f 
some writers to suppose that demonstrations founded on super-' 
position are nugatory ; it is presumed that the above demox^. 
stration proves the contrary. 

I^OPOSltlON VitU 

(C) In two tttangtesy if the three^ angles in the one he equml t^ 
the three angles in the other ^ each to eachy these triangles are equal tri 
all respects. 

Demonstration. The supplements of the three angles in 
one triangle are equal to the supplements of the three angles in 
the other : and each of theie three supplements form a neW 
spherical triangle, whose sides and angles are respectively equal 
(prop. VI and vii.); and the supplefments of the equal angles in 
the new spherical triangle, are equal to the sides of the original 
triangle whose angles were given ; but the supplements of the! 
angles of the new triangle being equal, the sides of the original 
triangle are equal ; and if the sides be equal, the triangles are 
equal in all respects. (Prop. VII.) <^ E. D. 

PROPOSITION IX. 

(D) If there he two sides And the included angle in one spherical 
triangle^ equal to two sides ^ and the included angle in another^ each io 
each i these two triangles^ are eqUal in all respects. 



* This is noticed by Mr* Emerson in tbe second edition of bis Trigonometry, 
page 146, and likewise by other authors. If the triangles be both situated on 
the same side of tbe line iB, they will coincide upon the surface of the sphere. 
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Demonstration. Let the arcs C B 

AC and AB be equal to the arcs df /^*s /?v''*w 

and DE, each to each ; and the I • \ ' v I ? \ X 
spherical angle cab equal to the ^4"..._^^^^ vL.„.?^S^^^ 
spherical angle fde, - -^ ^ 5*" ^^^^^"^El 

Then, if the chords ac and df, ab and de, &c. be drawn, 
the rectilinear angle cab will be equal to the rectilinear angle 
FDE ; because, in equal circles, equal circumferences are sub- 
tended by equal straight lines (Euclid III. and 29.), therefore 
the plane triangle cab is equal to the plane triangle fdc. But 
in equal circles equal straight lines cut off equal circumferences 
(Euclid III. and 28.). Therefore the three sides of the sphe- 
rical triangle abc are respectively equal to the three sides of the 
spherical triangle fde j and hence the angles are equal (Prop. 

VII.) Q. E. D. 

(E) Corollary. J^any side and the two adjacent angles in 
one spherical triangle^ he equal to a side and the two adjacent angles in 
another J each to each ; these triangles are equal in all respects. 

For by. taking the supplements of each of the two angles^ 
and of the sides contained between them, two new triangles 
will be formed which will be equal, by the proposition, and 
therefore their supplements, viz. the original triangles will be 
equal. 

PROPOSITION X. 

(F) The angles at the base of an isosceles C 
spjjerical triangle are equal to each other, y 

Demonstration. Let abc be an isos- ^^ 
celes triangle having the side ac equal / \ 

to the side bc. / \ 

Make ce equal to CD, and draw eb / 
and DA ; now ac being equal to Bc by //^C""'^''^ 
hypothesis, and eg equal to cd by con- "^^ — 
struction, and the angle acb common to " 

both the triangles acd and bce, these two triangles are equal 
in all respects (D. 136.) ; therefore ad is equal to eb. 

Again, since ac is equal to BC, and eg equal to cd, the re- 
maining parts ae and db are equal, hence the triangles bae and 
abd are equal in all respects ; for the two sides ae and eb are 
equal to the two sides bd and da each to each, and the base 
AB is common to both, therefore (A. 135.) the angle bae is equal 
to the angle abd. <^ e. d. 

(G) Corollary I. In any spherical triangle if two $f thi 
angles be equal, the sides opposite to them will be equal. 

Make bd equal to ae, and draw eb and ad, then the triangle 
BAE is equal to the triangle abd (D. 136.) ; therefore ad is equal 
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to BE} and die angle aeb equal to the angle ai>b, the angle dab 
equal'to the angle bba ; now the angle bec is equal to the angle 
ADC, being each of them supplements of the equal ang|es aeb 
and BDA, therefore the triangle ado is equal to the triangle beo 
(E. 137.) ; consequently ae+ec is equal to bd+dc, viz. equal 
sides are opposite, to equal apgles. 

(H) Corollary II. Hence every equilateral triangle is liie^ 
wise equiangular y and the ctmtrary. 

(I) Corollary III. A line drawn from the vertex of an isos^ 
Cites triangle to the middle of the base^ is perpendicular to^ the base. 

For the two sides fb and bc are equal to the two sides fa 
and AC, and the angle fbc is equal to the angle fac, therefore 
the angle CFB is equal to the angle cfa (D. 136.) ; but cfa and 
cfb are equal to two right angles (M. 130.), therefore cf is per- ^ 
pendicular to AB. 

(K) Corollary IV. ji perpendicular drawn from the vertex 
*ofan isosceles triangle upon the base, always bisects the base, and tbe^ 
vertical angle, except when the two sides are quadrants, in 'vuhich 
case there may be an indefinite number of perpendiculars^ 

For the triangles fbc and fac are equal in all respects. 
(D. 136.) But if AC and BC are quadrants, that is, if c is the. 
pole of the base, dien an infinite number of lines may be drawn 
from the point c upon the base to cut it at right angles (H* 
andL 130.). 

PROPOSITION XI. 

^ (L) In any spherical triangle (abc), 
the greatest side (Ac> iV opposite to the greats 
est angle (b), and the least to the least. 

Demonstration. Make the angle 
DBA equal to the angle bad, then ad is 
equal to BD (G. 137.). Now ad+dc is 
equal to ac, but ad+dc or ed+dc is 
greater than bc (S. 132.), therefore Ac is greater than bc 

Lastly, DC is less than ad or ab, and it 'may be shewn, as 
above, that the angle bbc is less than the angle dcb. (^ e. d» 

proposition XII. 

(M) If one side (dc) of a spherical triangle (dcb) be produced^ 
and if the sum of the other sides (cb+bd) be greater, equal to, or 
less than a semi-circle ; the internal angle (d) at the base (dc) is 
0ccordingly greater, equal to, or less than" the outward and opposite 
angle (bc a) adjacetU to the side produced. 
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^ Demokstration. Produce the 
sides DB and DC till they meet in a. 
Then the arcs abd and acid are 
each of them a semi-circle (C. 129«}> 
and the angle at d is equal to the 
angle at a. (Q. 131.). 

1. If CB+BDbe greater than 180% BC will be greater than 
AB, and the angle cab, or, which is the same thing, the angle d 
will be greater than the angle BCA (L. 138.). 

2. If CB+BD be equal to 1 80% then ba and bc will be equal^ 
and the angle cab will be equal to the angle bca, or the angle d 
will be equal to the angle bca (F. 137.)- 

3. If CB+BD be less than 180% bc will be less than Aid, and 
the angle cab, or the angle D will be less than the angle ACB 
(L. 138.). q. E. D. 

(N) Corollary. In any spherical triangle^ if tie sum of any 
invo sides be greater^ equal tOy or less than a semi-circle*, tie sum of 
the opposite angles will be greater, equal to, or less than a semi-circle^ 

For, according as cb+bd is greater, equal to, or less than a 
semi-circle, the angle d opposite to the side bc is greater, equsd 
to, or less than the angle bca ', but the angle bca and the angle 
SCD, opposite to the side db, are always equal to two right 
angles *(M« 130*); therefore whenever d is greater than bcAj 
the sum of the angles Bcp and bdc is greater than two rights 
angles; et contra. 

■ 

PROPOSITION Xllli 

(O) A right-angled spherical triangle may have either^ 

1. One right angle, and two acute angles • 

2. One right angle, and two obtuse angles, 
3* One obtuse angle, and two right angles. 

4. One acute angle, and two right angles, or, 

5. *Three right angles. 
Demonstration. Let the angles 

A and Dbe right angles ; and the arqs 
A£ and ED quadrants ; then e will be 
the pole of the circle ACGD, and Ecand 
£Gwill be quadrants (H. 130.). Since 
AE and D£ are quadrants, a or D will 
be the pole of eg ; therefore AG and 
GD are quadrants. 

1. Because ae and ec are quadrants, the angles eac and acb 
are right angles (I. 130.) j therefore the angle acb is less than 
ariglrt angle. And since Ac is less than AG, the angle abc is less 
than the angle aeo (L. 138.) ; but aec is a right-angle \ there- 
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fore the right-angled triangle cab has two acute angles and one 
right angle, 

2. The triangle bdc right-angled at d, has two obtuse angles 
and one right angle. For the angles dec and dcb are supple- 
ments of the two acute angles aec and acb, and therefore must 
be obtuse. 

3. The triangle ced has one obtuse angle, and two right 
angles. For, since gd and ed are quadrants, the angles dec 
and DGE lare right angles, therefore dec is an obtuse angle. 
But EC is a quadrant, and e is the pole of cod, therefore jecd is 
a right angle (H. 130.). 

4. The trian^j^le aec has already been shewn to have two 
right angles ; and aeg is a right angle, but aec is less than a 
right angle. ^ 

5. The right angled spherical triangle gae has three right 
angles, for a is a right angle by the proposition, and a is the 
pole of the circle eg, therefore aeg and age are right angles 
(H. 1:^0.). (^ e. D- , 

(P) Corollary I. In any right-angled triangle, tf the tvu9 
legs he of the same specie Sj viz, both acute ^ or both obtuse^ the hypo~ 
ihenuse will be less than a quadrant j and the contrary. 

For BC the hypothenuse, or side opposite to the right angles 
A and d, is common to the triangle b ac having two acute angles, 
and to the triangle bdc having two obtuse angles. 

(Q) Corollary II. In any right-angled spherical triangle, 
if the legs be of different speciesy the hypotheneuse will be greater than 
a quadrant: and the contrary: but one of the legSy at least ^ will he a 
quadrant y if the hypothenuse be a quadrant* 

For, in the triangle ICD, right-angled at c, ci is less than a 
quadrant and cd greater, from what has already been demon- 
strated ; but since d is the pole of the circle ehg, dh is a qua- 
drant, therefore di the hypothenuse is greater than a quadrant. 
And when ci becomes equal to ce, di will become equal to de ; 
but DE is a quadrant, therefore if the hypothenuse be a qua- 
drant, one of the legs, at least, will be a quadrant. But both 
the legs will be quadrants when all the angles are right angles, 
as in the triangle aeg. 

(R) Corollary III. 7he sides containing the right angle of 
any triangle y are always of the same species as their opposite angles^ 
mnd the angles are of the same species as their opposite sides. 

For in the triangle cab where the two angles are acute, the 
opposite sides ab and ac are acute; and in the triangle cpB 
where the two angles 2sp obtuse, the opposite sides bd and cd 
are obtuse. 

(S) Corollary IV. If the hypothenuse be less than 90% the 
legs are of the same species as their adjacent ^ngles^ If the hypothec 
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««j-tf Atf greater than dO°, ^£^ /ff j ii«J /AWr adjacent angles are of 
d^erent species. 

This is evident from the triangles bac, C0B, and DCi. 

(T) Corollary V. According as the hypothenuse-t and one 
Jtde (or its opposite angle J are of the samCy or different species j the 
other side (and its opposite angle) will be less or greater than a 
quadrant. 

This is also evident, from the triangle dci, 

PROPOSITION XIV. 

(TJ) If any number of arcs of circles CPB, c/«E, c/aF, CD A, CSH, 
COG be drawn from one and the same point c, on the surface of the 
sphere y to the circumference of a great circle ahgfeb j the greatest 
arc ivill be that which passes through the pole Fj of the great circle 
AHGFEB ; and the least arc will be the supplement ADC of the greats 
est CPB. And that arc which is the nearest to the greatest will be 
greater than any one more remote ; likewise^ that arc which is nearest 
to the least arc^ will be less than any one more remote from it. 

Demonstration. Let z be the centre of the sphere, or of 
the great circle ahgfeb, and ab its diameter ; from c, the point 
where all the circles intersect each other, draw ci perpendicular 
to AB, and join ie, if, ig and ih. 

Then of all the straight lines which can be drawn from the 
point I to the circumference of the circle amcfeb, that line ib, is 
the greatest which passes through the centre z, and its opposite 
line lA is the least; that line ie,, which is nearest to ib, is 
greater than the line if which is more remote ; and the line ih 
which is nearest to ia, is shorter than the line IG which is more 

jemote (Euclid III. and 7.)- 

Let AC, Hc, GC, Fc, &c. be 
joined by straight lines ; then 
will ciB, ciE,ciF, ciG,ciHand 
<:iA be all right-angled plane 
triangles, having the perpen- 
dicular ci common to each; 
therefore that triangle gib, 
which has the greatest base 
IB, will have the greatest hy- 
pothenuse bc; and that tri- 
angle CIA which has the least base ia, will have the least hypo- 
thenuse ac, &c. ; of the others, ec will be greater than fc, and 
He less than gc. 

But these several bypothenuses are all chords of equal circles, 
and the greater chord cuts off the greater arc, or circumference, 
therefore cpb is the greatest arc, and ado the least 5 ci»e is greater 
than c«F, and csh is less than cog. q. e. d. 
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PROPOSITION XV. 

(W) If the angles at the base vfan oblique angled sphericd 
triangle be of the same species^ viz. both acute ^ or oath wtuse^ 4 
perpendictilarjrom the vertical angle upon the base^ will faU 
within the triangle ; if they be of different species^ it will fall 
without. 

Demonstration. In the right- 
angled triangle cdb, cd is of the 
same species as cbd (R. l^O.)^ and 
in the right-angled triangle CDA, 
CD is of the same species as cad, J 
therefore the perpendicular in the 
first figure £ills between the angles 
A and B. 

In the second figure, cbd and cba are supplements of each 
other (M. 130.), and the perpendicular cd falls opposite to both 
'CBD and CAD being of the same species, therefore it cannot faH 
opposite to cba at the same time, hence it must necessarily faH 
without the triangle, q. E. D. 

"^ (X) Corollary. In an isosceles triangle, the equal angl^ 
are of the same species as their adjacent, or opposite sides. 

For then ad=db (K. 138.) and these segments are always 
acute, since their sum can never be equal to a semi-circle 
<T. 132.), 

But according as db and DC, or AD and dc, are of the same, 
or different species, Bc or its equal ac, is acute or obtuse ; or j 
since the segments are always acute, bc and ac will be of the 
same species as do, but dc is of the same species as a and B, 
therefore the sides are of the same species as their adjacent or 
opposite base angles. 

PROPOSITION XVI. 

(T) If the LEAST two sides of a spherical triangle be of ike 
same species, the perpendicular drawn from their included afig/e 
upon the third side, will fall within the triangle. — Or, if the 
third side be less than either of tJve others^ they being of the same 
species J but greater than their supplements, the perpendicidar 
will fall within the triangle, and the less segment of the base and 
less vertical angle will be adjacent to the greater side, and the 
greater segment, and greater vesical angle wili join ike les$ 
side, provided the sum <^ the sides be greater than 180''. 
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Demonstration. Let abc be the 
triangle, CD a perpendicular upon its 
base AB ; make bn equal to the hypo* 
thenuse bc, and ai equal to the hypo* 
thenuse AC^ then bcn and Aci are isos- 
celes triangles ; the angle bnc is of the 
same species as bc^ and the angle Aic 
Is of the same species as ac (X. 142.). 
But AC and bc are of the same species, 
by the hypothesis, therefore the angles bnc and aic are of the 
same species; consequently CD falls between them ( W. 142.) and 
of course within the triangle ABC. 

Secondly. In the triangle avb, where av and bv are each 
greater than ab, the least two sides of the supplemental triangle 
FVE, which by the hypothesis are each less than AB or fe, are 
of the same species, and consequently vg falls between them, 
therefore vd falls between av and bv. But av is greater than 
BV, and ad is less than db ; consequently avd is less than bvd. 

(^ E. D. 

{ Z) Corollary I. The perpendicvlar let fall on the base of 
an oblique spherical triangle is either less or greater than each 
side. 

For since cd is perpendicular to AB, it must pass through p 
the pole of AB (I. 130.) ; and if c be l>elow the pole p, that is 
if eu be less than a quadrant, it will be the least of all the lines 
that can be drawn from the point c to the circumference of the 
circle abef, and CG will be the greatest (U. 141.). 

If c the vertex of the triangle abc fall above the pole p, sup- 
pose in V, then vd will be the perpendicular, and of all the 
arcs that can be drawn from v upon the arc ab, vd is the 
greatest (U. 14l.)i therefore the perpendicular is either less or 
greater than each side ; when it becomes equal to one of the 
sides, the triangle will be right-angled as bdc 

If the perpendicular fall without the triangle, as in boc, or 
Bov, the demonstration will hold equally true. 

(A) Corollary XL When the perpendicular Jails without 
the triangle^ it may be either less or greater than a quadrant ; 
4fr less or greater than each side. 

' In the triangle boc, either CD or CG may be esteemed the 
perpendicular upon the base ob continued \ the ^ former cd is 
less than a quadrant, and less than either co or cb, 9nd the 
latter cc is greater. 

(B) Corollary III. When the perpendicular falls without 
the triangle y the less perpendicular is next the less side, and the 
greater perpendicular i$ next the greater side ; and either of 
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theni may be considered as the proper perpendicular on the base 
produced. 

In the triangle boc, cd the less perpendicular is next the less 
side CO, and CG the greater perpendicular is next the greater 
side BC, and either of them may be used for determining the 
several parts of the triangle boc, but the one is sometimes more 
convenient than the other. 

(C) Corollary IV. In any triangle abc or boc, theper^ 
pendicular cd falling within the triangle abc upon the base ab, 
or liEAHEsT perpendicular cd falling without the triangle boc, 
is always of the same species as half the sum of the two sides of 
the triangle; and if half the sum of the two sides of the triangle 
be acute this perpendicular falls nearest the less suk^ if obtuse it 

falls nearest the greater side. 

In the triangle abc the perpendicular DC is less than a qua- 
drant, and each side AC' and bc is less than a quadrant, there- 
fore half their sum is less than a quadrant, and the perpen- 
dicular CD fails nearest to ac. 

In the triangle boc, cd is less than a quadrant, and each of 
the sides co and cb is less than a quadrant, therefore half their 
sum is less than a quadrant, and the perpendicular falls nearest 

to CO. 

And, in the triangles abv and bov, where the perpendicular 
VD is greater than a quadrant, eacht of the sides Av, bv, and ov 
is greater than a quadrant ; consequently half their sum must 
be greater tha^i a quadrant, and the perpendicular VD falls near- 
est to AV in the former triangle, and to ov in the latter. 

(D) Corollary V. If an oblique spherical triangle have 
two acute sides and one obtuscy a perpendicular drawn on the 
longest side will always fall, within the triangle (Y. 142.)— jBw^ 
if it has two obtuse sides and one acute ^ a perpendicular drawn 
to fall on the longest side may sometimes fall within, and somC" 
times without the triangle. 

Take any right-angled triangle bdc, and produce its sides to 
a semi-circle ; now because db and dc are each less than a qua- 
drant, the hypothenuse bc will be less than a quadrant (Q. 140.), 
consequently its supplement cf will be greater than a quadrant. 
The angles b and c being acute or each less than a right angle, 
bc is greater than db (L. 138.), therefore df is greater than cr. 

Make fa equal to fc, then a great circle as hc may be drawn 
between a and d ; now in the triangle fhc, fh is greater than 
FC ; FC, HC, are of different species, and the perpendicular cd 
falls without the triangle fhc . 

In the triangle foc, of, is greater than fc; fc, and oc are of 
different species, and the perpendicular cd falls within the tri- 
angle FOC. 

Therefore 
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Therefore there can be no general rule for drawing 2, perpen- 
dicular when the three sides of a triangle are given, especially if 
two of those sides be obtuse, 

(E) Corollary VL If the two obtuse sides of an obligue" 
angled triangle be equal, a pei'pendicular draxvn from their 
included an^e will fall within the tridngle. 

For then the triangle is isosceles, and the angles at the base 
are equal to each other, (F. 137.). 

PROPOSITION XVII. 

(F) In any spherical triangle, 

1 . If the three angles be each acute ^ 
each side will be less than a quadrant. 

2. If the three angles be each right 
angles J each side will be a quadrant. 

3. If the three angles be each obtuse ^ 
each side will be greater than a qua^ 
drant. 

Demonstration. Firsty Let all 
the angles a, b, and c of the triangle 
A3C be acute, then a perpendicular as cd drawn from any angle 
will fall within the triangle. 

In the right-angled triangle adc, the angles A and acd are 

acute, and therefore (P. and R. 140,) ac is less than a quadrant. 

/By the same manner of reasoning from the triangle bdq, bc is 

less than a quadrant ; and because the angles A and abf ar^ 

acute, AB is less than a quadrant (P. and R. 140.) 

Second. This part is demonstrated (0. 139.). 

Third. If the three angles be obtuse, each side of a suj^Ie- 
mental triangle will be less than 90° (Prop. VI.) ; if the thre^ 
sides are less than 90°, the three angles will be aciite, by this pro- 
position, and the supplements of these three angles must neces-* 
sarily be obtuse ; but (X. 134.) they will be th^ sides of the ori- 
ginal triangle, the angles of which were all obtuse, <^ E. d. 

(G) Corollary I. In any spherical triangle having two 
obtuse angles and one acute, the sides are of the same species as 
their opposite angles^ 

Imagine the triangle aec to have an acute angle at A, and 
two obtuse ones at E and c ; then the triangle ceg has three 
acute angles, viz. the angle q is equal to the angle a, (Q. 131.) 
and the acute angles at e and c are supplements of th^ obtuse 
angles in the triangle aec (M. 130.) : 

But when the three angles are acute^ each side of the triangle 
CEG is less than a quadrant, therefore ae and ac, opposite to the 
obtuse angles c and e, are greater than quadrants, and cis 
opposite to the acute angle a, is less than a quadrant. 

y ' (H) Co^ 
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(H) Corollary II. If a spheincal triangle heme txoo sides 
each kssjemd one greater than a qiiadrant ; the angles wll be 
of the same species as their opposite sides, 
• In the triangle ahc, let ah and hc be each of tibem less than 
u quadrant, and ac greater; the supplemental triangltt to it 
(X. 134.) will have two obtuse angles and one acute^ aaotd conse- 
quently the side^ thereof, by this proposition, are of the same 
species as .their opposite angles : but the supplements of these 
sides are the angles of the original triangle ahc, therefore it has 
two acute angles hac, ach, and one obtuse, viz. ahc. 

(I) Corollary III. The reverse of this proposition is true 
in all its parts^ Viz. If the three sides be each less tlian a qua- 
j drantj each angle will be acute; if the three sides are each qua* 

drants, the angles will be right angles ; and if the three sides 
are each greater than quadrants^ the three atigles wUl be each 
obtuse* 

These follow from considering the suj^lcmental triangles 
(X. 134.). 



5 



PROPOSITION XVJII. 

(K) If two sides of a spherical triangle be i)f the same species y 
and the angle included acute, the third side is less than a qua^ 
drantj but if the two sides be of different species ^ and the included , 
angle obtuse y the third side is greater than a quadrant, Or^ 

When two angles are of the same species ^ and the included side 
greater than a quadrant y the third angle is obtuse; but if the 
two angles be of different species and the includec^side less than 
a quadrant, the third angle is acute. 

Demonstration. Let the tri- 
angles bac and bdc be right-angled 
at a and d, then will BC be less than 
a quadrant (Q. 140.); but as the arc 
ABD approaches nearer to acd, it 
will diminish the angles A and d, 
and ci will consequently be less ^ 

than CB, which has been proved to be less than a quadrant. 

In the triangle cid right-angled, suppose at i, when jed is 
greater and ic less than a quadrant, the other side, or hypothe- 
nuse, CD is greater than a quadrant (Q. 140.) 5 and as the angle 
DIG increases, viz. when it becomes equal to dig, the side DC 
increases till it becomes equal to DG ; hence the first part of 
the proposition is evident. And, 

In the second part, the supplemental triangle (X. 134.) will 
have exactly the same properties as the first part of this pro- 
position, q^ I. D« 

PROPeh 
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. PROPOSITION XIX. 

(L) In any right-an'gled spherical triangle abc, if the sides 
be produced J viz. Ac to i, ab to h, and bc to d, so that cr, cd, 
4i7id AH may be quadrants^ or each 90^/ and if from the point a 
as a polcy the great circle hgie bede^ 
scribed y and from the point c^asa pole, 
IDE be drawn of such a length that GE 
^nay be a quadrant; then shall the tri- 
angles cGF and EDF have their respec^ 
tioe sides and angles either equal to 
those of the triangle abc, or they will 
be complements of each other; and 
€ight right-aitgled spherical triangles 
will be formed, having (every two of 
them) equal angles at their bases. / 

Demonstration. - Since a is the pole of the circle hgte, 
AG and AH are quadrants and perpendiculars to fgh (H. ISO.): 
and the arcs fgh, fcb, being each of them perpendicular to 
ABH, are each of them quadrants, and f is the pole of abh : 
therefore the triangle cgf is right-angled at G ; CG is the com- 
plement of ac, cf of ijc^ bh, the complement of ab, is the 
measure of the angle f (D. 129.); and gh, the complement of 
FC, is the measure of the angle A - 

Secondly. The Irc ge being a quadrant, and perpendicular 
to CGI, E is therefore the pole of CGi, and Ei is a quadrant. 
The arcs cfd and CGi being quadrants, for c is the pole of ii>E, 
are perpendicular to ide, therefore the triangle edf is right- 
angled at d; ed is the complement of id, and id measures the 
angle acb equal to dci (N. 131.) •, df is equal to bc ; the hypo- 
thenuse ef is equal to the angle A, for it is equal to d the 
measure of A, and for the same reason fed is equal to AC, and 
efd is equal to the complement of ab. Lastly, 

The right-angled triangles abc, ahg, have the angle A com- 
mon ; FCC, fhb have the angle f commcm ; cgf, cid have the 
angle c common i and £Df^ eig have the angle e common. 

<^ E. D. 



CHAPTER 11. 

THE STEREOGRAPHIC PROJECTION OF THE SPHERE- 

(M) 1. Definition. The Stereographic projection of the 
sphere, i$ such a representation of the various parts of its sur- 

) u 2 facej 
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face, on the plane of one of its great circles, as would be formed 
by lines drawn from the pole or that great circle, to every point 
oSF the circle, to be projected, viz. 

Conceive a point E (Plate IV. Fig. 8.) situated any where on 
the surface of a globe, and at the same time a plane cd, to stand 
at right angles to an imaginary line eo, connecting the centre of 
the globe and the point e. Then, if an indefinite number of 
lines be supposed to be drawn from the point e, to every point 
of all the circles described upon the spherical surface, they will 
trace out upon the cutting plane CD a stereographical projection 
of the sphere. 

(N) 2. The plane on which the points, lines, and circles, of 
the sphere are represented, is called the plane of projection ; 
and the point from which all the lines are drawn through the 
several parts of the circles of the sphere, to this plane, is called 
the projecting point. 

(O) 3. T/ie primitive circle is situated in the plane of pro- 
jection ; and the projecting poiht, on the sphere, is one of the 
poles of this circle ; but on the plane of projection, the poles of 
the primitive are in its centre. 

(P) 4. A circle, the plane of which is parallel to the plane 
of the primitive, is called a parallel circle^ and is represented on 
the plane of projection, by a circle parallel to, and comprehend- 
ed within, rhe primitive. 

(Q) 5. A circle, whose plane is perpendicular to the plane 
of the primitive, is called a 7^igfU circle ; because, passing 
through the projecting point, its circumference becomes a 
straight line on the plane of projection. 

(R) 6. A circle whose plane is oblique to the plane of the 
primitive, is called an oblique circle. 

(S) 7. Lines drawp from the projecting point to every part 
of the circumference of a circle to be projected, will form the 
convex surface of a cone, whose vertex is the projecting point. 
Thus, if AB be the diameter of a circle to be projected, and e the 
projecting point, then abb will be a cone, of which E is the 
vertex. 

(T) 8. All writers on conic-sections have demonstrated, 
that if a cone be cut by a plane ab parallel to the base ab, the 
section will be a circle ; henqe it follows, that all small circles 
parallel to the plane of projection will become circles in the 
projection. And the radii of all projected small circles, parallel 
to the primitive, will be equal to the semi-tangent of their di- 
stances from the remotest pole; thus flo=oi is the tangent of 
jhe angle flEO, or the semi-tangent of the arc A^, where e is the 
remotest pole. 

(U) 9. It is also shewn by writers on conic-sections that if a/ 

scalene, 
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scalene 9 or oblique cone, be cut by a plane not parallel to the 
base, but in such a manner that the cone cut from the base 
towacds the vertex be equi-angular with the original cone, the 
section shall be a circle. 

Thus (Plate IV. Fig. 9.) if the cone abe be so cut by a plane 
CB, that the angle cob be equal to the angle bae, and dce 
equal to abe, then the section will be a circle, having cd for its 
diameter. And this is what is termed cutting a cone in a ^z«J- 
contrary position. 

Emerson's Conic Sections, Book I. Prop. 89th. 

PROPOSITION I. (Plate IF. Fig.lQ.) 

(W) Etery circle of the sphere which does not pass through 
the poles of the primitive y is projected into a circle. 

Let DC be the diameter of a circle to be projected on the 
plane of the primitive fb, from the point e. Lines from the 
point E to the circumference of that circle form a cone, whose 
triangular section is ced. 

Now the extremity c, of the diameter cd, will be projected 
into the point a, and the other extremity D into the point b 
in the plane of the primitive; therefore AB is the projected 
diameter. 

Through d draw nd parallel to fb, that is, perpendicular to Er, 
then will the arc e^ be equal to the arc ed ; and since an angle 
at the circumference of a circle is measured by half the arc on 
which it stands y the angle ecd will be equal to the angle ^de, 
or which is the same thing, equal to the angle abe, because ab 
is parallel to rfo. 

Hence the cone ecd is equiangular with the cone eba, and it 
is cut by the line AB in a subcontrarj/ positianj therefore (U- 
148.) the section is a circle. 

PROPOSITION II. f Plate IF. Fig. 11.) 

(X) The distance of the centre of any oblique great circle 

frmn the centre of the primitive y is equal to the tangent of the 

anglefonned on the .^fphei^Cy by that circle and the primitive: 

aiidthe radius of the projected circle is equal to Jhe secant of the 

same angle. 

Let E be the projectting point, fG the diameter of the primi- 
tive EF^G, and CD the diameter of a circle to be projected. The 
point c will appear at A, and d at B ; therefore, by the 1st pro- 
position, AB is the projected diameter. Bisept ab in p, and p 
will be the centre of the projected circle ^•aeb. 

Now CED=:cEB|L being an angle in^a semi-circle^ is a right 

angle I 
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angle; and epa and epb are likewise right angles; hence the 
triangles aeb, ape and epb are equiangular and similari <The 
angle ^pc is double of the angle ^ec, the one being at thfe cen- 
tre^nd the other at the circumference of j:he circle^ and for th« 
same reason ApE is double of a be ; but the angle ^ec has been 
shewn to be equal to abe, therefore epc=ppE, and cpF=PEp : 
and it is plain that vp is the tangent of pe/> to the radius of the 
sphere, therefore it is equal to the tangent of the angle cpf, 
which is the spherical angle formed by the circle CD and the 
primitive fg. 

It is very obvious thai a/>=e/7, the radius of the projected 
circle, is the secant of the angle pej5 or cpf. 

pRoposiTroN HI. (Plate LT, Fig. 11.) 

( Y ) The distaywe of the pole df any oblique great circle frotn 
the centre of the primitive^ is equal to the senii-tangent of the 
angle which that circle makes on the sphere with the primitive^ 

Let E be the projecting point, FG the diameter of the primi- 
tive, and CD the diameter of the circle to be projected. 

Make ^M=CF, then cm will be a quadrant ; draw mn, which 
will be the axis of cd ; and M,^ n, its poles. If em be joined, 
the pole M will appear at Vh in the primitive $ but pw is the 
tangent of the angle pew, or the semi-tangent of ^pM, or of its 
equal cpf. 

Likewise a line drawn from e through n, the other pole> will 
cut PF, produced beyond F, in the exterior projected pole. Now 
PF, produced to meet en, is evidently the tangent of the angle 
KE^, or the semi-tangent of nP6?, which is the supplement of the 
arc CM or of the arc cf. 

(Z) Corollary. It is also obvious that {av) the distance 
^f the projected cirde from the centre of the primitive, is the 
semi-tangent of the complement of (cf) the circlets inclination to 
the primitive. 

For AP is the tangent of the angle aep, which is the half of 
cve^ the complement of fpc. 

proposition IV. (Plate IV. Fig. 12.) 

(A) The distance of the centre of a small circle fperpen^ 
dicular to the primitive J from the centre of the primitive^ is 
equal to the secant of its distance from^ its own pole ; and the 
radius thereof is equal to the tangent of that distance. 

Let CD be the diameter of a small circle cutting the primi- 
tive at right angles, or, which amounts to the same thing, whose 
poles G and r lie in the circumference of the plane of projec- 
tion. Now AB is the diameter of its representative on the plane 
of projection fg; bisect ab in p, and describe the small circle 

* ACBD J 
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ACBD ; draw pc^ cv, and ecB ; then I say pc the radios of the 
small cinrlci is the tangent of the arc GCy the distance of the 
small circle from its pole g j and Tp is equal to the secant of 
the same arc. 

The angle pea is equd to the angle cba, because Ec^ being 
in a semi-circle is a right angle^ consequently ecb is also a right , 
an^e; the angle epa is a right angle^ aud pA£=cab, there- 
fore the remaining angle PEA=CBA,«=pcB, for pc=pB; but 
the angle pca is equal to P£ A, because PC is equal to pe, hence 
PCAs:/?cB, therefore the angle acb is equal to the angle pcp, 
but ACB is a right angle^ therefore pep is a right angle, and pc 
a tangent to the point c, or arc cc ; hence pp is the secant 
thereof. 

PROPOsiTioK V. (Plate IF. Fig. 13.) 

(B) The tangent of any arc of a great circle on the sur* 
face of the sphere^ drawn from any point towards the plane of 
projectioTiy will be projected into an equal straight line;-^iie 
secant of the same arc will be represented by a line equal to it-^ 
$elf: and any angle comprehended between ttvo great cijrles, 
passing through the same point , on the surface of the sphere^ is 
equal to the angle comprehended between their representatives 
on the plane of projection. 

. If the sphere be cut in halves by a plane abcd passing through 
its centre, and extending to an indefinite distance on all sides, 
in an horizontal direction \ and if from any point whatever (ex* 
cept that point exactly perpendicular to the plane) any number 
of tangents be drawn towards the plane, they will all fall upon 
it. For, if this plane be supposed to coincide with the plane of 
projection, or, which is the same thing, to be perpendicular to 
the projecting point e, it is evident that the secant pb, of any 
arc KG, will rail wholly within the plane, and be projected into 
a line equal to itself; but the secant and tangent of any arc will 
terminate in the same point ; therefore one extremity of the 
tangent must necessarily fall upon the plane. 

Let G be a point on the sphere, gb and gc tangents to that 
pointf meeting the plane in b and c, and let r be the projecting 
point ; then it is evident that gb will be projected into fb, and 
GC into Fc; and I say that gb=fb, gc = fc, and the angle cgb, 
the measure of the spherical angleiGK (R. 132.), is equal to the 
angle cfb formed on the plane of projection. 

For, let HG be drawn parallel to ak, and let ep^ be* drawn 
dirough the centre p, then og=oh (Euclid. III. and 3.)> and 
the angle egh is equal to the angle ehg. But the angle egb is 

equal 
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equal to the angle ehg (Euclid III. and 32), thefefore the angte 
ECB or FGB is equal to the angle egh or fgh» 

But HG is parallel to ak, and the angles fgh and gfk are 
equal to each other, being alternate angles (Euclid. I. and 29. )f 
thei^fore the angle fgb is equal to the angle gfb> and con- 
sequently (Euclid I. and 6), bg is equal to Bf. 

Exactly in the same manner it may be proved that cg=:cf* 
Now the triangles cgb and cfb have the two sides gb and 
GC> equal to the two sides fb and fc, and they stand on the 
same base bc> therefore (Euclid I. and 8.) the angle cgb is 
equal to the angle cfb, which was to be demonstrated. 

PROPOSITION VI. (Plate IF. Fig. II.) 

(C) The projected extr entities of the diameter of any circle 
mi the sphere^ inclined to the plane of projection^ are in that 
diameter of the primitive which is perpendicular to the project^ 
ing point: and distant from the centre of the primitive the sefui- 
tangents <fthe circle's nearest and greatest distance from that 
pole of projection^ opposite to the projecting point. 

For the diameter cd of a circle on the sphere inclined to the 
plane of projection Jn an angle cpf, is projected into the line ab 
fjnom the projecting point at e. But ap is the simi-tangent of 
cc the circle's nearest distance from the pole «, and pb is the 
semi- tangent of eD the circle's greatest distance from the pole Cm 
Hence the diameter ab is the sum of these semi-tangents, and 
p the centre, is half the sum. 

(D) Corollary I. Tlie projected diameter of a small chicle 
inclined to the plane of projection^ and encofnpassing the pole (e) 
of the plane of projection^ is equal to the sum of the semi-taji* 
gents of that circlets greatest and least distance from the pole of 
prq/eciion. 

For such a small circle may be conceived to be parallel to 
the great circle, and therefore its projected diameter will fall oa 
both sides of the pole p of the primitive. 

(E) Corollary II. 7^he projected diameter of a small 
circle inclined to the plane of projection^ and situated xn-helbj on 
one side of the pole (e), is equal to the difference of the se^ni^ 
tangents of that circlets greatest and least distaiicefrom the pole 
(e) of projection. 

For a small circle on the spliere whose diameter is mo, will 
fee projected into mp ; p^ is the semi-tangent of ro, the circle's 
^eatest distance from the pole ; vtn the semi^tangent of ^m, the 
circle's least distance from the pole ; and the difference between 
th#se seini-tangients is mp* 

(F) CoRoi,* 
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(F) Corollary III. The potnU where the projected diameter <f 
a great circle terminates^ are distant from the centre of the primitive^ 
the tangent and co-tangent of half the complement of the circlets in-^ 
clinathn to the primitive. 

For ce is the complement of fc the circle's Inclination to 
the primitive, and ap is the tangent of the half of c^, or the 
angle aep. And, because aeb is a right angle, peb is the com- 
plement thereof; but pb is the tangent of peb, that is, the tan- 
gent of the complement of aep, or the co-tangent of ^c^. 

PROPOSITION VII. (Plate F. Fig. 5.) 

(G) In any projected great circle^ inclined to the primitive^ the 
radius of the projected circle^ is to the radius of the primitive ; as 
the distance of the projected pole from the centre of the projected circle ^ 
is to the distance of the projected pole from the centre of the pri-^ 
mitive. ' 

Let EAfBC be the projection of a great circle cutting the pri- 
mitive enf^g in E and Cy and the line reproduced, in a and c; 
and let p be the centre of the primitive, and o the centre of 
the projected circle ; p the internal, and r the external pole of 
the projected circle. I say 

Eo : EP : : ^o : ^p ; or, eo : ep : : ro : rp. 
Join EO, E^, and Er; then the angle peo is the measure of the 
circle's inclination to the primitive ; for po is the tangent of peo 
to the radius of the sphere, and it is likewise the tangent of the 
circle's inclination to the primitive (X. 14?9.). 

The angle pe^ is the measure of half th^ circle's inclination 
to the primitive (X* 150.), therefore E^^^sects the angle peo. 

And, because Ep is perpendicular to Er (for p and r are the 
two poles), the angle rEp is equal to the angle pEK, being each 
of them a right angle; also PEp and pno have been shevni to 
be equal, therefore the angle VEp is equal to the angle oek. 

Consequently Ep makes equal angles internally, and tek equal 
angles externally v^rith the sides ep and eo of the triangle peo; 
Therefore (by Dr. Simson*s Euclid VI. and 3. and Proposition a.) 
EO : EP : : po : pp ; and, eo : ep : : ro : rp. 

(H) Corollary I. The line ro, comprehended between the centre 
of the projected circle and its external pole ^ is harmonically * divided 
by the internal pole of the projected circle, and the centre of the pri^ 
mitive. 



* Whea a straight line is divided into three such parts, that ihe whole is to the 
fatt part, as the third part it to the secondf it is said to be divided in barmonical 
ratio. 

X For 
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For EO : ep : : po : pp 
And EO : EP : : ro : rp 
Thertfore, BX -ffi^yo, ro : rp : : jW) : /?p 
(I)- Corollary II. Every projected great circle^ thaldng an 
angle with the primitive^ is greater than the primitive. 

Fdr the radius eo of the projected great circle ea^bc, is the 
jRecant of that circle's inclination to the primitive (X. 14-9.) ; and 
therefore is always greater ^han ep, the radius of the primitive. 

PROPOSITION VIII. "" (Plate V. Fig. 6.) 

\ (K) If through the internal projected pole of a great circle^ and 
the extremities of an arc of that projected circle^ straight lines be 
drawn to cut the primitive ; the intercepted arcs of the projected 
circle and the primitive ^ will be similar. 

Let EF^C represent the primitive circle, and 'Ei.Kehf the pro- 
jection of a great circle iiiclined to the primitive ; p the pole of 
the primitive, and f the internal pole of the projected great 
circle ; draw /)A, /?is, pK, and j»g, then will the arc Gk be similar 
to the arc al. 

For, it is obvious- that if a straight line be drawn from a point 
within a circle t6 meet the circumference, the angle formed at 
the circumference between this line and the radius, will be less 
than a right angle; therefore in the triangles PKp, jOLo, the 
angles PKp andjpLO are each less than a right angle. The angle 
ppK is equal to the angle Lpo (Euclid I. and 15.)» and the sides 
about the remaining angles at p and o are proportional (G. 153.), 
viz. PK : PJ5 : : OL ; opy therefore the triangles pPK and poL. are 
equiangular and similar (Euclid VI. and 7.), and consequently 
the angle PKp is equal to the angle poL. 

But equal angles at the centres of circles are subtended by 
similar circumferences, therefore the arc GK is similar to the 
arc AL ; and whatever part of the circumference of the pri- 
mitive CK is, the same part of the ci]x:umference of the project- 
ed circle will al be. 

(L) Corollary I. If straight lines he drawn from the pro ' 
jected pole of a great circle (towards the pole of the primitive ) to cut 
the projected great circle and the primitive ; the arc of the primitive 
intercepted between these lines ^ will be the measure .^ an arc on the 
Sphere^ represented by that part of the projected great circle intercepted 
between these lines. 

Let pF, pUy and pE be drawn ; fh will be the measure of a 
part of a great circle cn the sphere represented by tll; ami fe 
will be the measure of a part of a great circle on the sphere re- 
^present«d by- ae : 

i. For GK : al : xfim : ae (G. 153.)- 

Hence, 
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Hence, whatever part of the great circle E^ekfis represented 
by AE} the same part of the primitive Gm must represent 5 but 
A£ is the projection of a quadrant of a circle on the sphere, 
liaving the same radius as the primitive, therefore it must be 
measured by fe, and not Gm •, for the same reason al must be 
nieasured by fh and not by GK. 

(JM) Corollary II. Hence it follows y that all great circles ith- 
dined to the primitive ^ have equal arcs on the sphere^ represented by 
unequal arcs on the plane of projection. 

PROPOSITION IX. Problem. (Plate IF. Fig. 14.) 

(N) To find the pole of any great circle. 

I. The pole of the primitive aebd is the centre P. (O. 148.) 

II. Let UB be a right circle. Through p the centre of the 
priaiitive draw De perpendicular to dB, then d and e are the 
poles of AB. 

III. Let CA^ be an oblique circle. Through the centre of 
the primitive draw cpe, and mm at right angles to it, cutting 
the oblique circle in o ; draw ev through o, and make vw an 
arc of 90 degrees 5 join ew, then p is the pole. 

Or, the semi-tangent* of tHie complement ♦of po set from p^ 
to p, will give the pole (T. 150.). 1 

The pole of a small circle is the same with the pole of its 
parallel great circle. 

(O) The truth of this proposition is shewn at T. 150. ; for 
on, the measure of the angle c, is the complement of po, and 
the semi*tangent of on is applied from p to p. 

(P) PROPOSITION X. Problem, f Plate IF. Fig. 14.) 

Through any given point in the circumference of the primitive 
circle^ ta describe a great circle making any given angle with the pri" 
mitive. 

Let EflDB be the primitive circle, and c the given point. 

Through c draw cp^, and mpn at right angles to it ; make 
the angle per equal to the given angle, and draw cr ; with r as 
a centre, and distance re, describe the circle CAef, then ACB will 
be equal to the given angle. 

Or, Ms^e pr equal to the tangent of the given angle to the 
radius cp; or make cr the secant thereof. 

Or thus : Set off the- semi-tangent of the complement of 
given angle from P to o, and through the three points €oe de- 
scribe a circle. 

(Q) These constructions are obvious from X. 149. and 
Z. 150. 

* Tb6 commoin plain scale generally contains a line of lemi-tangents, marked 
S. T. See Book I. Chap. IV. page 16. 

(R) PRO- 
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(R) PROPOSITION xr. Problem. (Plate IF. Fig. 15.) 

Through a given point A in a right circle, IB, to deserihi a great 
circle CAe, waking an angle at k, equal to a given number of degrees. 

Draw DE at right angles to flb ; find the centre s or a circle 
which will pass through the three points dae. Through s draw 
dsm parallel to De ; with the centre a, and a radius equal to 
PB, describe an arc tvw, set oS bo from a scale of chords equal 
to the complement of the given angle a, and draw Aorf ; then 
d is the centre of the circle cke re<juired. 

{S) The truth of this construction may be shewn thus, s is 
the centre of the circle dae, and since all great circles cut each 
Other at a semi-circle's distance (C. 129.)) all circles passing 
through A must necessarily pass through the point G, and there- 
fore their centres must be somewhere in the line dm. Now 
dAe is a right angle, therefore sAe=cAB (N. 131.) taken from 
rfAe, leaves dAS the complement of the angle cab, agreeably to 
the construction. 

(T) PROPOSITION XII. Problem. (Plate IV. Fig. 16.) 

Through a givenpoint C, within the primitive, to dravu a great 
nrcU Ace making a given angle bac viith the primitive. 

From the centre p of the primitive, with the tangent of the 
given angle as a radius, describe an arc ; and from the point C, 
with the secant of the same angle as a radius, cross it in o. 
The point o is the centre, and oc is the radius of the circle Ace 
required. 

(U) The truth of this construction is shewn at X. 149. 

PROPOSITION XIII. Problem. (Plate W. Fig. 17.) 

(W) Through two given points vnthin the primitive, ,to drain a 
^reat circle. ' 

Let o and WJ be the two points. Through one of the points, 
as o, and the centre of the primitive, draw ab of an unlimited 
length towards b, and draw cd at right angles to ab. Join co, 
and produce it til! it cuts the primitive in v, through n draw the 
diameter -uw, meeting the circumference in U\ and from C 
through W, draw ckje meeting ab in e. Tben a circle de- 
scribed through the three points o, m, e, will be the great circle 
required. 

(X) The angle were being in a semi-circle is a right angle 
(Euclid III. and 31.), therefore the distances po, and pe, mea- 
sured on the line of semi-tangents are together equal to ISO 
degrees, consequently the point e is diametrically opposite to o. 
Mid omE is a great circle. 

proposition 
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PRf^POSITlON XIV. Problem. (Plate IF. Fig. 18.) 

(Y) Through a given pointy in any projected great circle^ to drama 
another great circle perpendicular to the given one. 

General Rule. Find the pole of the given circle (N. 155.) and 
through that pole and the given point draw a great circle (W. 
156.). For (I. 130 ) if one great circle pass through the pole 
of another, it cuts it at right angles. 

Or, I. The pole of the primitive is in the centre, therefore a 
dianaeter of the primitive always cuts its circumference at right 
angles. 

II. To draw an oblique circle perpendicular to an oblique circle. . 
Let BAB be the given oblique circle and a the given point, 

find p the pole of the oblique circle bad (N. 155.), and through 
the points p,and A, draw the great circle ECAp (W. 156.). 

III. To draw an oblique circle perpendicular to a right circle. 
Let HG be the right circle and A the given point, draw db " 

at right angles to HG, then b, and d, are the poles of hg ; 
through the three points b, a, d, draw the circle bad, and it 
will cut HG at right angles. 

PROPOSITION XV. Problem. (Plate IV. Fig. 19, 20, and 21.) 

(Z) ^bout any given pointy as the pole of a great circle y to describe 
a small circle at a given distance from that pole. Or^ at a proposed 
distance from a given great circle to describe a parallel circle. 

I. If the small circle be parallel to the primitive. With the 
semi-tangent of its distance from the pole p, (Plate IV. Fig. 19.) 
or radius PC, describe the circle cde. 

II. If the small circle be parallel to a right circle. Let the 
given right circle be ab, whose poles are c and d (Plate IV. 
Fig. 20.). Set off the chord of the small circle's distance from 
its pole, from c to w and 7ii ; or the chord of its distance from 
the right circle ab, from b to w, and from a to w ; and draw 
A7WF and KOJiy where these lines intersect the axis pf, in o and 
F, will give the two extremities of the diameter of the circle 
mon to be projected, the middle point e will be the centre. 

Or, Having found the points m and w, draw pn, and we at 
right angles to it, and it will cut the axis PC produced in e, the 
centre of the parallel circle ynon. (A. 150.) 

Or, Find the three points WJ, o, and w, as above, and draw a 
circle through them. 

III. If the small circle be parallel to an oblique circle. Let 
the oblique circle be dab (Plate IV. Fig. 21.). Find /? the 
pole of the oblique circle dab, and through /? draw ppE ; make 
"SLv and 'S.w each equal to the proposed distance from the pole, 

and 
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and draw oaf and uv, cutting the axis gf produced in o and t, 
the two entremitjes of the diameter of the circle ftwn to: be pro- 
jected, the middle point c will be the centre. 

Or, Find p the pole of the oblique circle DAB (N. 155.), and 
measure its distance pp from the centre of the primitive by a 
scale-of semi-tangents. Then add and subtract this distance to 
and from the complement of the parallel circle's distance from 
the oblique circle ; set off the sum, by a scale of semi-tangeDts> 
from P to F, and the difference from p to O; the middle point 
between o and f> {viz. c) is the centre. (D. 152.) 

PROPOSITION xyi. Problem, f Plate V. Fig. 1.) 

(A) ^hout any given pMitt, as the p<de of a great circle, to de- 
scriht a ^eat circle in a given primitive circle. 

I. If the given point be (p) in the centre of the primitive, 
the primitive is the great circle required. 

il. If the given point be (c) in the circumference of the 
primitive, through c, draw a diameter eve, and another £pb 
at right angles to it. Then, 6fb is the great circle required. 

111. If the given point be {p ) neither in the centre nor in the 
'circumference of the primitive. Through p, and the centre of 
the primitive, draw a straight line rPB, and cross it at right 
angles with the diameter ec, through p drjw ep-x, make wm 
equal to Kic, and through vi draw emr, then with r as a centre 
and radius re, describe the required great circle cAtf. 

(B) This problem is easily deduced from X. 149. 

PROPOSITION xni. Prahlem. (Plate V. Fig. 2.) 

(C) ?* measure any arc of a great circle. 
General Rule. Find the pole of the given circle {N. 155.)) 
from which draw straight lines through the ends of the arc to 
be measured, cutting the primitive in two points, the distance 
between these points aj^lied to a scale of chords, will give the 
measure of the arc. 

Or, 1. The pole of the primitive is the centre P, therefore 
my arc of the primitive is measured by taking the extent of the 
»rc (as be) and applying it to a scale of chords. 

H. To measure any part of a right circle as va, vp, pv, &c. 
From c the pole, draw caf, cee, cpg, cvw; then e/'apphed 
!o a scale of diords is the measure of pa, eg of fp, and ga 

^tpru. 

Or, va, vp, fv, applied to .the line of semi-tangents, will give 
:heir respective measures. And, it is evident that vp is the 

difference 
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differience between the ineastires of ?v, and Pp, and that ap is 
the sum of the measures of pa and Pp. 

III. To measure any part of an oblique circle as cr, ro, oUy 
&c. Find p the pole thus : draw cqfj make fg an arc of 90 
degrees, and join gc, then p is the pole. From p through r, o, 
a, nif draw^R, ^o, pA^ pu. Then ro, applied to a scale of 
chords, IS the measure of an arc on the sphere represented by 
ro s OA is the measure of an arc on the sphere represented by 
oa ; and am is the measure of an arc on the sphere represented 
by am, &c. (L. 154.). 

PROPOSITION XVIII. Problem. (Plate V. Fig. 2.) 

(D) -To cut any number $f degrees from the arc of a great 
circle \ or^ from a given pointy in a projected great circle^ to cut off 
an arc equal to a given are. 

This proposition is the reverse of Prop. XVII. 

I. If the projected great circle be the primitive whose pole 
is p, and e the given point. Take the number of degrees in 
the given arc from a scale of chords and apply the extent from 
c to by then eb is the arc required. 

II. If the projected great circle be a right circle (as x&) whose 
pole is c, and a the given point. From the pole c, through % 
draw cafy make^ equal to the given arc, by a scale of chords, 
and join c^, then will pa contain the required number of 
degrees. 

Or, Any number of degrees may be cut from x\ by the 
&:ale of semi-tangents, in the same manner as the arcs were 
measured in the XVIIth Problem. 

III. If the projected circle be an oblique circle (as cac) whose 
{K>le is py and o the given point. From p through o draw pooy 
^ake OR equal to the given number of degrees, and join ^r, 
then or wijl contain the number of degrees required. 

* 
PROPosiTioig XIX. Problem, (Plate V. Fig. 3.) ^ 

(E) Af^ great circle CAe in the plane of projection being given : 
io describe anoiher great circle bad, which shall cut the given circle 
'CAe> and also the primitive in any assigned angles. 

About the pole p of the primitive describe the parallel circle 
710, at a distance equal to the angle which bad is required to 
make with the primitive (Z. 157.). About ^, the pole of CA«f, at 
a distance equal to the measure of the angle which bad is re- 
quired to make withcA^, describe the parallel circle a&(Z. 157.) 
cutting no in d. 

About d as a pole describe the great circle bad (A. 158.}, 

cutting 
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cutting the primitive in B> and cie in A : then bad is the great 
circle required. 
(F) This construction is evident from Q. 131. 

PROPOSITION XX. Problem. (Plait V. Fig. 4.) 
(G) To measure any spherical angle. 

General Rule. Find the poles of the two great circles which 
form the angle (N. 155.). Straight lines drawn from the an- 
gular point through these poles, will cut the primitive in two 
points ; the distance between which, applied to a scale of chords, 
will give the measure of the required angle. 

The truth of this appears from Q. 131. 

Or, I. If the angular point be at f, and rpv, the angle to be 
measured, then VT, rv are quadrants ; and as a spherical angle 
is always measured on the arc of a great circle at a quadrant's 
distance from the angular point |(R. 13S.), rv applied to a scale 
of chords is the measure of the angle r^v. 

n. If the angle be formed by the primitive, M>d an oblique 
circle, u oce. 

Find m the pole of CAe, and from c draw cviw j and through 
p, the pole of the primitive, draw cpe, then we applied to a 
-«cale of chords gives the measure of dch. To measure ocp, 
the angle formed by the right circle cpe, and the oblique circle 
CAc ; through 7«, the pole of cAe, and r, the pole of cpc, draw 
cw, and cr ; then wr applied to a scale of chords is the mea- 
sure of OCP. 

Or, The arigle oce may be measured by the Hne of semi- 
tangents ; thus, let OE be applied to the scale of semi-tangents . 
from 90 towards the left hand, the number of degrees con- 
tained between the points of the compasses, will be the mea- 
gre of oce; and to, applied to the scale of semi-tangents, 
from the beginning of the scale towards 90, will give the 
measure of ocp. 

III. If the angle be formed by two oblique circles, as cAe and 
BAD. 

Find TO the pole of cAC, and n the pole of bad (N. 155.). 
From the angular point a, through m and «, draw kms and 
A7ID, cutting tlie primitive in J, and V ; then sv, applied to a 
scale of chords, will give the measure of the angle bac, or of 
its equal CAH. 
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CHAP. I!I. 

IMTSSTICATION Of GENERAL RULES FOR CALCULATIHO TH« 
SIDES AND ANSLES oV RIGHT-ANGLED SPHERICAL TKIAM- 
CLE5, AND THE LOGARITHUICAL SOLUTIONS OF ALL THK 
CASES. 

VftOPOSITIpN XXI. 

(H) In any right-angled spherical triangle. 

Radius, is to t& sine of any side ; as the tangent of the adi 
jacent angle, is to the tangent of the opposite side. , 

Demonstkation. Let aec be a 
spherical triangle, right-angled at A. 

rad : sine ab : : tang Z. b : tang AC. 

For, let D be tiie centre of the 
sphere, and draw the radii dc, da, 
and db; also from the right-angle 
A, in the plane DBA, draw AB per- 
pendicular to DB, and it' will be the 
une of the arc ab. 

At the point £, in the plane dbc, 
draw £F perpencUcuIar to DB) th^n 

will the angle FEA be the inclination of the planes dba and 
DBC, and consequently (D. 129.) equal to the spherical angle 
CBA. 

Draw AF from the point A, a tangent to tHe arc ac, and pro- 
duce the radius DC to f; then since tbe arc AC is perpendicular 
to the plane dba (for by hypothesis it cuts the arc ab at right- 
anf^es), af will be perpendicular to ae. 

Because AC is less than a quadrant, and da, DB, and ab, arc 
in the same plane dba, and that ef is at right-angles to DB (bj 
construction); dc cannot likewise be at right-angles to db. 
Therefore DC and ef being in the same plane dbc, and not pa- 
rallel to each other, must meet. 

The plane triangle fae is right-angled at A ; the perpendicular 
AF is a tangent to the spherical perpendicular AC ; the base ab 
is the sine of the spherical base ab^ and the angle fba is equal 
to the spherical angle abc. 

Hence, rad : ae : : tang FEA : af. 

Tiat is, rxd : we ab : : tang abc : tang ac. ^s.d. 



(I) ScH«- 



GU4EKAL KULE* FOl 



(I) Scholium. 




The foregoing proposition is of con- 
»derable importance in spherical trigo- 
nometry, and therefore ought to be 
clearly understood. — It will perhaps be 
of advantage to some students, to illus- 
trate the nature of it in a mechanical 
vfAy i in order to render the fjreceding 
demonstration more perspicuous- 

Upon a piece of pasteboard, with any radius describe a circle, 
make ac of any length less than a quadrant ; draw af perpen- 
dicular to the radius ad, and draw dcf through c ; let ab be of 
any length less than a semi-circle, and draw db. Froni A draw 
AEF cutting BD at right-angles, make df equal to DCF, and 
draw BG a tangent to bd. 

Then cut out the figure fabgfdcf, next cut the back of the 
line AD half through, do the same with the line db, and raise as 
till it is perpendicular to the plane adb ; then raise up the plane 
DEBGF, so that the points f may coiDcido) and you will luve a 
plane triangle fae right-angled at A, which will shevt the nature 
of the problem as clearly as possible. 

PROPOSITION XXII. 

(K) In any right-angled spherical triangle. 

Radius, is to the sine of the hypotkenuse, as the sine o/" am/ 
angle is the sine of its opposite side. 

Demonsthation. Let abc be a 
spherical triangle, right-angled at a 

rad : sine Bc : : sine ^b : sine AC 

For, let D be the centre of the 
sphere, draw the radii dc, ob, and 

DA. 

In the plane dec draw CG perpen- 
dicular to DB, and it will be the ^e 
of the hypothenuse bc. 

Tiora the point a in the plane dba, dra\4' eu perpesditular 
to DB, and join CH ; then {H. 161.) GHc will be a rigkt-aagl^ 
and the. angle cgh wilt be equal to the sf^erical angle Abc. 

The plane triangle GHc is right-angled at h, the hypothenuw 
CC is the sine of the spherical hypothenuse bc ; the perpendi- 
cular CH is the sine of the spherical perpendict^ir AC, acd the 
angle ccH b equal to the spherical angle abc. 
Hence, 

Radius : go : : lioe cgh : ch; that Is, 

Radius 
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Radius : siw of the bypoth. bc : : sine of the angle cba: 
Sine e{ the perpendicular Aip. Q.E.IX 

(L) Scholium, 

This proposition may perhaps be rendered more familiar to 
the understanding by a mechanical illustration. 

Upon a piece of pasteboard, with any 
radius describe a circle, make BC, the hy- / 
pothenuse of any length less than a qua- •' 
drant y and draw the radii bd, cd $ from \ 
c draw CG at right-angles to bd ; set off \ 
AB of such a length that when cG is pro- 
duced it may cut ad somewhere, as in H^ 
at H erect the perpendicular Hc, afid let Dc be drawn. 

Cut out the figure cdcabc, then cut the lines ad and bd half 
through^ as in the xxist problem, raise the plane adc perpendi- 
cular to the plane adb, and the plane bdc, till the points c coin- 
cide; you will then have a right-angled plane triangle chg^ 
from which the whole proposition will appear exceedingly 
simple and easy* 

PROPOSITION XXIII. 

(M) In any two right-angled spherical triangles, having the 
same acute angle at the base, 

The sines of their bases have the same ratio 
to each other as the tangents of their perpen- 
diculars ; and^ the sines of their hypothe- 
nuses have the same ratio to each other as the 
sines of their perpendiculars. 

Demonstration. Let the right-angled 
spherical triangles abc and ahg, have the 
acute Z. A common. 

Radius : sine ab : : tang, a : tang. bc. (H. 161.) 
Radius : sine ah iitang. A : tang. hg. (H. 161.) 
E:^ aequali, sine ab : sine ah : : tang, bc : tang. HG. 
Radius : sine AC : : sine A : sine BC. (K. 162.) 
Radius : sine AG : : sine A : sine hg. (K. 162.) 
Ex aequali, sine AC : sine AG : : sine BC : sine HG. Q.E.D. 

SCHOLIUM. 

(N) The different cases or varieties that may happen in the 
solution of right-angled spherical triangles, wherein two things, 
together with the right-angle, are always given to find a third; 
are in all sixteen, and from this proposition, alope (by produ- 

T 2 cing 




164 ' GKVERAL RULtS lOK BooK lO. 

cing the sides of the triangle to quadrants (L. 147.) the whole 
may be solved. The five following corollaries) or cases, indnde 
the whole practice of right-angled spherical trianglesj aod ut, 
the foundation of Baron Napier's rules. 

Case I. Sine ah : sine ab : : tang gh : tang bc (M. 163.) 

Viz rad:sine Ai(::tangA :tangBC(L. 147.) 

But rad : tang : : cot : rad (Z. 97.) 

•<• Cot A : rad : : sine AB : tang bc 

Also, rad: sine AC :: sine c: sine ab (K* 163.) 
Case II. Rad: sine fiC ::tangc :tang ab (H.161.) 

But, rad : tang : : cot : rad (Z. 97.) 

'.* Cot c : rad : : sine sc : tang ab 

Sine AG : sine AC ::sineHG :sineBc(M. 168.) 

/^I'z. rad : sine Ac:TsineA :sineBc(L. 147.) 
Case III. Sine ei : sine ed : : tan^ iG : tang df (M. I6S.) 

Vix. rad :cos c : : tang AC :Ung bc (L. 147.) 

But, rad: tang:: cot: rad. (Z. 97.) 

■.• Cot AC : rad : : cos c : tang bc. 

Sine DC : sine id : : sine CF : sine fg (M. 163.) 

FJfz. rad : sine c : : cos ec : cos A (L. 147) 

Orj rad : sine A : : cos ab :co s c 
Case IV. Sine FH:stne FG::tang EH:tangCG(M. 163.) 

Fiz. rad : cos a : : cot «b : cot Ac (L. 147.) 

But, rad : cot : : tang : rad (Z. 97.) 

.'. Tang AB : rad : : cos A : cot AC 

Sine CF : sine CD : : sine pg: sine m(M. 163.) 

Fix. CDS BC : rad : : cos a : sine C (L. 147.) 
Case V. SinecG :sineci : : tang FC : tang di (M. 163.) ' 

Fiz. cos AC : rad : : cot a : tangc (L. 147.) 

But, rad : tang : : cot : rad (Z. 97.) 

'.■ Cos AC : cot A : : cot C : rad 

SineBH : sine CG :: sine FB :sine cr(M. 163.) 

Fix. cos AB : cos Ac : : rad : cos bc (L. 147.) 
(O) If the extremes and means of each case be multipL'ed 
together, we shall obtain the same equations as are produced 
by Baron Napier's rules. 

I, Rad X sine AB=rtangECX cot A 
Radx sine AB=sine Acxsinec 

II, Radxsine BC^tang ABXcot C i 
Radxsine BC=sine ACXsineA 

III. Rad X cose = cot Ac xtangBC' 
Rad X cose = sine A xcosab 

IV. Rad X cos A =::cotAc xtangAB 
Rad X cos A =cos BC x sine c 
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V. RadxcosAC rrcotA xcotc 
Rad X cos AC =cos ab x cos bc 
(P) If we use the notation of Legendre*, and call the hyw 
pothenuse b, the base c, and the perpendicular a^ and their op- 
posite angles B, c> and a^ the equations maf be thus expressed. 

I. Rad X sine r — tang a x cot a =sine b x sine c 

II. Rad X sine ^ntangfi xcotc =sine^xsineA 

III. Rad X cos c =cot b x tang flf=cos c x sine A 

IV. Rad X cos A =cot i xtangr=cosfl xsinec 
V.f Rad X cos b =cot a x cot c =cos c x cos a 

Any two of these quantities, together with the rig^t-angle^ 
being given, the rest may be found. 

BARON NAPIER's UNIVERSAL #RULES FOR sbJLVING RIGHT- 

ANGLED SPHERICAL TRIANGLES. 



PROPOSITION XXIY. 

{Q) I. Radius x sine of the middle part=rectangle of the 
tangents of the extremes when conjunct. 

And, 

II. Radius x sine of the middle part^rectangle of ike cosines 
of the extremes when disjunct. 

Observing to use the complements of the hypothenuse and 
angles. 

EXPLANATION OF THE RULES^ 

In every right-angled spherical triangle there are IIVE cir- 
cular PARTS, exclusive of the right-angle, which is not taken 
into consideration : and these five parts are the hypothenuse, 
the two legs or sides, and their opposite angles; they are called 
circular parts, because the measure of each of them is the arc 
of a circle. 

Now in every case proposed for solution, there are three of 
these five parts concerned, viz. two given and a third required. 



* Elements de Geometrie, page 380. 
f A late writer OD trigonometry, after telling us in his preface that the welt 
known rules of Napier, called thepiTE circular parts, are^**tao artificial 
and restrit'ted to be generally employed in the present advanced state of the 
science;'' gives the rules above, and actually solves all bis cases of right-angled 
spherics by them, thous:h they are exactly the same as those' of Napier, but 
less commodiously expressed. And, whatever improvements may have been 
made in trigonometry, either by the English or foreign mathematiciani*, it it ^ 
certain truth thM, '* Mathematical science cannot boast of a neater oompea* 
dtum of results, or a more valuable aid to the memory of the student,*' tfaaa 
Napier's roles. Vide Monthly Review, vol. JLIU.^p^e 8$0. , ^ 
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It is therefore obvious that when the three parts foUotr each 
other in a successive order, the middle one is the mitUle party 
and the two others the extremes conjunct, that is, joined to the 
middle part. 

Suppose in the triangle abc, that ~ 

the angles a and C, and the hypothe- 
nuse AC are the parts concerned, it is 
evident AC is the middle part, and that 
A and c are joined, or adjacent to 
AC, and therefore are eonjunet. 

Again, if the three parts do not 
follow each other in a successive 
order, that which is not connected 
with either of the other two i^ inva- 
riably called the middle part} and the other two, which are not 
connected with it, are called the exlremei disjunct; that is, not 
joined to the middle part. 

Suppose the hypothenuse Ac, the base ab, and the perpendi- 
cular Bc, the parts concerned; ac will be the middle part, for 
it is not connected either with ab or bc, the angle a inter- 
vening in the former case, and the angle c in the latter; the sides 
AB and BC are txtretnes disjunct, that is, not joined to ac, because 
of the intervention of the angles a and c, but the sides ab and 
HC are considered as Joined though the right-angle b is between 
them, for, as we have before observed, it is excluded, or not 
taken into consideration. 

It must be remembered that, in speaking of the hypothenuse 
or either of the angles as a middle part, or extremes conjunct or 
disjunct, their complements are to be used ; but when we speak 
(tf the sides or legs, their complements are not to be used, but ' 
the real sides or legs. j 

Hence the middle part must universally be either the base 
AB, the perpendicular sc, the complement of the angle c, the 
complement of the angle a, or the complement of the hypothe- 
nuse AC, that is, it must be some one of the five circuhur parts. 

(R) Case I. First, let ab, bc, and the angle a be Ike parts 
under consideration, in the triangle abc. 

Here the three parts are joined together, because the right 
angle fi is not regarded. — Therefore ab is the middle part, BC, 
and the complement of A, are the extremes conjunct. 
Hence, rad x sine A6 =tang fic x cot A. 

5EC0NDLT. Let.jiS, AC, <fnd (he angle c be ihemrts under 
coifsideralion, in the tiyangle i»c. 

"Dm 
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The base ab is still the middle part f for it is not connected 
either with ac or the angle c, therefore these parts are the ex^ 
tremes disjunct ; the former being separated from ab by the 
angle a, iand the latter by the side bc. Here we apply the 
second rule, recollecting that the cosine of the complement of 
an angle, or the hypothenuse, is the sine itself. 
Hence, rad x sine AB=sine AC x sine c. 

(S) Case II. First, Let ab, bc, and the angle c, be the 
parts under consideration ^ in the triangle abc. 

This is exactly like the first part of the preceding case; the 
three parts are connected, bc is the middle part, ab and the 
complement of c are the extremes conjunct. 

Hence, rad x sine BC=tang ab x cot c. 

Secondly. Let bc, the hypothenuse ac, and the angle a, be 
the parts concerned in the triangle abc. * 

This is similar to the second part of the preceding case; the 
perpendicular bc is still the middle party for the angle c sepiarates 
it from AC, and the side ab from the angle a : therefore ac and 
the angle A are extremes disjunct^ that is not joined to BC the 
middle part. Here we must apply the second rule, taking carq 
to remember that the cosine of the complement of the hypo- 
thenuse, or an angle, is the sine itself. 

Hence, rad x sine Bc =sine ac x sine A. ^ 

(T) Case III. First, Let bc, ac, and the angle c, be tha 
parts under consideration y in the triangle abc. 

The three parts follow each other, without the intervention 
of any other quantity ; therefore the complement of c is the 
tkiddle party Be and the complement of AC are /the extremes con^ 
juncty that is, joined to the angle c. * 

Hence, rad x cos c=cot Acx tang bc. 

Secondly; Let ab, the angle a, arul the angle c, be the parts 
under considerat^n, in the triangle abc 

The complement of the angle c is here the middle party being 
separated from the angle A, by ac ; and from the side ab, by 
the perpendicular bc; therefore j ab and the complement of tl;^ 
angle A) are the extremes disjunct, or not joiiied tp c. 
Hence, rad x cos c=sine AX cos ab. 

(U) Case IV. First^ Let ab, ac, and the angle a, be the 
parts under consideraiiofiy in the triangle abc 

This is exactly similar to the first part of case 3d. 
The comfdement of the angle a is the middle party ab, and 

thft 
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he compleinei\t of ac, are the extremes conjunct, that isj ther 
tre joined to the angle A. 

Hence, rad x cos a =cot ac x tang ab. 

Secondly. Let bc, the angle a, and the angle c, betkepartt 
mder considtralion, in the triangle abc. 

This is exactly of the same nature with the second part of 
he 3d case. The complement of the angle A is the middle 
'art 1 BC, and the complement of c, ape the extremes disjunct, 
he former being separated from the middle part A, by the base 
lB, and the latter by the hypothenuse AC. 
Hence, rad x cos A = cos bc x sine c. 

(W) Case V. First, Let the hypot/ienuse ac, the an^le a, 
nk the angle c, be the parts under consideration, in the triangle 
,BC. 

The three parts ftJlow each other; therefore the comple- 
nent of Ac is the middk part, the complement of A and the com- 
ilement of C are the extremes conjunct, that is, they are joined to 
be middle part ac. 

Hence, rad X cos Ac=cot Axcot c. 

Secondly. Let the hypothe}iuse ac, the base ab, and the per- 
endicular sc, be the parts under consideration, in the triangle 

.BC. 

The complement of AC is here the middle part, being sepa- 
ated from ab by the angle a, and from Bc by the angle c i 
berefbre ab and bc are the extremes disjunct. 
Hence, rad x cos Ac=cos abxcos bc 



The preceding cases include all the varieties that can possiblj 
Appen in the practice of right-angled spherical triangles. 

Any of the equations may be turned into a proportion by 
Utting the required term last, that with which it is connected 
irst, and the other two in the middle in any order. Thest 
quations are exactly the same as those already given (0. 1 64.} 
nd therefore Napier's rules are universally true. 

SHEKAL rules for the solutions of all THS DirPBREMT 
CASES OF RIGHT-ANGLED SPHERICAL TRIANGLES. 

Every s{^erical triangle consists of six parts, three sides, and 
iree angles ; any three of which being given, the rest may be 
)und. 

In a right-angled spherical triangle, two given parts, besides 
tie right angle, are sufficient to detennine the rest. 

The 
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liie questions arising from a variation of the given and re- 
<]uired parts are 16^ but if distinguished by tae iata^ tb« 
number of cases is 6. 

THE GIVEN QOINTITIES ARE, EITHER 

1. The hypothenuse and an angle. 

2. The hypothenuse and one side. 

3. A side and its adjacent angle. 

4. A side and its opposite angle> 

5. The two sides. 
S. The *o angiesi 

(X) RULE t. 

Draw a rough figure as in the margin} 
and let ag, ah; pb, fh; ci, cd; ei, eG) 
be considered as quadrants, or 90° each ; 
then you have eight right-angled spherical 
triangles, evefy two of which will have equal 
angles at their bases: And the triangles CGF 
and eDf will have their respective sides and 
angles either equal to those of abc, the tri- B ^ 

angle under consideration) or they will be the complements 
thereof. (L. 147.) 

Then, 

In trianglet having equal aaglts at their tases. The tines ofthAr 
isiei have the same ratio to each other, as the tangents of thtir per- 
pendiculars. 

And, 

The sines of the hypotherluses have the same ratio to each ether, at 
the sines of the perpendimlari (M. 163.) 

(Y) Illustration. \st. In the triangles ABC and AUG. 

1. Sine AG isineAd : ; sine hg : sine ec. i and these are propor- 

S. Sine AH: sine as:: tang >iG: tang BC. t tional by inversion. 
2d. In the triangles FGC and FHB, 

5. Sin. BH : sine CG : : sine ,» : .in. PC. j j i,„rsely, to:. 

4. Sme FH : sme eg : : tang BH : tang CG. t ' 

Sd, In the triangles CGF and ClD. 

5, Sine Dc : sine fc : : sine id : si 
sine CI : : tang fg : ta 

4th. In the triangles EDf and eio. 

7. Sine ei : sine ed : : tang iG : tang df, and inversely, &c. 

The student must remember that abc is the proper triangle 
in the preceding proportions, and that sine ^^t sine ah> &c 
are each radius. 
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BH IS the complement of the base AB. n In any of these 
CG is the complement of the hypoth. AC. I cases^ for sine, or 
re is the complement of the perp. bc. Vtangent, write co- 
FG is the complement of the angle a. i sine, or co-tan- 
ED is the complement of the angle c. y gent. 
HG=£F is the measure of the angle A. 
ID is the measure of the angle c. 
1G=AC the hypothenuse^ and df=sbc the perpendicular. 

Since AB and bc are perpendicular to each other, either of 
them may be considered as the base, and to avoid a number of 
different figures it will sometimes be necessary to make a and 
C change places, as is done in some of the succeeding cases ; 
then, in considering these remarks, where AB occurs read BC^. 
and instead c^the angle A read c^ and the contrary. 

(Z) RULE II. BARON NAPIER's RULES. 

1 . In every right-angled spherical triangle there are five part^^ 
exclusive of the right-angle, which is not taken into considera^ 
tion : and these five parts are the hypothenuse, the two sides or 
legs, and their opposite angles. Now in every case proposed for 
solution, there are three of these five parts concerned, that is, 
two given (together with the right-angle) and a third required. 

2. If the three quantities under consideration, viz. the two 
which are given and that which is required, are joined together, 
or follow each other in a successive order, without the inter- 
vention of a side, or angle, not concerned in the question; the 
middle one is called the middle part^ and the other two the ex' 
tnmes conjunct, because they are joined to the middle part. 

3. If only two of the three things under consideration are 
connected, or joined together, they are invariably called extremes 
disjunct, that is, not joined to the middle part, and the other 
term which is not joined with them, is called the middle part. 

Then, 

4. Radius X sine of the middle part = rectangle^ or product, of th 
tangents of the extremes when they are conjunct. ^ 

5. Radius X sine of the middle part =: rectangle, or product, of the 
cosines of the extremes when they are disjunct. 

Observe to write cosine or co-tangent, instead of sine or tan- 
gent ; and sine instead of cosine, &c. when you make use of 
either of the angles, or the hypothenuse 5 but not when you 
use the sides or legs. 

6. Having found which is the middle party and written the 
terms down as expressed in one or other of the above rules, ac- 
cording as the extremes are coi%junct or disjunct, turn the terms 
into a proportion, thus: Put the required term last, that with 

which 
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which it i» connected ^rj^, and the remaining two in tiie mid- 
dle in any order. 

(A) RULE III. 

1. Radius X sine of either side=sine of the opposite angle X 
sine of the hypothenuse. 

2. Radius X sine of either side = tangent of the other sidex 
cot of its opposite ^ . 

3. Radius x cosine of either of the angles = tangent of the 
adjacent side x cot hypothenuse. 

4. Radius X cosine of either of the angles = sine of the other 
angle x cosine of its adjacent side. 

5. Radius X cosine of the hypothenuse = cot of one angle x 
cot of the other z. . 

6. Radius X cosine of the hypothenuse = cosine of one side X 
cosine of the other side. 

Then put the required term last, that with which it is con- 
nected first, and the remaining two in the middle in any order, 
and you will have a correct proportion. 

Note. This rule is the same as Baron Napier's (O. 164.) 



OF THE different SPECIES OR AFFECTIONS OF RIGHT-ANGLED 

SPHERICAL TRIANGLES. 

(B) I. When the hypothenuse and an angle are givert, 

1. The side opposite to the given angle, is of the sanje species 
with the given angle. 

2. The side adjacent to the given angle, is acute or obtuse, 
according as the hypothenuse is of the same, or of different 
species with the given angle. 

3. The other angle is acute or obtuse, according as the hypo- 
thenuse and the given angle are of the same or of difierent 
species. 

(C) II. When the hypothenuse and one side are given, 

1. The angle opposite to the given side, is of the same species 
with the given side. 

2. The angle adjacent to the ghen side, is acute or obtuse, 
according as the hypothenuse is of the same or of different spe- 
cies with the given side. 

8. The other side is acute or obtuse, according as the hypo- 
thenuse is of the same, or. of different species with the given 
side. 

(D) III. When a side and its adjacent angle are given. 

1. The other angle is of the same species as the given side. 
^, The other side is of the same species as the given angle« 

z 2 3. The 
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S. The hypothenuse is acute or obtusBi according as the giixn 
angle b of the same or of different species with the given side. 

(E) IV. fViien a side and its t^posite angle are given. 

The required parts are always ambiguous or doubtful, that 
isi they may be either greater or less than 90°, and therefore 
jidmit of two answers. 

(F) V. When the ivx} sides, containing the righi-ang}e,Mre given, 

1. Each angle is of the same species as its opposite side. 

2. The hypothenuse is acute or obtuse, according as the 
aides are of the same or of different species. 

(G) Vi. When the two angles, adjacent to the hypothenuse^ art 
given. 

J. Each side is of the same species as its oj^osite angle. 
2. 'Ihe hypothenuse is acute or obtuse, according as*'tlie 
angles are of the same, or of different species, 

(H) Case.I. Given the hypothenuse and an angle, tojind 
the stde adjacent to the given allele. 

Example. In the spherical triangle abc. 
p. jThe hypothenuse 4c=7S°20'"l Required thea(\jac?nf 

■ '''™" X The angle A = 3-!°25' / leg AH. 

BY NAPItn's ROLE. 

The complement of the angle a is the middle part, ab and 
the complement of Ac are the e^tretnes (wyunct, or joined to 
the middle part. * 

Rad X cos A = tang ab x cot ac. 
cot AC - - - =7S°.20' - - 9-314S9 
radius, sine of - 90° - - XO-OOOOO 
:cos ilA - - =37°.25' -9-8999S 
tangAB - - =n&°25' - 10<S8506 
Here ii'B is acute, (B. 171,) 

BT RULE I. 

Sine EI : sine £d : : tang ig : tang dv. But Ei is radius, 
D] the measure of the angle a, and ed its complement, iG=ACj 
and DF=AB. Hence, 

rad : cos /.A : : tang AC : tang ab. 

BT CONSTRUCTION. f Plate V. ^ig. %,} 

1. With the chord of 60 degrees describe the primitive 
circle j and through any point a in the primitive, draw a great 
circle ACf, making an angle BAc=:37=.25' [V. 155-). 

2. Set off the hypothenuse 78''.20' from a to m, GnAp the- 
-pole of the oblique circle Ace(N. 155.); join /m, and through 
the point c, where it cuts A?e, ^nyr bpti ,■ then abc i; th« 
triangle re<[uired, 

ft 
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To measure the required parts* 

3. AB applied to a scale of chords gives the measure of AB=at 

4. Take bc in your compasses, set one foot of the compasses 
on 90° on the scale of semi-tangents, and the other towards the 
left hand of the scale, the degrees between the points =36*^.31' 
will be the measure of bc. 

5. Produce mp to b^ and find a the pole of /iPB (N. I55*)t 
then ab applied to the scale of chord9*^iU be the measure «f 
the angle c=8lM2'. . , * 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 

p. CThe hypothenuse Ac=6i°.4?'.56' 7 Required the ad- 

y iven ^ ,j,j^^ ^^^^1^ ^ = 6 1 . 50.29. 5 jacent leg ab. 

Answer. AB = 40^ 30'.20". acute, (B . 17 1 . ) 

2. In the right-angled spherical triangle abc 

p. CThe hypothenuse AC=ll3^55' \ Required the adjiii 

Oiven ^xheangleA = SRSl'.j cent leg ab. 

Answer. AB=117^S4'. obtuse, (B. 171.) 

(I) Case II. Given the hypothenuse and one angle^ io find ti§ 
side opposite to that given angle. 

Example. In the right-angled spherical triangle ABC. 
p. CThe hypothenuse ac =78°.20'. *) Required the oppo* 

^7iven ^xheangleA =57°. 25'. 5 site leg Be. 

BY NAPIER's rule. 

Here BC is the middle part^ and the complement of Aj and th* 

■complement of ac are the extremes disjunct \ that is, not joined 

to the middle part, because of the intervention of ab and tha 

angle c, 

* . 
Rad X sine Bc=sine AC x sine A. 

Radius, sine of - - 90** - - 10-00000 

; sine ac - - - =78*'. 20' - - 9-9909S 

;: sine of Z.A - =37^^5' - - 9-78362 

jsineBC - - - =36°.31' - - 9-77455 

Here bc is acute^ (B. 171.) 

BY RULE I. 

Sine AG ; sine AC : : sine H6 : sine bc. But AO is radius, and, 
HG is the measure of the angle A ; hence, 
Rad. : sine ac : : sine a : sine bc. 



BY CONSTRUCTION. . 

See the cpnstructiQjn of Case L {H472.) 

PRACTXCAXi 
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PKACTICAL EXAMPLES. 

1. In the right-angled spherical triangle IBC. 

I-,. /The hypothenuse Ac=6l''.4'.S6'.\Requiredtheop- 
iThe angle a =fir.50'.29". J site leg BC. 

Amvier. BC=5(y.3(y.30". acute, (B. ni.) 

2. In the right-angled spherical triangle abc, 

i-,. /The hypothenuse ac=113°-55'1 Required the oppo- 
^'^^ l The angle a =104". 8'/ site leg Bc 

' Am-wer. BC=in°.«f^'. obtuse, (B. 171.) 
(K) Case III. Giveh the hypothenuse and one angle, le^ttJ tht 
ether angle. 

Example. In the right-angled spherical triangle ab& 
^. „ /The hypothenuse AC=78'*.20'. \ Required the 
^"^^ iThe aA^e a =a7. 25. / angle c. 

BT MAPIER*S RL'LE. 

Here the three parts are connected or joined together, there- 
fore the cooiplement of Ac is the middle pari i and the compio' 
ment of a and the complement of c are extremes conjunct, 
Rad X cos AC =cot.A x cot. G 
Cot /.h - =37°.25' - lO'liesS 
: radius, sine of 90° - - 10-00000 
: : cosine ac - =78'.20' - - 9.30582 
:cot ^C - =81*'.l2' - - 9' 189*9 
Here angle c it acute, (B. 171.) 

B 

' Sine cc : sine ci : : tang fG : tang Di. But CG is the 
complement ef AC, ci radius, fc the complement of the angle 
-A, and DI the measure of the angle c. HencSt 
Cos AC : rad : : cot a : tang c. 

BT CONSTRUCTION. 

See the construction of Case I. (H. ITS.) 
practical examples. 

1. In the right-angled spherical triangle ABc. 

*,. /The hypothenuse Ac=61''.4',56"\ Required the 
*.iven i^jj^ ^g,^ ^ =6I°.£0'.29" J anfjle c. 

Ansiuer. The angle c= 47 ".5 4' ,20". acute, (B. 171.) 

2. In the right-angled spherical triangle ABC. 

Given /^^^ hypothenuse Ac = l \%°.Bb'\ Required the 
IThe angle a = 31.51' J angle C. 

4frwer. The angle cs=l0*°,8', obtuse. (B. 171.) 

(L) Cas» 
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(L) Case IV. Given the hyp9thenuse and a leg^ to find ^e 
mfigU mdjacent to tf>at given leg. 

Example, in the right-angled spherical triangle abc. 
Q. rThe hypothenuseAC=78°.20"l To find the angli 
Vrtven -^ rpj^ ^^^ ^^ j^g ^g =75''. 25' / adjacent to ab^ 

BY NAPIER.*S RULE. 

The three parts are here connected; therefore the comple- 
ment of A is the middle part ^ AB and the complement of AC are 
the extremes conjunct. 

Radx cos A=cok Afcx tan^ ab. 
Radius, or sine of - 90° • 10*00000 
:cotZ.AC- - - =78^20' 9'31489 
::tang=AB - - =75°.25' 10-5«4745 
:cos 2LA - - - =37°.28' 9-89963 
Here the angle A is acute, (C. 171.) 

BY RULE I. 




Tang. Gi : tang df : : sine ei : sine ED. 
But Gi=Ac, DF=AB, EI is the radiusj and ed the complement 
of the angle a. Hence, 

Tang AC : tang ab : : rad : cos jL a. 



BY construction, f Plate V. Fig. 9.) 

1. With the chord of 60° describe the primitive circle, and 
through the centre f draw cp^, and avh at right anglet^ 
to it. 

2. Set off the hypothenuse, by a scale of chords, from c to m, 
and draw the small circle mhm parallel to the right circle avb 
(Z. 157.). 

3. Take the complement of ab (viz. 14°. 35'.) from the scale 
of semi-tangents, with which as a radius and the centre F de- 
scribe a small circle^parallel to the primitive (Z. 157.) intersect- 
ing the circle rnxm in a. 

4. Through the three points cAe? draw a great circle, then 
ABC is the triangle required. 

To measure the required parts. 
6. The angles a and c (G. 160.) are 37°. 28' and 81°. 11^. 
6. BC, applied to a scale of chords, will be 36**. 35'. 

PRACTICAL EXAMPLES. 

I . In the right-angled spherical triangle ABc. 
-.. • j The hypothenuse ac=6j°.4'.56'' ) To find the angle 
i^iven I rj.,^^ g.^^^ ^j. j^^^ AB=40^30^20" | a, adjacent to AB. 

Jnswer. The angle a=61°.50'.29 ', acute. (C. 171.) 
^^ 2. In 
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2* In the right-angled spherical triangle Afic. 
^. f The hypothenuse ac=: 78^20' 1 To find the adjacent 

^^^^ \ The side, or leg ab =« 1 ir.S4/ S angle a. 

Answer. ITie angle a= 1 ISM 8'. obtuse, (C. 171.) 

(M) Case V. Given the hypothenuse and a side or leg^ t$ 
Ji^d the angle opposite to t/iat gwen leg. 

Example. In the right-angled spherical triangle abc* 
^. r The hypothenuse ac = V<6°.20' 1 To find the angle c^ 

\ The side ab = 75**. 25' J opposite to ab. 



BY Napier's rule. 




The three parts are here disjoined by the intervention of thif 

ingle A ; therefore ab is the middle party the complement of AC 

and the complement of c are the extremes disjunct. 

* 

Rad X sine AB~sineAC x sine c* 
Sine AC - - - -' =78°,20' - 9-99093 
: radius, sine of - - 90* - 10*00000 
I : sine of ab - - =i75°.25' - 9*98578 
isine 2Lc ^ - - - =81°.ll' - 9*99485 

Here the angle c is acute. (C. 171.) 

JBY RULE I. 

Sine AC : sine CG : : sine ab : sine gh. But co is radiu^ 
and GK is the measure of the angle c. Hence, 
Sine AC : radius : : sine ab : sine c. 

B¥ CONSTRUCTION. 

See the construction of Case IV. (L. 175.) 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 

^. C The hypothenuse ac = 6 1 ^A',5&" 1 Required the angte 

Oiven ^ rpj^^ gj^^^ ^^ j^g AB=i:40°.30'.20" / c, opposite to AB. 

Answer. The angle c=47°.54'.20", acute. (C. 171.) 

2. In the right-angled spherical triangle abc ^ 

(The hypothenuse AC = 78^20' 1 Required the angle 

iven I The side or leg AB=in°.34'/ c, opposite to ab. 
Answer. The angle c— 11 5^^', obtuse. (C. 171.) 

(N) Case VI. Given the hypothenuse and one side or leg^ 
iojind the other leg. 

Example. In the right-angled spherical triangle abc. 
^. / The hypothenuse ac =78^.20' "I To find the other 
Oiven ^rj.^^ ^jj^ AB=75^25'> side bc. 

IT 
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BT NAPIER S RULE. 

Here the complement of ac is the middle part ^ because it is 
lot joined either to Ap or rc, the angles a and c coming be- 
:ween them; hence, ab and bc are extremes disjunct y vi?. not 
joined to the middle part. 

Rad X cos AC = cos ab x cos bc. 
cosAB - - - - 75°.25' • - 9'4.0103 
: radius, sine of - - 90° - - - lO'OOOOO 
::cosAc - - - 78^20' - 9*30582 
:cosBc - - - - 36°.35' - 9-904.79 
Here bc is acute y (C. 171.) 

BY RULE I. K -" 

Sine BH : sine CG : : sine fb : sine cf. But bh is the com- 
plement of ab, cg the complement of ac, fc the complement 
of bc, and fb radius. Hence, 

Cos ab : cos AC :: rad : cos bc. ^ 

BY CONSTRUCTION. 

See the construction of Case IV. (L. 175.) 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle ABc. 

p . f The hypothenuse Ac = 6 1 °.4'.56" 1 Required the other 

wven ^ ^j^^ g.^^^ ^^ j^g^ AB= 40°.30'.20" / leg bc. 

Answer. bc= 50°. 30'. 30". acute, (C. 171.) 

2. In the right-angled spherical triangle abc. 

p. rThe hypothenuse Adn 7 8°.20' 1 Required the other 

uiven ^ The side AB =ll7°.34'i side bc. 

Answer, bc = U S'^.SB'. obtuse, (C. 1 7 1 .) 

(O) Case VIL Given a side and the angle adjacent^ orjoirh' 
ing to ity to find the side opposite to the giveh angle. 

Example. In the right-angled spherical triangle abc. 
Q. rThe side or leg ab =75^25") To find the side BC, 

iven \xiieadjacentangleA=;:37°.25'J opposite to A. 

BY napier's rule. 

Here the three parts are joined together, because the right 
angle B is not regarded in the rule ; therefore ab is the middle 
party th^ complement of a^ and bc are the extremes conjunct. 

♦ 
Rad X sine AB=5:cot A x tang. bc. 

Cot a • - •. =r37°.25' - 10,1163S 

: rad, sine of - - 90° - - 10-00000 

::sineAB - - =759.25' - 9*98578 

:tangBC - - =3(5°.3l' - 9*86945 

Here Bp is acutCy (D, 171.) 
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Sine AH : sine IB : : tang, gh : tang. bc. But ah is radios 
sod GH is the measure of the angle a. Hence, 
Rad : sine ab : : tang A a : tang bc. 

BY CONSTRUCTION. {Piatt V. Fig. 11.) 

1 . With the chord of 60 degrees describe the primitive circle, 
and through the centre F draw APa, and mnr at right angles 
to it. 

2. Set one foot of your compasses on 90 degrees id the line \ 
oFsemi-tangents> extend the other towards the beginning of the j 
scale, till the degrees between them be equal to the angle t 
S7°,2S', and apply this extent from n» to B. 

3. Through the three points Ana draw a great circle. | 

4. Set o^AB=75°.25' from A to b, by a scale of chords, and 
draw BP cutting the oblique circle in c, then abc is the triangle 
required. 

To measure the required parts. 

5. BC measured by the scale of semi-tangents (as in Case!-] 
wiUbe:i6''.3l'. 

6. The angle c measured {G. 160.) wiU be Si'-lS'. 

7. Th« hypothenuse ac measured (C. 158.) will be 78''.20', 

HACTIcaL EXAMPLIS. 

1. In the right-angled spherical trian^ abc. 
„. fThelegAB =:W.30'.20''yro find the leg 

Oiven \xhe adjacent angle A 3:61*.50'.29"Jbc, opposite toi. 

Jnswer. bc~ 50". SO'. 30". acute, (D. l7l.) 
2. In the right-angled spherical triangle abc. 
-,. f The side ab =5*°.22' f To find the leg bc, 

Ijiven \The adjacent angle A=1S6°.40'/ opposite to A. 

Artswer. bc=:14.2°.31'. obtuse, (D. 171.) 

(F) Case VIII. Given a side and its adjacent angle, lofrd 
the angle opposite to the given side. 

Example. In the right<ingled spherical triangle abc. 
„. /The side ab =75".25'1 To find the sngle c, 

""^" llts adjacent angle A =3T'.25' / opposite to ab. 

ST nafier's rule. 

Here the complement of the angle c is the mtddU parti and 
the complement of a, and ab are the extremes disjunct^ being 
neither of them joined to tfie middle part, 

Rxd 
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Radxcosc=:sme ax cos ab. 

Radius, sine of - 90° - 10-00000 

sine /.h - - =37°.25' - 9'78362 

: cos of AB - - =75°.25' - 9-40105 

cosic- - - =81M2' - 9'184.65 

Here c is acute, (D. 171. ) . 

BT RULE I. 

Sine AD : une ap : : sine id : sine fg. But ad is radius, ap 
the complement of ab, id the measure of the angle a ; and fg 
the complooent of ch, which measures the angle c. Hence, 
Radius : cos ab : : dne a : cos c. 

BT COHSTRUCTIOH. 
See the construction of Case VII. (O. 177.) 

PRACTICAL examples. 

1. In the right-angled spherical triangle ABC. 

G'vea 4"'^^ ^'"^^ *' =4O°.30'.2on Requiredtheangle 

' llts adjacent angle A=61°.50'.29'' J c, opposite to aB. 

Answer. The angle c=47°.54'.20". acute, (D. 171.) 

2. In the right-angled spherical triangle Asc. 

Given /ThesideAB =117°.34'1 Reqyiredtheanglec, 

t. Its adjacent angle A = SI".?!-' opposite to AB. 
Answer. The angle c=104'.8'. obtuje, (D. 171.) 

(Q) Case IX. Givtn a side atid its adjacent angle, tofiiid 
the hypothenuse. 

Example. In the right-angled spherical triangle abc. 

Given /'^^esideAB =75°.25 1 Required the hypothe- 

lItsadjacentangleA=97°.25'X nuse Ac. 

BT nafeek's rule. 
The three parts are here connected ; therefore the comple- 
ment of a is the middle part ; ab and the complement of ac, 
are the extremes conjunct, 

Had X cos A =cot ac x tang, ab.- 
Tang. AB - - =:7S''.25' - 10-5847i 
rad, sineof - 90° - - . lO-OOOOO 
: cos Z.A - - =37°.25' ■- 9-89995 
cot AC - - =78''.20' - 9-31521 
Here ac is acute, (D. 171.) 



Sine FH : sine FC : : tang, bh : tang. cG. But fh is radius, 
Aa 2 FS 
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PC is the complement of the angle A, bh the complement of ; 
AB, and cG the complement of ac. Hence, 
Rad : cos £.K :: cot ab : cot Ac. 

BY CONST RnCTIOH. 

See the construction of Case VII. (0- 177.) 

PRACTICAL EXAMPLES. 

1 . In the right-angled spherical triangle ABc. 
p. fThesideAB ' =5O^30'.3O''l Required the hy- 

llts adjacentangle A=47°.5*'.20"-* pothenuse t 
Answer. ac=i61=.4'.56". acute, (D. 111.) 

2. In the right-angled spherical triangle abc. 
p. ^ fThesideAB = J n'-S*'! Required the hypo- 

"'^" I Its adjacent angle A = 31°.5l'J theause Ac. 

Jijswer. Ac=ll3°.55'.obtuse,{D. 171.) .. 
(R) CaseX. Given a sid4! andits opposite angle, tofindthe 
side adjacent to thai angle. ^ ' 

Example. In the right-angled spherical triangle abc. j 

„. fThesideec =36'.3I'\ To find the side ab, ] 

iven titsoppositg^jigie^— 370.25' J adjacent to a. 

BY NAPIEK's rule. 

The right angle B having no concern in the rule, the three 
parts are joined together ; therefore ab is the middle part, the 
complement of a, and bc are the extremes coitjunct. 

Radxsine ab— cot AX tang. bc. 
Radius, sine of - - 90° - lO-OOOOO 
:cot"^A- - - =37''.25' - 10-11633 
::angBC - - ^se^.Sl - 9-8694.7 
:sine ab - -{ jJ^S •"' }- 9-985SO 

Mere ab is ambigaous, {E. 172.) 

BY RULE I. 

TangjiG : tang bc : : sine ah : sine ab. But HG is the 
measure of the angle A, and ah radius. Hence, 
tang iCA : tang Bc : : rad : sine AB. 

by, CONSTRUCTION. (Plate V. Fig, 10.) 

1. "With the chord of60degrees describe the primitive circle, 
draw APa, and lunrr at right angles to it. 

2. Set one foot of your compasses oo 90 degrees in the hne 
of semi-tangents, estend the other towards the beginning of 

the 
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the scale till the degrees bet\veen the two points be equal to the 
angle a 37\25', and apply this extent from m to n. 

3. Through the three points Ana draw a great circle. 

4. Take the cofnplement of bc (viz. 53°. 29'.) from the scale 
of semi-tangents, with "^hich as a radius and the centre P, de- 
scribe a small circle oc parallel to the primitive (Z. 157.), meet- 
ing the great circle hna in c. 

5. Through c and P draw bcp, then abc is the triangle re- 
quired. 

This problem is ambiguous for a^c, and abc have the saAie 
data. 

To measure the required parts. 

6. The angle t (G. 160.) will be 8 r. 12'. 

7. The side ac (C. 158.) is 78°. 20'.' 

8. The side ab applied to a scale of chords will be 75^.25 • 

practical examples. 

1. In the ri^^t-angled spherical triangle aec. 

^. r The sidjPBc =:40°.3O'.2O" \ To find the otlier 

Oiven /j^ j^^ opposite angle a =47°.54'.20" J side. 

Answer. ab=50°.30'.30'' or 129°.29'.30". ambiguous, 
(E. 172.) 

2. In the right-angled spherical triangle abc. 

Given /The side bc =5^.30' l To find the other 

1 Its opposite angle a = 58°.35'^-r side. 

Answer. ab=50''.10, or 129\50'. ambiguous, (E. 172.) 

(S) Case XL Given a side and its opposite angle^ to find 
the adjacent angle. ' 

Example. In the right-angled spherical triangle abc 
g. ^ f The side bc =36^31'\To find the angle c, 

iven s j^g opposite angle a=37°.25' j adjacent to bc. 



BT NAPIER S RULE. 

The complement of a is the middle part; and bc and the 
complement of c are the extremes disjunct j being neither of 
them joined to a, the middle part. 

Rad X cos A izsine c x cos bc. 
COSBC - - =:36°.3l' - - 9*90509 
: rad, sine of 90° - - - 10-00000 
:: COS iiA - =:37°.25'- - 9*89995 

:sine^c -{^S^"^} - 9-99486 
Here the angle c is ambiguous, (E. l72.) 
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Sine CF ; sine CD : : sine fg : sine id. But cf is the com- 
ement of sc, cD radius, fg the complement of the angle a, 
d ID the measure of the angle c. Hence, 
Cos BC ; rad : ; cos ^ a : sine c> 

BY CONSTRDCTION. 

See the construction of Case X. (R. ISO.) 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc> 
/The side Bc =40'.S0'.2O''l Required the adja- 
iItsoppositeang]eA=47°.5+'.20"J cent angle c. 

Answer. Angle c^ei'-SO'.ag" or l1s°.9'.3l'. ambiguous, 
:. 172.) 

2. In the right-angled spherical triangle Abc. 

. /ThesideBc =42°.12'l Ito find the other 

" 1. Its opposite angle 1=48°. J angle c. 

Anmer. Anglec=64 .S5'or 115'.25'. ambiguous, (E. 172.) 

(T) Case XII. Given a side and its opposite angles io_find 
e hypothenuse. • 

Example. In the right-angled spherical triangle abc. 
. (The side EC =36°.31'1To find the hypothe- 

" i Its opposite angle A = Z't.2b' j nuse Ac. 

by Napier's rdle. 

Here bc is the middle part,- the complement of A, and the 
mpleinent of Ac^ are the extremes disjunct. 

Rad X sine BC=sine acx sine a. 
Sine ^A - =ST.25' - 9-78362 
: rad, sine of 90° - - - 1 0*00600 
: : sine BC - =36''.3l' - 9-77456 

--"-{,«:.«'"}-»«<«* 

Here ac m avibigtuus, (E. 172.) 

BY RULE I. 

Sine CH : sine bc : : sine AG : sine ac. But GH is the mea^ 
re of the angle a> and ag radius. Hence, 
Sine ^A ; §ine bc : : rad : sine Ac. 
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BY CONSTRUCTION. 

See the construction of Case X. (R. 180.) 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 

>, . r The Side Be = 4.0^30^20'^1 To find the hypo- 

\jiven ^ j^^ opposite angle a=:47\54'-20" J thennse Ac. 
jinswer. ac=:61^A'.56" or l\S°.55\4/\ amliiguous, (E. 1720 

2. In the right-angled spherical triangle abc. 

Given /^heside Be =ir.30'lTo find the hypothe- 

I. Its opposite angle a=23°.30' J ijuse Ac. 

Answer. ac=30° or 150°. ambiguous, (E. 172.) 

(U) Case XIII. Ghen ike two sides ^ or legs, to find an 
angle. 

Example, In the .right-angled spherical triangle abc 
i-«- ^ r The side AB=75°.25-"lrri r j ^u i - 




BY NAPIER S RULE. 

The three parts are here connected, because the right angle 
B is not regarded ; therefore ab is the middle part, the comple- 
ment of A, and Be are the extremes conjunct* 

* 
Rad X sine AB=:cot a x tang ac. 

TangBc - - =r36'.3l' - 9-86947 

: rad, sine of - 90° - - lO'OOOOO 

: : sine ab - - =75^25' - 9-98578 

;cot /.A - - =37\25' - 10-1I631 

Here a is acute. (F. 172.) 

BY RULE I. 

Sine AB : sine ah : : tang bc : tang GH. But 
AH is radius, and GH is the measure of the angle A. Hence, 
Sine AB : rad : : tang bc ; tang Z. a. 

BY CONSTRUCTION. (Plate F. Fig. 7.) 

1. With the chord of;60 degrees describe the primitive circle, 
and through the centre p draw ab. 

2. Set off Bc=;36°.3l' from a scale of chords, and AB=t 
75°.25' (D. 159.). Or set one foot of the compasses on 90 de«» 
grees on the line of semi-tangents, and extend the other to- 
wards the beginning of the scale, till the distance between the 

points 
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lints be 75°,25' ; this distance applied from B to A will give 
e point A. 

3. From c through p drawcPC, and through the three points 
e describe a circle, then abc is the triangle required. 

To measure the required parts. 

4. The angles c and A (G. 160.) will be found to be 8I°.12', 

d 37°.25'. 

5. The hypothenuse Ac {C. 158.) will be 78°.20'. 

, PRACTICAL EXAMPLES. 

1. In the rrght -angled spherical triangle ABC. 

„. /The side ab=5O''.50'.30"\t, -- , . , 

*5"^" iThe sideBc=4O°.30'.2O"/^° ^""^ ^"^^ ^^^'e A. 
Annixr. a=47°.54'.20". acute, {F. 172.) 

2. In the right-angled spherical triangle abc. 

„. fThesideAB= 54°.22'1t^ i? j t i 

Answer, a=136°.40'. obtuse, (F. 172.) 

(W) Case XIV. Given the two sides, or legs, to find the 
polhcnuse. 

Exaviple. In the right-angled- spherical triangle abc. 

p- f-Theside ae=:75°.2o'i To find the hypothec 

■ "tTheaideBc=36''.31'i nuse Ac. 

BY NAPIER's rule. 

The complement of the hypothenuse Ac is the middle part, 
ing separated from the sides by the angles a and c ; and. ab 
d Bc ai-e the eztreiiies diyunct. 

Rad X cos AC =cos ab x cos bc. 

Rad, sineof 90° - - - 10-00000 
.: cos AB - =:75°.25' - - 9-40103 
::cosBc - =36°.3l' - - 9'905O9 
: cos AC - =78°.20' - . 9-30012 
Here ac is acute, (F. 172.) 

by rule I. 

Sine FB : sine Fc : : sine BH : sine ce. But FB is radius, cf 
; complement of Bc, bh the complement of AB, and CG the 
nplement of ac. Hence, 
Rad : cos bc : : cos ab ; cos AC. 
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BY CONSTaoCTIOH. ' 

See the construction of Case XIII. [U. 185.) 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle ABC. 

_. f The side AB=50=.30'.30"1 To find the hypotht- 

tjjven l^j^g ^jjg ^^ =40°.3O'.20"J nuse AC. 

Answer. ac=61''.4'.56'', acute. (F. 112.) 

2. In the right-angled sphericiil triangle 4Bc. 

f,. /The side AB— 54.'.22' "l To find the hypothenuse 
Oiven ■i.ThesideBc=142°.31'/ AC. 

Amwer. Ac=in°.33', obtuse. (F. 172.) 
(X) Case XV. Given two angles, to find a side or leg. 
Example. In the right-angled spherical triangle abc. 
„ . / The angle a = 37"°.25'i Required tht 
^'™" "I The an|le c=31M2'/ side flc. 

BY Napier's rule. 

Here the complement of the angle A is the middle part, and 
BC and the complement ofc are the extremes di^unct, being 
separated from the middle part by the hypothenuse Ac. 

Rad X cos A=cos BC x sine c. 
Sme Ac- =81M2' - - - 9-994.86 
: rad sine of - 90° - - - 1 0-00000 
::cosZ.A =:37°.25'- - - 9*89995 
: cos BC - =:36°.3l' - - - 9-90509 
tiere bc is acute, (G. 1 72.) 

BY RULE I. 

Sine ID : sine fg : : sine cd : sine : cf. Eut id is the measure 

of the angle c, fg the complement of hg which is the measure i 

of the angle a, cd radius, and of tlie complement of BC. Hence, 

sine C : cos A : rad : cos Bc, 

^Y CONSTRUCTION. (Plate y. Fig. 12.) 

1. With the chord of 60" describe the primitive circle^ 
through the centre p dra^v cpe, and rmn at right angles to it. 

2. Set one foot of your compasses on fiO" in the line of semi- 
tangents, extend the other towards the left hand> till the degrees 
contained between the points of the compasses be equal to (81* 
J2') the ic, and apply this extent from m to «. 

, 3. Through the three points ciie draw a great circle, and 
find its pole p. (N. 155.) 
4, With the tangent of the A a 'iT.23\ and centre p describe 
B b an 
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an arc ; with the secaflt of the ^a, apd centre;) cross it in o; 
with o as a centre and tadtus op, describe the great circle ab;*, 

5. Then abc is the triangle required) right-angled at B. 

To measure the required pdrls. 

6. 1h9 hTpolJienuse Ac, measured by a scale of chords, 

7. ThesidesBcandic(C. 158.)=36°^l',and 75°.24'. 

PRACTICAL EXAMPLES. 

,1. In the right-angled spherical triangle IBC. ■ 
„. f The angle A=47°.54'.aO"l Required the 

piven -j^-p^g ^g|g c=61=.50'.29"J side AB. 

Jnswer. ab=SO''.30'.30", acute. (G. 112.) 
2. In the right-angled spherical triangle abc. 
^. (-The angle a—\0^°.&'\ Required the 
oiven Ixhe angle c=Sl°.51'/ wde BC. 

Jnswer. BC=117°.3t', obtuse. (G. 172.) 

(T) Case SVI. Given two angles^ to find the kypotkenuse^ 
Example. In the righp-angled sjflierical triangle abc. 
„. f The angle A=3T'.25'\ To find the hyp*. 

oiven txhe angle c=8r.X2'/, thenuse AC ' 

BY NAKER's rule. 

^ Here the complement of ac is the middle part, and the com^ 
plementa of a and c are the extremes conjuiici. 

Rad X cos AC =:cot A x cot c. 
Rad, sine of - 90= - - 10-00000 

■:cot Z.a - =S7°.25' - - 101163S 
^:cot^c - =S1M2' - - 9-18979 
: cos Aft - =78°.20' - - 9-30612 
Here ac is acute. (G. 172.) 

BY RULE I, 

Tang ID : tang fg : : sine ci i sine ce. Sut iD is the measure 
of the angle c, fg the complement of the angle yi, ci radius^ 
iotd cG the complement of AC. Hence, 

tang -^ c : cet Ca:: rad : cos ac. 

BY CONSTRDCTION. 

See the construction of Case XV; (X 185.) 

yRACTie^i 
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PRACTICAL EXAMPLES* 



1. In the right-angled spherical triangle ABC 
-^5 f The angle a = 47°.54'.2a" \ To find the hypo- 
\ytven ^ rpj^^ ^^^^ ^ =6r.50'.29" / thenuse ac 

Answer. AC=61^4'.56", acute. (G. 172.) 

S?. In the rjdbt-angled spherical triangle ABC. 

p. f The angle A = 31°.5l'"l Required the hypo- 
i:riven j^ Yj^^ ^^gj^ ^ ^ j^^o g, / thenuse 4C, 

Anmer. , ac=: U 3^55', obtuse. (G. 1 72.) 



CHAP. IV. 



oenekal ritles for solving the different cases of rec** 
tilaterat, or quadrantal, spherical trian«les« 

(Z) 1. When one side of a spherical triangle is 90°, or a 
quadrant, it is called a quadrantal triangle. 

2. If two sides of a quadrantal triangle be each 90°, the tri- 
angle will be isosceles, each of the angles at the base will be 
90 , and the base itself will be the measure of the vertical 
angl«. If the three sides be each 90% the three angles wiU be 
each 90°. 

3. A quadrantal spherical triangle may be changed into % 
right-angled spherical triangle, and the contrary. (Z. 1p35.) 

(A) RULE I. 

Subtract the angle opposite to the quadrantal side from 180% 
*nd call the remainder the hypothenuse of a new ^triangle. 
The angle opposite to the quadrantal side, must 
th«i be considered as a right angle, and the two 
remaming angles must be represented by the sides 
of the quadrantal trianglfe which- are opposite to 
them. 

The sides and angles of the right-angled, sphe- 
rical triangle, will represent the angles and sides 
of the quadrantal triangle. 

Thus in the annexed figure, where AC is supposed to be a 
quadrant, the triangle ABC may be considered as a right-angled 
triangle, whose hypotienuse ACir 180**— Z. b, the base AB,=a Z. c; 
and die perpendicular Bc;=:the ^1 a ; et contra. * 

B b 2 ' (B) ^ RULE 
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C be a qnadrant, 



(B) RULE ir. 

1. In the triangle ABC, if one of the sides A 
d another side bc less than a quadrant. 
Produce the side Be till it becomes a quadrant, and adb wilt 

a right-angled triangle ; wherein ad is the measure ofr the 
gle c, DB IS the complement of bc, and ae is the hypo- 
jnuse. 

2. In the triangle aec, where one of the sides Ac is a qua- 
int, and another side Ce greater than a quadrant. 

Subtract 90° from ce, and the remainder will be the side dk 
the right-angled triangle ade *, ae is the hypothsnusej "and 
is the measure of the angle c. 

The same reasoning will apply whether AS and ae be less or 

;ater than quadrants, for in either case ADB and ADE will be 

ht-angled triangles. 

[C) Case I. Given a ^uadrantul side, its a^'acent end 

wsite angle, lofind the rest. 

5 The quadrantal side AC= 
Its adjacent Z.c~ 
Its opposite iLs= 



Required the 
sides AB, BC 
suidthe ^i. 



BT RULE II. (B. 188.) 
Because Ac and cd are quadrants, the angles 
D and CDA are each of them a right angle 
. 1 87. )i and ad is the measure of the angle c. 
The angles abc and abd, being supplements 
each other, may be considered as the same' 
;le, since they have the same sine, tangent) 



iQ 



t. To find AB, hy Case 12, right-angled spherics. 
sine ABD : sine AD=:sine £.c : : rad : sine ab. 
Here ab is acute=4S°. 
Z. T<^nd^T>,aiidkenccac,by Case 10, right-angled spherics. 

rad: cot abd:: t_ang ad— tang Z.c:sine bd. 
■re ED is acute=:25''.25', and its complement=BC=6*o.35*. 
3. To find (he z.dad, by Case 11, right-angled spherics. 
cosAD=cosz.c :rad :; cos abd=gos64°.40' : sine bad. 
re EADisacute=35''.n', anditscomplement=Bic=54.°.43'. 

BV RULE I. (A. 187.) 

ilere the supplement of the angle b= 
.40', must represent the hypothcnuse 
the quadrantal side ac :=the right angle 
The angles c and a must represent the 
is ab and bc, and the sides bc and ab. 
St represent the angles a and c, 

I, Tm 
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1. To find the z.c, in the triangle abc, by. Case 5, rights 
ungled spherics. 

sine aczzsme suppt. ^ b : rad : : sin ^6 =sin Z. c : sin ^^ c=;sin ab. 

Here the ^c or ab is acute=48°. 

2. To find the z.a, in the, triangle abc, by Case 4, righU 
angled spherics. 

rad -: cot acizcot suppt. Z. b :: tang a6z::tane Z. c : cos Z.azzcosBc. 

Here cosine of Z. a =64«. 35 acute. 
S. To find be, w ^Ae triangle abc, ^3/ C^^^ 6, right-angled 
spherics, 

cos ab= cos /L c : rad : : cos ac=: cos suppt. Ab : cos Jczicos Z. a^ 

Here be is acute ii:54?*^.4?3'. 

BY CONSTRUCTION* f Plate f^. Fig. 13.) 

!• With the chord of 60 degrees describe the primitive 
circle \ and through the centre p draw apd, ad eve at right 
angles to it. 

2. Set one foot of your compasses on 90 degrees on the line 
of semi-tangents, extend the other towards the beginning of the 
scale, till the degrees between them be equal to the angle cz: 
42°. 12', and apply this extent from d to A. 

3. Through the three points CA^ draw a great circle, then" 
AG will represent tte quadrantal side. 

4. With the tangent of the complement of the angle B, and 
centre c, describe an arc; with the secant of the complement 
of the same angle, and centre A, cross it in o: with o as a centre, 
and radius oa, describe the great circle ba6. Then abc is the 
triangle required. 

To measure the required parts. , 
The sides ab and bc (C. 158.) will be 48° and 64o.35', 
And the angle az=54°.43'. (G. 160.) 
Note. The right-angled spherical triangle abc (Plate. V. 
fig. 14.) into which the quadrantal triangle abc is transformed, 
may be constructed and measured exactly in the same manner 
as Case IV. of right-angled spherical triangles was constructed 
and measured. See Plate V. fisf. 9. 

(D) Case II. Given a quadrarital side, dnd the other two 
sides, to find the rest. 

TThe quadrantal side ac= 90^ * 1 Required the 
Given <The side ab =115°. 9' > angles a, b, 

l^The side bc = 1 13°. 1 8' J and c. 

^m^^m^m^^^a^mmmmm i i i i i ■ — ^i— — ^^— ^ ■ ■ ■ i i ,. ... , ,, i i ■ ■ ■■ i n ^ 

I 

• This example was formed from Example 2, Case VI. of right-angled sphe- 
rics. The Z B was made equal to the supplement of the hypothenuse, the two 
sides AB and bc were made equal to the angles of the rigtit-angled triangle; and 
hence thfe legs of the right-angled triangle become angles in the quadrantal tri- 
An^le» In a similar manner the other examples were made. 

BT 
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BT RULE II. (B. 188.) 
Mafce/CD=AC, then cad, cda, and aob 
are each of them a right angle, and ah ] 
measares the angle c (Z. 187, and M. 1 30.) ; 
hence, if we take 9(f from bc we -get 
S3°.lS'=Bi>i and adb is a right-angled 
triangle. j, 

1. Tofindthe i.i,bi/ Case i:, right-angled s'^ 
radrcot AB :: tangBD rcos z.e=78''.20'. 

But Z.B isobtuse(C. 171), and therefore= . ,-,„. 

2. To find AD, iy Case 6, right-angled spherics. 
Cos BD:rad:: cos ab: cos ad=62°.26'. 

But Amis obtuse (C 171), asd therefore mllT.S*'. 

3. To find the Z-dab, by Case 5, right-angled spherics. 
Sine Aa : rad :; sine BD : une ^dab—25°,55'. 

Here z.dab is acute {C. 17l)j and ^DAB+icAb= 
Z.CAB=25°.55'+90°=115°.55'. 

BI RDLE I. (A. 187.) 
Here the quadrantal side AC must 
represent the right angle b; ab the 
^c ; and BC the z.a; i/t- the supple- 
aientof the £.b, ab the I.C, TjiAbc 
the Z.A. 



^ 1. To find the hfpolh. ac, by Case 16, right-angled spkerica, 
Rad:cot^a=:cotBc::cot^C=cotAB:cosac=sup.Z.B=:78''.20'. 
HeMdc or suppt. ^ sis acute (G. 172.); therefore ABU obtuse 
= 101°.40'. 

2. To find ab, by Case 1 5, right~<mgUd spherics. 
SineAA=sinBc:rad::co8AC=cosAB;cosai=cosAc=62''S6'. 
Here aft= z,c is obtuse (G. 172.), and therefore = H7o.84'. 

3. To find be, Jy Case 15, right-angled spherics. 
5ineZ.c=sinAB : rad : :cosZ.a=Co£Bc :cos 6f3cosAA=64°.5'. 
Here ic= ^« is obtuse (G. 172.), and therefDre= 115°. BS'. 

If the two preceding cases be thoroughly understood, there 
can be no difficulty in solving those which follow ; for which 
reason, they are given as practical exercises. 

(E) Casb m. Given a guadrantal sidet and its two adjacent 
angles, to find the rest, 

f The quadrantal side ac=90o ^ Required ii, 
G*en ^Theangle a=5<''.43' f bc, andthe 

(.The angle c=42M2') angle b. 

Anwer. AB=48%BC=64='.35',aadtIieangleB = ll5''.20'. 
(F) Cas« 
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[F) Case IV, Green a quadranialsidefone of the other sHeSf 
iitke angle comprehended between them, to find the rest, 

CThe quadrantal side AC= 90° ^ Required BC, 
veo -jThe side ab = 1I5°; 9'^ and the angles . 

tThe angle cab =M5".55'jb and c. 

Antwer. bc=]I3°.18', the angle B=101''.4', c=in'.34'. 

[G) Case V. Given a quadrantal sitle, its adjacent angles 
i a side opposite to that angle, to find the rest. 

CThe quadrantal side AC=90° 1 Require)^ bc^ 
vea <Its adjacent angle c =42°. 12' J- and the angles 

^And the opposite sideAB=48°,00'j a and a. 
AnmeT. bc=64*.35', the angle a=54°.43' and B=11S°.20'. 
But the required parts are ambiguous, and therelbre are eUher 
PtfKute or obtuse. 

(H) Case VT. Given the guadrantai side, one of the taker 
tHes, andan angle opposite to the quadrantal side, to find the rest. 

CThe quadrantal side AC= 90° T Required bc, 
Giveo JThesideAB =115'. S' f and the angles 

I ^Theangles =lor.40'j| A andc. 

I Answer. bc=113°.I8', the angle A = 115''.55',.and c= 
U7°.34'. 



CHAP. V. 

JHTESTIOATIOH Ot GENERAL ROLES FOR SOLVING THE IHF^ 
FEREMT CASES OF OB LIQIJE SPHERICAL TRIANGLES, BTDKAW- 
ING A PEEPENDICULAR FROM THE VERTICAL ANGLE uft)N 
THE BASE, 



PROPOSITION SXV. 

Shetinng the manner of applying Baroh Napier's rules to^ 
oblique spherical triangles, from which several useful corol- ' 
lanes are deduced. 

(I) When the three given pwts do not follow ^aclt oAer 
jn a regular order, viz. when an unknown part intervenes, a 
perpendicular should alw^s be drawn from the aid of a gwoi 
^de, and opposite to an adjacent given angle. 

But when the three given quantities follow each other with- 
out the intervention of an unknown quantity, the perpendicular 
should be drawn in such a mumer, as to fait not cmlj from the 
foA of a given side and opposite to an adjacent given angle, but 

likewise 
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likewise from the end of a required sxney or opposite to ^required 
angle, according as a side or an angle is the subject of enquiry*. 

(K) Having drawn a perpendicular, agreeably to the fore- 
going directions ; then, if the vertical angle of the oblique tri- 
angle be given or sought, find the vertical angle of that right- 
angled triangle wherein two things are given ; but, if the base 
of the oblique triangle be given or sought, find the base of that 
light-angled triangle wherein two quantities are given. 

Compare the perpendicular^ the part given, and the part 
sought, in that triangle wherein only one quantity is given ; find 
the middle part, and make an equation agreeably to Napier's 
Rules, marking the term sought with an asterisk (*). 

Compare the ptrpendicular and the similar parts in the tri- 
angle where two quantities are given, and make an equation,, 
which place exactly under the former, and strike out such tertns 
zs are common to both the equations. 

Turn the remaining quantities into a proportion; thus, if all 
the terms which are to be struck out of the equations be on the 
same side of both, put the required term last, that with which 
it is connected first, and the other two in the tniddle in any 
order. 

But if the terms which are not struck out of the equations 
stand on both sides ; one unmarked term, in the lower equa- 
tion, is to the unmarked term exactly above it ; as the other 
unmarked term in the lower equation, is to the marked or re- 
quired term which stands above it, 

(L) Casi, I. Suppose two angles at the base of an ohliqv^^ 
QTigled triangle ^ and a side opposite to one of these angles wer^ 
gfveny to find the vertical angle* 

Urst, find the vertical angle 
BCD f in the triangle bec, 
where two entire quantities 
are given. 

Here bc is the middle party and the other parts are the ex- 
iremes conjunct. Hence, ^ 

rad X cos bc ncot -^ B x cot bcd. 




* The reason of these rules for drawing a perpendicular is founded on praci 
tice and observation. For in every right-angled triangle there roust be tvoglwn 
quantities, exclusive of the right angle, and it is obvious that the perpendicular 
must be so drawn as to form one right-angled tiiangle wherein two quai^titics ar» 
given. 

I^f When both the angles at the base are given ; if the perpendicular fall with- 
out the triangle, it is the most coTwenieiit to draw it so that inuo ^noivn parts 
may come between the perpendicular v^rA the given angle to which it is ©pposite^ 
hepcd CD is the proper perpcBdicular id tnis case. 

Therefore 
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Therefore cot Z b : rad : : cos bc : cot bcd. 



* 



In the triangle adc; radfx cos ^k^cos dcx sm acd. 
In the triangle bdc ; rad X cos z. b= cc?^ dc x sin bcd. 
Therefore cos ^ b : cos jLaii sin bcd : sine acd. 

Had the Z.cbeen given, and the Z.A required, we must 
have proceeded exactly in the same manner, only the -^ A must 
have been marked instead of acd, and the proportion would 
have been thus; sine bcd : sine acd : : cos Z.B : cos Z. a. 

The sum, or difference, of acd and bcd, gives Ace according 
as the perpendicular falls within, or without the triangle. 

(M) Corollary I. The cosines of the, angles at the base, 
are in proportion to each other as the sines of the angled at the 
vertex^ vmde by a perpendicular drawn from tlie vertical angle 
upon the base. 

(N) Corollary II. Thesuviof the cosines of the angles at 
the basely 
Is to their diffWence; 

As the sum of the sines of the angles at the verier ^ 
Is to their difference. For, 

Cos B : cos A : : sine bcd : sine acd; 

And by composition and division, 
Cos A + cos B : cos A CO cos B : : sine ACD+sine bcd : sine 
Acd CO sine bcd. 

(O) Case II. Suppose the two angles at the base of an oblique 
spherical triangle ^ and a side opposite to one of these aiigles 
were given to find the base. 

First find the base db in the 
triangle bdc, where two entire 
quantities are given. Here the 
complement of cbd is the mid- 
dle part, and the other parts 
ar^ the extremes conjunct. Hence, 

# 
Rad X cos Z. b = tang db x cot bc; 

Therefore cot bc : rad : ; cos Z. b : tang cb, 

# 
In the triangle adc, raJx sine AD=cot A x tang dc, 

In the triangle, bdc, ra^x sine DBzrcot b x tang dc; 

Therefore cot Z. b : cot Z. a : : sine db : sine ad. 

Had the base ab been given, and the angle A required, the 

same method of solution must have been observed, only the 




t The terms which are to bp struck out of the equations are printed in 
italics. 

c c angle 
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angle A must have been marked instead of the segment AD* 
and the last proportion would have been, 

Sine DB : sine ad : : cot z. b : cot ^ A. 
The sum, or difference, of ad and db, gives the base ab, ac- 
cording as the perpendicular falls within, or without the tri- 
angle. 

(P) Corollary I. The co-tangents of the angles at the 
base are in proparlunt to each other, as the sijies of the segments 
of the base. 

(Q) Corollary II. The sum of the co-tangents oj the base 
angles. 

Is to their difference; 
As the sum of the sines of the segments of the base, 
Js to their difference. For, 
cot Z. B : cot ^ A : : sine db : sine ad. 
And by composition and division, 
Cot ^ B + cot i A : cot ^ B « cot ^ A : ; sijje db + sine ad : 
sine DB 03 sine ad. 

(R) Case III. Suppose the two angles at the base, and a side 
opposite to one of them were given, to find the side opposite to the 
pther. 

Neither the base nor vertical C, 

angle being here concerned, it ^'^ ^\ ^ 9 -P 

.would be superfluons to find J^ \^ /\ \ ^\ .' 

anything in the triangle bdc. a^ S"^J1-./^ *v 



In the triangle adc, rarfx sine dc—mdc acx sine -i. a, 
J[n the triangle bdc, rod x sitk dc =:sine bc x sine ^ b ; 

Therefore sine Z, a : sine Z. b : : sine ec : sine Ac, 
Had the side ac been given, and the angle a required, the 
angle a must have been marked, and the proportion would have 
been, sine ac : sine bc : : sine b : sine A. 

(S) Corollary I. The sines of the sides, are in proportion 
to each other as ike sin^s of their opposite angles, et contra. 
(T) Corollary II. The sum of the sijies of the sides. 
Is to theii' difference; 
As the sum of the sines of the angles at 
. the base. 

Is to their difference. For, 
Sine AC : sine bc : ; sine jL b : sine i A i 
And hy composition and division, 
3'ne Ac+sine bc : sine AC co sine bc ::siae Z.B + sine A a :sine 
XawsineZ.A. 

^) Case IV. Suppose two sides and an angle opposite to 
oneof them were given, tofnd the btise. 

First 
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First find the segment ad f 
In tlie triangle adc where two 
entire quantities are given. 

Here the cooiplement of A^ 
is^the middle part ^ and thp 
other two parts are .the ex^, 
tremejs cotgunct. 

* 
Hence, rad X cos il A rrcot AC X tang AD ; \ 

l^erefore, cot ac : rad';' : cos ^ a : tang At)^' 

In the triangle bdc, radx cos bc = w do x cos db. 
In* the triangle adc, rarfx cos ac^cqs dc X cos ad ; 
Therefore cos ac : cos bc : : cos ad : cos db. 
Had the side ab beefil giveni" and'BC riequired, the operation 
would have been the same, only bc must have been marked in- 
stead of DB, then we sliduld hiVe hafd this proportion: 

Cos AD : cos b6 : : cjos ac : cos Bc; , 
The difierencTe betwWnthe base ab and the 'segment ad 
gives the se^ei}t;i>s>;>il'AB exceeds 'ADUheperpeiKticular falls 
whhin the triai^e^^ifiAdt, it falls without^ ^ ' • 

(W") Corollary I. The cosines of the sides are tn propor* 
tion to each of her ^ as tiie cosines if tlie segments^ of the base. 

(X) Corolxa^y IL The surh of the. cosines. of the sideSy 
'• ' Is to thtvr differ Aice ; ^ 

As the sum of the cosines of the seg^ 
^ Thentsqfthebase, 

. Is i'o their difference. For, - '. 

Cos AC' : cos : BC : : tos ad : cos DB; 
- And by coitipbsition and division, 
Cos AC.+cos BC : cos AC CO cos BC : : cos AD+cd^DB : cos AD W5 

COSDB. 

(Y) Case V. Suppose a side, and its two adjacent angles 
were given, to find a side opposite to one of these angles* 

Find the vertical angle acd, 
inthe triangle ADC. • 

Here the coihplement of ac 
is the middle part, and the 
compleinfentsof a and c are the 
extremes conjunct. 

Hence, rad x cos Ac~cot -^ a ^ cot AcD ; 
Therefore, jcot 2^ a : rad : : cos Ac : cot acd* 




t Whei\ only one angle at the base is given ; if the perpendiculat fall without 
the triaagle, let it b« drawn so as to fall opposite to that given angle^ whMher it 
\% acute or obtuse^ fifence eo » the proper perpendicular in this case. 

c c 2 Then 
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Then the difference between ICB and Acd gives bcd. If 
Adb be less than acb the perpendicular falls withm the tiiangH 
if greater> it falls without. 

In the triangle bdc, radxcos BCDz^tang DcXcotBc, 
In the triangle adc, radxcos act>= tang DC x cot Ac. 
Therefore cos acd : cos bcd : : cot *c : cot BC. 
Had the side bc been given, and the angle acs required, the 
same mode of operation must have been observed, only mark- 
ing BCD instead of bc, and the proportion would have been thu% 
Cot AC : cot BC : : cos acd : cos bcd. 
(Z) CoKOLLABY I. The cosijj£s of the vertical angles are in 
propoi'tion to each other, as the co-taiigenU of the sides. Or the 
tangents of the sides are reciprocally as the cosines of the vertical 
angles. For, 

Cot AC : cot bc : ; cos acd : cos bcd ; 

But the tangents are inversely a« the co-tangents. 

Hence, tang bc : tang Ac : : cos acd : cos bcd;. 

(A). Corollary IL Thesumo/ihecv-ltmgenisqfthesideSt 

is to their difference; as the sum of the cosina of the vertical 

mngles, is to their difference. 

And, The sum of the tangenls t^the sides, 
Is to their difference ; 

As ihesum of the cosines of the vertical angles 
Is to their difference. For, > 

Cot AC : cot BC : : cos acd : cos bcd, 
and tang bc : tang ac : : cos acd : cos BCD. 
By composition and division, 
Cot Ac+cot BC : cot AC w cot Be : : cos acd+cos bcd : cos 
ACD U3.COS BCD, and 

Tang Bc+tang ac : tang BccotangAc : :cos AcD-{-cos bcd : 
C0| ACD Vi cos BCD, 

(B) ScHOLIDM. 

From the preceding eases and their corollaries, we deduct 
the following general rules for solving ten cases of oblique.^he- 
rical trixngles, viz. 

I, The sines of the sides are directly proportional to the 
sines of their opposite angles, et contra. 

n. The cQ.smes of thf vertical angles Cmade hy a perpen- 
dicular J are as tk'e co-tangents of their adjacent stdes ; and the 
sines thereof, as the cosines of the base angles. 

III. The cosines of the segments of the base (made hy a per- 
pendicular J are as the cosines of their attfacent sides^ and the 
sines thereof, as the co-tangents of their adjacent base angles. 

. , FKOPOSirioK 
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(C) In any spherical triangle. 
I. If the perpendicolar fell within 

the triangle* 
J7k £o-tangent ofhajfthesum of the 

two sides, 
Ts to tangent of half their difference; 
Jit the co-tangent of half the base. 
Is to the tangent of the distance of a perpendicular from ike imddle g 
the base. II. Or, If the perpendicular fall without the trianrie; 
Tvngent of half the difference of the sides, it to co-tangent ^hoi^ 
tbeW sum ; as tangent of half the base, is la co-tangent of the £stanct 
of a perpendicular from the middle of the base. 

Demonstration. Cos ac-|-cos bc : cos acwcos bc : :co! 
AD+cos db:cos ADincos DB (X. 195.) But, 

Cos ac+cosBc: cos acwcosbc ::co-tang ^ (Ac + Bc):tanj 
^^(acwbc) (R. 106.) And, 

Cos AD+cos BD : cos ADM cos BD : ; co-tang 4 (*d+db) 
tang^ (adwdb) {R. 106.) 

.'. Co-tang 4^ (ac+bc) :ttng^ (accobc) : : co-tang 4 t*D4 
Ob) : tang 4 (adco db.) 

But T (ad+db)=ae, and i (a»« db)=di, hence co-tang 
i (ac-|-bc) : tang 4- (accobg) : : co-tang ae : tang de. 

But when the perpendicular falls without the triangle 
^ (ad«db)=ae and 4.{ad+db)=de. 

.". Co-tang -J (ac+bc) : tang 4 (acwbc) : : co-tang de 
tang ae ; and by inversion, tang J- (ac co bc) : co-tang -i ( Ac + Bc 
: : tang ae : co-taiig de^ q.e.d. 

(D) Corollary I, The distance of a perpendicular from th 
middle of the base, or as sonie writers call it the altern, or alter 
nate base^ is always equaVto half the diSerence of the segment 
of the base, when the perpendicular falls within the triangle 
or equal to half the sum of the segments, when a perpendicula 
fells without the triangle. Either of the above rules will brin 
the same 'Conclusion, whether the perpendicular falls within o 
without the triangle } only in the first case, the fourth numtw 
will be less than half the base, and in the second case, it wi 
be greater. 

That the rules are both the same may be shewn thus. 
When the perpendicular falls within the triangle. 

Co-tang 4- (ac + bc) : tang 4 (acOibc} : : co-tang ae : tan 
de; and inversely, tang ^ (acm Be) : co-tang -J- (ac + Bc) ; 
tang DE : co-tang ae. 

But the tangents are reciprocally as their co-tangents, 

-■. Tang \ (AcWBg) : co-taug f (Ac-hBc) ; ; tang ae : c( 
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le conclusion as when the perpendicular falls 

gle. 

RY II. The tangent ofktAftkt hate, 

'angent of half tlie sum of the sides i 

igent of half the d^erence of tie sides, 

ntqfthe distance of a perpendKuiarf rota the 

!. Or, 

''half the sum of the sides, is te the co-tangent 

rencc ,- as the tangent of half the luise, is to the 

distance of a perpendicular /rem the raiddU ^ 

this distance is less or greater than half the 
dicular fells within, or without the triangle, 
idy shewn, 

+ Bc) : tang J- (acw bc) : : co-tang AE : tan^ 
Acmuc) : co-tang ^ {*c + Bc) : : tang *e'; co- 
tangents are reciprocally as the co-tangents, 
g T (ac + bc) : : tang ■}; (acwbc) : tang de; 
bc) : co-tang ^ (acm bc) : : tang ae : co-tang 

.Rt III. If the triangle be isosceles, or equila- 
licular will fall on the middle <^ the base, ex- 
(jrotdrants, and then it may fall in any part of 

IRY TV. In a right-angled triangle, the rect- 

mts of halJT the aim, and half the difference, of 
ndoneleg, is equal to the square of the tangent 
leg. For in this case a and d will coincide, 
ual to tAB> o'^ equal to ae. 

n XXVII. (See the Fig. to prop, xxvi.) 

i) In any spherical triangle, 
perpendicular fall within the triangle. 
ent of half the sum of the angles at the base, 
t of hfdftlieir difference; 
mt ^ half the vertical angle, 
nt Cf the excess of the greater of the ttvo ver- 
t Inf a perpendicular, abpve half the aforesaid 

le perpendicular fall without the triangle. 
of half the difference between the base angles, ^^i^ 
''ent of half tlieir sum; 
tgen't of half the vertical angle, 
mgent of trie excess of the greater of the two 
vertical 
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vertical angles,formed b^ a perpendicular upon the base, above 
half the aforesaid vertical angle. 

Demonstration. Cos A-f cos b :cos acocos b ::^ite acd-{- 
sine BCD : sine Acomsine bcd {N. 193.) 

Cos A + cos 8 : cw AUicos B : : cot ^ (a + b) : tang 4.(acOb) 
"(R. 106.) Sine ACD+ sine BCD: sine ACDv: sine BCD tztzng^^AcQ-^ 
bcd) :tang4. (acdccecd) (P. 105.) Therefore, 

Cot 4 (a + b)| : tang i (aw b) : : tang i (acD + bcd) ; tang 
I-(acdwbcd). 

But i (ACD4^BCD)=:i ACB, and I (ACD!aBcD)=EcD, hence 
cot -J- (a + b) ; tang 4 (awb) : :tang -J- ACB : tang'ECD, 

But when the perpendicular falls without the triangle^ 
4{acd— bcd)=4 ACB, and ecd=t (acd + bcd). 

Cot -i (aw b) : tang 4^ (* + ») • '• ^^^gi (acd— bcd) : tang 
4 (acd+bcd) ; by inversion, tang ^ (a+b) : cot 4 (awb) :; 
tang EcD : tang 4 ace. 

But the tangents and co-tangents are reciprocally proportionaL 
Tang 4{AmB) : cot 4 (a+b) :: cot 4 Acb : cot Ecd. q.e.d. 
(I) Corollary I. The excess of the gceater of the two 
vertical angles (formed by a perpendicular) above half the ver- 
tical angle, is equal to half the difference of those vertical anglas, 
when the perpendicular fells within the triangle ; or half their 
sum, when it falls without. Either of the above rules will bring 
the same conclusion, whether the perpendicular falls within or 
without the triangle ; only in the former case, the fourth number 
will be less than half the vertical angle, and in the latter it will 
Ije greater. That the rules are the same may be shewn thus. 
When the perpenJJicular falls without the triangle. 
Tang 4 {A KB.) ; co-tang 4 (a+b) : : cot 4 acb : cot ecd; 
by inversion, cot 4 (a + b) : tang 4 (awe) : : cot ECD : cot . 

4 ACB. 

But the t:angents are reciprocally as the co-tangents. 

.'. Cot 4 (a + b) : tang 4 (aw b) : : tang 4 acb ; tang ecd, 
the same expression as when the perpendicular falls within the 
triangle. 

(iC) Corollary II. The co-tangent of half Ihe sumo/ the 
angles at the base, is to (he tangent of half their d^erence; as 
the tangent of half the vertical angle, is to tangent of half the 
difference between the txeo vertical angles,Jbrmed by a perpen- 
dicular, or to tangent of half their sum, according as the per-f 
■falls xoitkin or without the triangle. 
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(L) The Rule Prop. xxT. (I. 191.) will solve ten cases; 
■e also the rules B. 196. 



(M) When the three sides are given, to find the angles. 

Any one of the three sides may be called the base. Then, 
The tangent of half the base, 
Is to the tangent of half the sum of the sides; 
As the tangent of half the difference between the sides. 

Is to the tangent of the distance of a perpendicular from the 
liddle of the base. (E. 198) 

Accordiitg as this distance is less or greater than half the 
ase, the perpendicular falls within or without the triangle. 
P'hen the sum of the two sides is less than 180% the perpen- 
[cular falls nearest to the less side, when greater than ISO* it 
ills nearest to the greater side: consequently the greater seg- 
lent is joined to the greater side in the former case, and to the 
'ss side in the latter. The sum of half the base, and the 
mrth term found by the above proportion, gives the greater 
;gment, their difference gives the less. 

The triangle being thus divided iqto two right-angled tri- 
igles, the remaining parts must be found by the proper rules. 



(N) When the three angles are given, to find the sides. 
The CO- tangent of half the sum of the angles at the base, 
Is to the tangent of half their difference; 
As the tangent of half the vertical angle. 

Is to the tangent of the excess of the greater of the two ver- 
cal angles (formed by a perpendicular), above half the afore- 
id vertical angle. (H. 198.) 

If the sum of the base angles be less than 180% the perpen- 
icular and the less segment are nearest the greater base angle, 

greater than I60° they are nearest the less base angle. The 
im and difference of this fomth term, and half the vertical 
igle, gives the greater and less vertical angle formed by the 
;rpendicular. The triangle being thus divided into two right- 
igled triangles, the remaining parts must Jse found by the pre- 
diog rules. 

(O) Cl3E ^ 
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(O) Case I. Given two sides and an angle opposite to one of 
them, to find an angle opposite to the other. 
C The side Ac=80^19'^ 
Given <The side bc =C3°.50' > Required the 21 b, 
(The 2a=:51°.30') 

DETERMINATION OF THE SPECIES. 

A perpendicular in this case is d 

unnecessary. If ac + bc, a + 
(b acute) y and a + (b obtuse), be 
each of the same species with 
respect to 1 80% b is ambiguous : 
—But if only two of these sums 
be of the same species, that value of b must universally be taken 
which a^ees with the sum of the sidesj^ in all such cases b is 
ftp/ ambiguous. 

SOLUTION. 

Sine BC : sine ac : : sinie z a : sine zb=59^I6\ 
Here b is ambiguoussz59°.l6\ or 120°.4j4'. 

EXAMPLE II. 

C The side Acn 57^30'^ 
Given } The sid^ bc = 1 1 5°.20' >• Required the 2: b. 
(.The ZA = 126*.37'3 
Answer. The z 8=48^30', not ambiguous. 

(P) Case II. Given two sides and an angle opposite to one of 
them, to find the angle contained between these sides. 

CThe side ac=:80M9' ) 
Given ^{The side bc =63^50' [ Required the zc. 
(The ZA=51°.30') 

DETERMINATION OF THE SPECIES. 

1. If AC and the ZA be of 
the same species^ the ^ acd is 
acute. The perpendipalar en 
is of the same species as the 
Z A. If BC and DC be of the 
same species the z bcd is acute* 

2. If the z BCD be less than the z acd> and their sum less 
than 180% than the zacb is ambiguous; but if their sum be not 
less that 180'', their diiflference is the true value of the zacb, 
not ambiguous. 

If the z ^D be not less than the z acd, and at the same time 

D d their 
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their 'siiih he less tHan 180**, this sum is the /rflip vdue bf the 
Z ACBj IIP/ ambiguous^ 

SOtUTION'. 

1. In the triangle adc, find the z acd. ^ 
Thus, rad x cos Aczzcot z A x cot z a^d. 

Hence, cot z A : rad : : cos Ac : cot acd=s 78*^,4' acute. 

2. In the triangle cdb, radx cos BQV=Ltang do x cob BC. 
In the triangle adc, radx ces acd= tang DC x co^ Ac. 

Hence, cot ac : cot bc : : cos acd : cos bcd=53°.28' acute. . 
Because the zbcd is less than the z acd, and ZBCD+ z acd 
less than 180% the za.cb is amiiguous; viz. zacb=zAcd+ 

ZBCD=13l°.32', or |JtACB=ZACD— ZBCD=i:24°.36'. 

EXAMPLE II* 

f The side ac= 5T.30") ^ 
Given \ The side Bc = 1 1 5\20' > Required the z c. 
(The ZA = l26*.3r3 

Jhswer, z Acb= 125°.52' bbtiSse, Z BCD=64M2' acute^ 
and ZACB=61°.4O',/i0/ ambiguous* 

(Q) Case III. Given two sides ant^ an dngWoppoiiti io om of 
them to find the other side, ■ ^ 

f The «de AC=80M9'7 
Given A The side bc = 63^S0' > Rec^uif^d the Wfe 'iB. 



^The z A =51^30' 3 

DETERMINATION 6t YHE SPEClBS. 

1 . The segment ad is acute 
or obtuse, accbrdihg as the 
Z A is of the same, or of dif- 
ferent Species with AC. DC 
is of the same species with the 
ZA. 

DB is acute or obtuse, according as bc is of the same, or of 
different species, with dc. 

2. If DB be less than ad, and their sum tess than 1 80% then 
AB is ambiguous; but if their sum be «^/ less than 180% their dif- 
ference is the true value of AB, not ambiguous. 

If DB be not less than ad, and at the same time their sum be 
iess than 180% this sum is the true valu^ of ab^ not ambiguous. 




SOLUTION. 
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SOLUTION. 

1. In the triangle Ai?p, $hd the side aj>. 

Thus, rad x cos z A=cot AC x tang ad* 
Cot AC : rad :: cos z A : tang ad==74.°.4'0' acute. 

♦ 

2. In the triangle cdb, radx cos bc=^/ dc x cos db. 

In the triangle adc, rW:jc cos kc^cos dc x cos ad. 

Hence, cos ac : cos Bc : : cos ad : cos db=46^6' acute. 

Because dh is less than ad, and ad+db less than 180% ab is 
ambiguous ; viz. ab = ad + db = 120°.46', or ab = ad— db=: 
28°.34'. 



jide ac= 5T. so' 1 
jide BC=:115^20'>] 
/A=:126°.37'y 



Efequired the side ab. 



EXAMPLE II. 

The side 
Given -? The side 
The 
uinswer. ad=:136o.53' obtuse, db= 54^27' acute, and ab= 
AD — DB = 82°. 2 6' «o/ ambiguous. 

(R) Case IV. Ghen two anglesy and a side opposite to one of 
ihitn^ to find the other opposite side* 

SThe ZA=51''.30'T 

The z B = 59°. 1 6' > Required the jside AC. 
ThesideBC=63%56'3 

DETERMINATION OF THE SPECIES. 

A perpendicular in this case 
IS unnecessary. 

1. If bc+(ac acute) J BC-j- 
(ac obtuse) and a+b, be each 
of the sjime species, with re- 



spect to 180°, AC is ambi- 
guous ; but, if only tivo of these sums be of the same kind, that 
value of AC must universally be taken which agrees with the 
|Uin of the angles, in all such cases ac is net ambiguous. 

SOLUTION. 

Sine z A : sine bc : : z b : sine ac— 80^ 1 9', 
Because BC+(AC«r«/^), bc^''{ac obtuse) and a+b, are each 
less than 180% ac is ambiguous, being either 80M9 , or 99^*1'. 

EXAMPLE II. 

CTheZA =126° 370 

Given ^The zb = 4S\30' >• Required the side Ac 
{.The side EC = U5°.20' 3 

Ansnjoer. ac=57°.30' acute, and mt ambiguous. 

D d 2 (S) Case 
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so* THE PRACTrCE OF EoOK HI. . 

(S) CasEV. Given two anglts, and a side eppotitt to one ef 
tiem, to find the side adjacent to toese angles. 
(The ^a=5l°.S0'^ 
Given -JXhe ^B=59°.16'S-RequiredtbeBideAB. 
^ (The side BC=6a°.50') 

1 DETERMINATION OF THE SPECIES.' 

1 . DC is of the same species 
■s the z A. 

The' species of ad cannot 
be determined. 

DB is acute, or obtuse, ac- 
cording as Bc and nc are of 
the same, or of differcntspecies. 

2. When the angles a and b are of the same species ; if DB + 
(ad acute), and db'+{ad obtuse), be each less than ISO*, ab is 
ambiguous; but if only one of these sums be less than 180°, tl»a 
sum is the true value of ab, not ambiguous. 

When the angles A and b are oi different species; if both ad 
acvie, and ad obtuse, be greater than db, then ab is ambiguous ; 
but if only one of them be greater, that value diminished by db 
leaves ab not ambiguous. 

SOLDTIO'N. 

1 . In the triangle bdc, find the segment db. 

Thus,radxcos ZB=CotBcxtangDD. 

Cot BC :rad ::cos ZB; tangDB=46''.l' acute. 

2. In the triangle ADc, radxsme AD=:cot £AX tang nc. 
In the triangle bdc, radx sine DB=cot /.BXtangDc. 
cot ^B:cot ^A :;sineDB ; sinp ad=14''.40', or I05°.20', 

Because a and b are of the same species, and dbH-(ad acute), 
DB + (ADoi/ttJe), are each less than 1S0°, A&isamhrguous, viz. Ai 
=ad+db:=120''.4T, or 151°.3T. 

EXAMPLE II. 

CThe ZA=l26«.3T'l 
Given -J The z b = 48°.30' [■ Required the ade ab. 
^The side bc= 1 1 5°.2Cf^ 
Answer. db = 54°.2T acute, ad = 43°.6', or 136°.S4', and 
AB^82°.26', not ambiguoys. 

(T) Case VI. Given (rt'o anglet, and a side opposite to one of 
them, tojind tht third angle. 

Given 
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Given KThe z b =59*. 1 6' > Required the angle c 
j^The side bc =63^50' ) 

DETERMINATION OF THE SPECIES. 

1 . DC is of the same species 
asthezA. 

The species of the zacd 
cannot be determined. 

The ZBCD is acute, or ob- 
tuse, according as the side bc 
is of the same, or of different species, with DC. 

2. When the angles a and b are of the jame species ; if bci^ 
* +(acd acute), and bcd+(acd obtuse)^ be each less than ISO*, 

ACB is ambiguous i but if only one of these sums be less than ISO*, 
that sum is the true value of acb, not ambiguous. 

When the angles a and b are of djferent species ; if both acd 
jzcute, and acd obtuse, be greater than bod, then acb is. ^/y;^*- 
guous; hut if only one of them be greater, that value diminished 
by BCD leaves acb, not ambiguous. ^ 

^ SOLUTION- 

1. In the triangle bdc, find the zbcd. 

Thus, rad X cos bc ncot zb x cot bcd. 

Cot z B : rad : : cos bc : cot bcd=53°.26' acute. 

' ' . * 

2. In the triangle adc, rad x cos ZA=f5J DC x sine acd. 

In the triangle bdc, radx cos ZB=:cos dcx sine bcd 
Hence, cos zb :cos ZA t: sine bcd: sine acd =78^4?', or 101^56'. 
Because a and b are of the same species, and bcd -|- (acd 
acute), BCD -f (acd obtuie), are each less than 180*' \ acb is ^«- 
biguous^-zz i 3 1°-30', or 1 55*.22'. 

example ir. 

CThe ^A=I26°.377 
Given -?The zbzz 48°.30'[- Required the zc. 
I The side bc = 1 1 5^. 20^3 
Answer, The zbcdi=:64'M l' acute, the ZACi?=54'''.S', or 
115°.52' ambiguous, and the ZACB=i61°.4r, not ambiguous. 

(U) Case VII. Given two sides, and an angle contained le^ 
itueen them, to find an opposite angle. 

1 The side Acp 80M9'1 
Given ^ The side Apii:120**.17'>Rec|i;ired the zB. 
(The ZA= 5i^30') 




20* THE PRICTICE OF 

DETEKMINATION OE THE SPEaES. 

1. An is acute, or obtuse, ac- 
cording as AC is of the sainei or 
of diSereat species with the 

2. The ^ B is of the lame, or of different species -wah. the .£ *, 
according as ad is kiSt or greater tliau ab. 

SOLUTION. 

1. Jn the triangle adc, find ad. 

Thus, radxcos Z4=cot AC x tang ad. 

Cot AC : rad : : cos ^ A : tang ad=14°.40' acute. 

Then AB-AD=:46''.7'=DB. 

2. In the triangle Bnc,rWx sine DB=to«^BCX cot /B, 
In the triangle ADC,/-d</x sine AD=f«/j|fDC>c cot ^A. 

Hence, sine ad; sine db : :cot 4A:^cot Zfi=59°.l6 acute. 
Because ad is less than ab, the ^B is of the ■«)»»- species 
vith the z a, and consequently it i^ acute. 

EXAMPLE II. 

C The side ACi= ST.-Wi 
Given -?ThesideAB= SS^.'iT'f Required the -:». 
{The zA=l2fi°.3T5 
Ansvjer. ad=136''.54' obtuse, db=S4°.2'I', and the j!b= 

48''.30' acute. 

(W) Case Vlil. Civei* two iidei^ u^d the angle cpB/Miied Se- 
lueen tiem, iofnd the third side. 

rThesideAc= 80°.I9'S 
Given -J The si<leAB=r20',47' > Requited the si^^. 
(The zA= 51°.30.) 

DETERMINATION OF THE SPECIES. 

I. Ai>is acute orobtuse, ac- d C _ 

Mrding as AC is of the iame, <^ '■ /\ / 

tT.oi differ sni species wirU the >/^\'- f \ 



2. CD is of the same species as the z a ; therefore, according 
is the z A and db are of the iante, or of different species, EC is 

icutc or obtuse. 
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1 • In the triangle adc» find ad. 

TKus, radxcos /A==cot Acxtang AD, ' 

Cot AC : rad : : cos z a,: tang a©='74*.4?0' atcute. 

Then AB— AD=:46°.7'=DBiK:ute. 

# 
2. In the triangk Bbc, rady cos bc =:cos dc x cos db. 

felted triangle at>c, radx cbs ac=cos dC x cos Ab. 

Hence, cos ad : cos db : : cos ac : cos bc —63^.50' acute* 

JSecause DB and the za are both acute, bc ts acute. 

example iu 

5*rhesideAC=: 57\30'1 
The side iAB= se'^.ST'y Required the side BC. 
The ZA=:126».37') 
Answer. ADr=13^'.54' obtuse, Ad — ab=:dBz=54?o.27^ aoitet 
and bc = 1 1 5*.20' obtuse. 

(X) Case IX. Given two angles and the side adjacent to hciA 
tfthemy tofind a side opposite t9 one of the given angles. 
(The ZA=: 51^30'! 
Given -?The-^AcB = 13 1^30' {.Required the side bc 
/The^$ideAc= 80°.1S'\ 

DETERMIMATIOTK OFTHE S^CCm$. 

!• The Z ACD is acute or ob- C 
tuse, according as the ZA is of 
the/tf/ff^, OT oi differett/t species 
^th the side AC. 




5. The z A IS of the same species as cdj therefore, according 
as the z'A and the Z BCD are of the same^ or of different sp^cies^ 
BC is acute or obtuse. 

soLimoN. 

1. In the triangle adc, find the zacd. 

Thus, rad X cos Ac=icot z A>< cot zacd. 
Cot z A : rad : : cos AC : cot acd=78°.4' acute. 
Z acb — z ACD= z BCD=53^26' acute. 

2, In the triangle bdc, radx cos BCD=/a«^ do x cot bc. 
In the triangle adc, radx cos KCT^-Tztang dcx cot AC. 

Hence, cos z Acd : cos z Bcp : : cot AC : cot b c = 6 3**. 50' acute? 

« Because 



SOf THE PiticTiOK <rf . BftoK nt 

Eecaase tlie a is of tlie same species as the ZBCDt the side | 
Xc is acute* 

EXAMPLE II. I 

CThe ^A =126°.S7'T 
(^ven <The ZACB = 6l°.4r>Required the side Bc. 
(The side AC = 51°.30'J 
Atuvier' zacd= I2i°.52' obtuse, zacd— ZACB = zbcds 
64°. ll' acute, and the sideBC=lI5°.20' obtuse. 

(T) Case X, Given two angUsy and the tides adjacent to hti 
^tbem, tojind the other angle. 

tThe ZA = sr-StfO 
Given ^The zacb =131*.30'pRequired the angle*. 
^ThesideAC= »0°.I9'3 

DETERMINATION OF THE SPECIES. 

1. The ZACD is acute or ob- ^, C .1) 

tuse, according as the J.X is of C \ J'\ 

the samtf or of different species }(\\'-- f ^V 

with the side Ac. / \ \ -i- >^,-"' 



2. The angles a and b are of the same^ or of diff'crettt species, 
according as the z acd is less or greater than the z ACBt 

SOLDTION. 

1. In the triangle ado, find the ACD. 
Thus, rad x cos ac =cot ^ A x cot Z acd. 
Cot z A : rad ; : cos AC : cot z acd =78°,*' acute. 
f \cn — / Airn^c / nr.Ti'^:z^3i' .Id' ariitp. 



Z ACB— z ACD3: z BCD=53°.26' acute. 



2. In the triangle BDC| radx cos B=c0JDcXsiQe BCD. 
In the triangle adc, radx cos &=cot uc x sine acd. 
Hence, sine zacd :sine zbcd ::cos za:cos ZB=59°.16'acufe. 

Because the L acd is less than the z acb, the z B is of the 
fame species as the za, viz. acute. 

EXAMPLE JI. 

fThe ZA=126°.sr5 

Given -jThe zacb=: 6 l°.4ry Required the zb. 
fTheside ac= 57°.30'> 
Ansvoer. The z acd = 125°.52' obtuse, z acd— z acb — 
SCO=64M 1' acute, and the Z B=48°.S0' acute. »- 

(ZJ Casi 
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(Z) Case XI. Given the three sides^ tofini the anglet. 

rTliesideAC= 80°, 19'^ ,, • ^ ^i. « w 
Given \ The side bc = 63^50' f ^^^^^^^ *f ^^^^ 
t The side AB = 1 200.47' ) ^' ^' ^^^ ^' 

The sum of the sides ac and bc being less than 1 80% the 
perpendicular falls noarest to the less side bc; therefore if it 
fills without the triangle, the rule determines £D in fig. 2. 
tang4AB=tang60°.23'.30= - - 10*24«544« 

: tang i (AC+Bc)=:tang 72°.4.'30"= - 10-49016 
: : tang 4 (ac- Bc)=stang 8«.14'.30"=:. 
: tang ED=tang 14M6'.35"= - 



9- 16090 
9-40562 




Here ed is less than half the 
base, therefore the perpendi- 
cular falls vithin the triangle, 
and consequently the angles^ A 
and B are acute. 

The segment AD=t4AB+ED= 74^.40', and DB=46^7'. 

secondly. 

In the triangle adc, the segment ad and the hypothenuse 
AC are given, to find the z A=5P.3r, and the ^acd. 

In the triangle bdc, the segment bd and the hypothenuse^ BC 
are given to find the ZB=:59°-l7', and the /BCD. 

Lastly, 4ACD+ZBCD = zACB=::l3l^30'. 

Or thus. Let bc be considered as the base. 
Then, the sum of the sides ab and AC being greater than 180% 
the perpendicular falls nearest to the greater side ab ; there- 
fore if it faib without the triangle, the rule determines iLd in 
fig. 2. 

tang 4 BC=tang 3 P.55'= - - 9*79438 

: tang 4- (ab+ AC )= tang 100^33'= - 10*72992 
:: tang4.(AB-Ac)=tane20M4'=: - 9*56654 
:tangEDorE^=:tang72.32'= - - 9*50208 
Here the fourth proper- A 

tional is greater than half 
the base, therefore the per- 
pendicular falls nvithout the 
triangle. 

The segment £/B=ti— 4^0=40** .37'; the segment bd=: 
T BC + supplement of eJ= 1 39°.23'. 

SECONDLY. 

In the triangle a^b, or adb, the /b may be found =59^ 1 7'. 
And,in the trianj^le acd, or ao/, the jL c mc-y be found =131°. 28'. 

£ e EXAMPLE 
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Given } The side bc =ri5°.20'>Requiredthe angles lands. 
(The side AB = SS^.ZS') 
jlnswer. ZA^lze-.SV, and ZB=48°.3r. 

(A) Case XII. Giv*n the ihret mngUs to find the tiJet. 

Let the angles a and b, whicli are of the same Species, be 
considered bs base angles> then the perpendicular will &11 widir 
in the triangle. 

And since the sum of the two angles a and 4t i^less than 
180', the sum of the sides AC and bc is less than ISO**, there- 
fore the perpendicular falls nearest to B, the greater an^e. 
Cot4(A + B)=cot55°.23'= . - 9-83903 

:tang^B-A)=tang3''.53'= - - 8-83175 
; : tang4:i:ACB=tang;65=.45'=: - - 10-34«34 
:tangZECD=:t^gl2''.19'= - - 9-33906, 

Then,4^ACB+^ECD=^AcD=78°.4'. A.> 

And 4-Z ACB— I EC1>= Z BCD = 53''.26'. 



^ c 



In the triangle adc, the i. A and the z acd are given, to find 
AC=80<'.I9', anjAD=7+'.4b'. 

In the triangle bdc, the z B and the I BCD are given, to find 
BC=:63'.50',andDB=46*'.7'. 

Lastly, AD + pB=AB=120°.47'. 

Or thus,' Let bc "he consijerejas the hose. 

The base angles being here of different species, the perpen- 
dicular falls without the triangle. 

And because the sum of the two angles B and c is greater 
than 180°, the perpendicular fcills nearest to the less%ngle B, 
or greatest side AB, consequently the ryle determines the 

Coti-(B + c)=cot95='.23'= -- 8-97421 rf, _ a © 

:tang^(c-B)=tang36".7'= - 9'86312 '[ '"%' / 

::tang4^/BAC=:tang25''.45'= - 968336 •. _>9v!i -' 

:tang/i;Ai/=tang75°.l'= - 10-572*7 B^\/ A .-■'" 

^ C ' 
Then|zBAC-|- £EJi4= AcAd = 10O°.46'i and hence the 
^ftASf being thesupy-teiDeqf,=7yM4'and zsad=:IS0°.44'. 

SECONOLT. 
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SECONDLY. 

In the triangle Arfc,or ADC,the sidcwAC willbefound=80M9', 
and the side dc or dc may likewise be found. 

In the triangle a^b, or adb, the side ab will be found =: 
120°.48', and the side rfB, or db, may likewise be found. 

Lastly, 180**— (dc+Jb), or rfc—^B, or DB—DC=2Bc=63^5(/. 

SXAMPLE II. 

rThe ZA= 48°.3l'7 T> • J .1, -J 
Given 3 The /bz= 62\52l ^^^"^''"^•'^^ "^^' ^^' «^' 
^ <Thezc = 125^20'i ^^^^°- 

^ww^r.AC=83^6'.32'>c=:56°.41'.40",andAB=114*.28'45'% 
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CHAP. VI. 



viz. in any spherical triangle ABC,- 



INVESTIGATION OF GENERAL RULES FOR CALCULATING THE 
SIDES AND ANGLES OF OBLIQUE-ANGLED SPHERICAL TRI- 
ANGLES WITHOUT MAKING USE OF A PERPENDICULAR. 

PROPOSITION XXVllI*. 

(B) J^tBe cosine of any side of a spherical triangle be multiplied 
hy the radius^ and the rectangle of the cosines of the other two sides 
be deducted from the product ; the remainder divided by the rectangle 
of the sines of these two sides ^ will be equal to the cosine of the in^ 
eluded angle divided by the radius, 

(cn»AB X rad]^(cos AC x cosbc) 

sine AC X sine BC 
cos /.c 

rad 

Demonstration. LetABcbe 
the triangle proposed, and let o 
be the centre of th^ sphere ; join 
Ao, Bo, and co. Take any point 
J) in oq^ and in the planes aoc, 
Boc, draw de and dp each at 
right angles to oc, and join ef. 

The© because the ^ edf is the 
measure of the inclination ©f the 
planes Aoc^ boc, it is also the measure of the spherical ilAcB 
(D. 129.). 




In the plane triangle edf, 



cos EDF ED* + D F* — EF* 



rad 



2DE X DF 



(N- 86.) 



■^■> 



• JU^eodre's Geometry, 6th Edition, page 3S0» et seq. 
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also 



21S fORMULJE, &C. FOR THE SOLunoK Bo6E IIL 

,. . , , . , COS EOF Eo' + OF'— EB* 

also in the plane tnanele eof, ; — — , 

' *• * rad 2EOXOF 

From the second of these equadcHis ef'=eo'+of*— 

2EOXOFXCOSEOF ,., , . ,. . „ 

~ 1 which substituted in the fint ef^uation gives 

■ But 

iiDEXDF 

OE' — e'd"-=:od* (Euclid I. and *7.) and of'— df*=od% con- 

(eoxofxcos EOF)— (oD'xrad) 
sequentlycosEDF^ — - 

"'' rad 

. -— (E. 35.)= 

sine ^ DOE 




- . ; and if these values be 

! Z.DOF sineBc' ■ ^ . -'- 

substituted in tfie eqnaiion, cos z. edf = 
(rad'xcos ab) — (radx cos Acx cos sc) . cos ^c 

: — ■ ■ — -;_- Tiz. — -:!: 

sine AC X sine Bc rad 
(cos ABx rad) — {cos AC x cos bc) 
: r- -. Q.E.D. 

(C) Since the preceding conclusion does not depend on any 
peculiar relation which the Z.c has to the other angles, a si- 
milar equation will be equally true for the angles Aand B. Hence 

„ f rad' . cos a) — (rad . cos S . cos c) 

Cos ^ A =— ■ ■ ■ -, 

sine A . sine c 
_ (rad^,cos i)— {rad . cos rt. cose) 

Cos Z.B= ; : , 

Sine n . sine c 
_, _(rad'.cosc} — (rad .cosi.costf) 

sine 6. sine a ' 

These are the formula: from which Lagrange and Legendre * 
t^gin their invest ifjat ions, and of the four quantities involved, 
any three being given the fourth may be found. They are ap- 
plicable to every spficjes of spherical triangles, whether right-- 
angled, quadrantal, or oblique-angled, but the formula for 
right-angled and quadrantal triangles have already been given. 
(O. 164, and P. 165) 

(D) If A( B, c represent the three angles of a spherical tri- 
angle, the opposite sides may be represented by ISC-ri, 
ISO"— B, 1SQ°— cj and if a, b, c represent the three sides. 



Ihelr 
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- their opposite angles may be represented by 180**— a, 180®— i, 
180^-6- (X. 134.). Hence 

r> f o , ra(l« . cos (180**- A)~rad . cos (IS O^^-b) . cos (180°— c) 
*' ^^^ (^^^ -^)— siiie(i80°-B) . sme(l86^3^0 '* 

But cos (180"*— fl)=-cos a; cos (180°-a) =— cos a, Sec. 
{N. 95.) consequently 

__ (rad* . cos a) + (rad . cos B . cos c) 

sin B . sine c 
In the same manner the cosines of the other sides may be 
determined. 

(E) It has been shewn (S. 194.) that the sines of the sides 
of any spherical triangle have the same ratio to each other as 
the sines of their opposite angles ; hence by using the notation 
of Legendrej we shall nave v 



cos a:=:- 



I. Sine A = 



sine a . sme b sine a . sine c 



Sine B=: 

Sine C= 

11. Sine a = 

Sine i= 



sine b sine c 

sine b . sine A sine b . sine c 

sine a sine c 

sine c . sine A sine c . sine B 



sine a sine b 

sine b . sine A sine c . sine A 



sine B sine c 

sine a . sine b sine c . sine a 



Sine (:= 



sine A sine c 

sine a . sine c sine b . sine c 



sine A 



sine B 



(F) The general expressions for the cosines, whicli liav« 
been obtained by this proposition, may be arranged thus ; 

^ (rad* . cos a) — (rad . cos b . cos c) 

III. Cos A=^ A-4 ' ^• 

sme . sine c 



Cos B=: 



(rad* . cos b) — (fad . cos a . cos c) 

sine a . sine c 

-, (rad* . cos c) — (rad . cos 6 . cos a) 

Cos C =: : 7 : . 

sine . sine a 

And by reducing these last equations. 

(cos A . sine S . sine r)4-(rad . cos b . cos c) 



IV. Cos a: 



Cosb=z 



(Cos B . sine a . sine c) -f- (rad . cos a . cos e) 



^ _.(C^s c . sine b . sme a) -!-(rad . cos b . cos a) 

V. Cos 
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_. -, {rad*. COS A)+(nid . COS B . cose) 

V. Cos a=^ 7^^^ — : ' (D. 212.) 

sine B , sine c ' 



sme A , sine B 
And fay reducing these equations, we shall have 
VI. Cos A=^ 



(cos a . sine B 


sine c)— (rad 


cos B . cos c) 


(cos 4 . sino A 


rad' 
sine c)- (rad 


COS A . COS c) 


(cos e . sine 1 


rad" 
sines) -(pad. 


CO. A . COS b) 



Cosc=: 

(G) The six preceding articles afford solutions to iH the 

difTermt cases of oblique-angled spherical triangles. 

The 1st. Finds the angles, when two skies and an angle o^ 
po^te to one of them are given. 

The I^d- Finds a aide> when two angles and a side opiposite to 
one of them are given. 

The nid. Finds the angles, from the three ^es faeing given. 

The IVtb. Finds the third side, when two sides and tbur con- 
tained angle are given. 

The Vth. Finds the ^des, from the three angles beinj; given. 

The Vlih, Finds the third angle, when two angles and the side 
^jacent to both of them are given. 

(H) But none of the foregoing formuhe are convwilentlf 
adapted to logarithmic al calculation. 

Letthe value of the cosine of c (F. 21 3.) be substituted in the 
formula rad'— rad. cos c =2 sine' .J c {2d equation I. HI.) *« 
' ,„ cose 2sine'ic (rad'.cosf}— frad.cosd.cosp) 

sliallhave 1 3-= ~= 1 -1 r---— -. 7-^ 

rad rad^ sme a .sine 0. rad 

fsinea.sineA)+(cos<i.co?A) — (rad. cost) , , . . ,, 

= : —■ ■-■- > ' — ; but (sme a . smefr) 

sme a . stde * 

+ (cc 

rad . cos fa— i)— (rad . cos c) 



sine a . sine i 
From the 4th equation (F. 1 10.) rad . cos <ij-rad . cos P=: 
2 sine^ (p ^ q) . sine J {p — q), which, by putting n=(a— ft) 
and P = C, becomes rad .cos (a — b) —rad . cos t':= 
2 sine i {f-ya — li] .sinei(c— a+ij, hence ve obtain 

Zsine* 
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2 sinc^ 4c 2 • sine itc+a—b) . sine (c— fl-f i) 



I sine x<^ 



sine a . sine 6 



that is 



J.c=nid /sine 4 (c +g - ^ ) . sine i{c - g + 6 ) g^^ 
^ sine a . sine ^ 

i[c+a-b)i=:i(a-{'b-{ 'y)^b, and 4(g+*~fl)=i(fl+^+f)~g» 

hence sine i c^rzdj'^^ ^ ^^^ "^ ^ "^ ^^ ^ * ' ^^^ ^(a T^t^)"^ 

^ sine a • sine i * 

and it is evident that the same formula will be obtained^ with 
only a change of the letters, for the angles a and b. 

When 4^ z. c is near 90'' this will not be a convenient rule for 
producing an accurate result, because the difference of the lo-> 
garithmical sines for l" is then very small (see the note page 49)} 
if T /Lc be less than 45°, it will be proper to use this rule, 

(I) Again, if the value of the cosine of c (F. 213 ) be sub-i 
stituted in the formula rad^-f rad.coscr::2 cos^^c (1st £qua-« 
tion L 111.) we shall have 



1 + 



cose 



^2 cos * 4 c__ (rad . cos c) —(cos b . cos a) 
rad rad^ sine a . sine b "*" 



(sine a . sine 4) +(rad . cos c) — (cos b • cos a) 



; but (cos afcos b) 



sine a « sine b 

— (sine a . sine b) =rad . cos (fl+ J), (D. 109,), Hence 
(sine a . sine A) — (cos a • cos b)= —rad . cos (^+^)> therefore 
2 cos* 4 c (rad . cos c) — rad . cos {a-\-b) 

■ ' ^mm ' ■^•'^^-"— ~ ■ ■ Jill m ■ '^ 

rad* sine a . sine b 

From the 4th equation (F. 110.) (rad . cos <^) —rad .cos prr 
2 sine 4 ( ^ + ^) • sine 4 ( P — ^)> which, by putting Qjnc and p = 
{a + S), becomes (rad . cos c) —rad . cos(a + 6) = 2 sine i{a + b +c) 
.sine 4(^+4 "~^)> hence we obtain 

2cos*4c 2 sine4(a + 6+^) .sine4 («-f6-^0 , 

"~ 5 that is 



rad 



cos 4 



sine d . sine b \ 
c=rad / s^^eY(g + ^-fg)>siiie4(fl+^— c) ^^^ 
^ sine a . sine b 



i(a +b — c) = I (a + b + c) — c, hence 

^ sine a . sine A 

obvious that the same formula will be obtained, with only a 
change of the letters, for the angles a and B. 

When 4 ^c is very small, this rule should not be used where 
a very accurate result is wanted, because the logarithmical co- 
sines of very small arcs, in a table carried to seven places of 
figures, differ but little from each other (see the note page 49); 

- if 
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if^-ic be between 45° and 90", this rule ma^be used WitHa4' 
vantage. 



cos^c 
rad . cos i c 

: ; — =cotic fO. 98.1 we shall obtain, by divisioii, 

smej-c 11/ J / r 

Tang^c^rad /^^^''' + ^V^~^•""^^^^''•^*+^^-^ and 

Cot J- c = rad / ainei(g+6+t').sinef(a+A+c-)- c 

(L) Any of the three'preceding formula (H. 214, I. 215, 
or K. 216.) will determine an angle when the three sides are 
given, and by continuing Legendre'a • mode of investigation, 
formula for determining a side in tenns of the three angles 
maybe obtained; thus, let the value of cos a [D. 212.) be sub- 
stituted in the formula rad' — rad. cosa=2 sine'^fl (2d Equa- 
tion I. Hi.) we have 

cos fl_2 sine* -Ja^ (rad'. cos A)+(nid .cos a. cos c)_ 
rad rad' ~ sine B . sine c • rad ~ 

(sine B . sine c) — (rad . cos a) — (cos b . cos c) , 

; : ; but 

sme u . sme c 
rad. cos (b+c)=(cos b- cosc) — (c sine b . sine c), (D. 109.) or, 
(sine B . sine cj — (cos B . cos c)=— rad . cos (B + c), therefore 
Ssine'tii — rad .cos (b-[- c) — (rad.cosfl) _ 
i.- \ . ■' > '-. From the Sdequa- 

rad* sme B . sine c ^ 

tion (F. lia)rad.cosp+rad.cos(j=2cos^(p + a).cost{p— «), 
which,byputtingp=B+candq_=A,becomesrad.cos(8 4-c) + 
rad. cos A =2 cos-J(b + c + a) . cos ^(b+c — a), hence we obtain. 
2sine'ia^ -2cosi:(B+c+A).C05t[B+c-A) . 

rad* sine b , sine c_ ' 



^ sine B . sine c 
t(A-|-c— A)=:i(B + c+A)-A, hence 

^ sine B . sine c 



■ Elements <le Gfaro^lrie, 6tb editiOD, page 391. et leq. 

■f Though the quantity under the radical sign appears under a negative fbrm, 

it is altvayi positive; Pir, eiuce the three an^len of every ipherical trianRle are 

to|«:lhcrpvatPrlhanlwo light Bni[les(W.-134\ J(* + b + e) must be«reilpitliaa 

90°, aiul the cosiueof aii arc jreaKr tlian '■•Q" is negativ*, (K. fti.J Uierefoie the 

eipi^nioa. 
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It is evident that the same formula will be obtained for the 
sides b and c, by a chanre of the letters only. 

When f a is near 90 » this rule should not be used where 
extraordinary accuracy is required; but if fa be less than 45% 
it may then be used with advantage. (See the conclusion of 
(H,214.) 

(M) Again> if the value of the cosine of a (D. 2 1 2.) be sub- 
stituted in the formula rad*+rad . cos a=:2 cos* f a (1st Equa- 
tion I. 111.)* we have 

cos a 2 cos* •}■ fl (rad . cos a) + (cos B . cos c) 

rad rad* sine B . sin^c 

(sine B . sine c) -|- (cos B . cos c) +rad . cws a 

1 '—J^ : . but 

sme B • sme c 

rad . cos (b — c) = (sine b • sine c) — (cos b . cos c), (13. 109.) 

^ 2 cos* 4- ^ rad . cos (B — c)+rad . cos A. _ , 

therefore tr — = : ■ — : — . From the 

rad* sme B . sine c 

3d Equation (F. 110.) rad .cosp+rad.cos q=:2. cosi-(p + Q) 

. cos t (P— <i)> which, by putting q=(b-^c) and p= a, becomes 

rad . tos A+rad.cos (b— c)=2 cosi< a +b — c) . cos i<A+c— b)* 

, , . 2cos*it^ 2cosi(A + B— e).cost(A+c— b) 

hence we obtain ~ = : : — ^— ■ » 

rad sine b . sme c . 

that is, cos i « = v.^ / «=«'» i (A + B - c) . cos i (A + clli) ^ 

^ sine B . sine c 

butf (A+B-c)=|(A+B + c)-c,aadi(A+c-B)= 
t(A + B+c)— B, hence COS if«=? 

^Jc^i(,K+j,+c)-c.co^i(KTr^-=^ And it Is 

^ sme B . sine c 

plain that the same formula^ with only a change of the letters^ 
will be found for the sides h and c. 

When t fl is very small it will npt be proper to use thisrule* 
but if fa be between 45** and 90% it may be used with j|d- 
vantage. (See the conclusion of 1. 215.) 

(N) Also, because rad . r— == tang t <* (N. 98.) and 

^ cos fa 6 ^ V 



expression— cos •} ( a -j- 1 4* c) ])ecpipe« positiye^ The other part under the ra- 
dical sine ts always positive; for, if the supplements of the thre^ angles a. m^ e 
betaken^ they will give the three sides of a new triiingle»]8o^— a^ISoP— b» 
180^. c, (^, 134.) any tvpof which taken together are greater than the third 
(S.139); hence 180*»-A « lat thaa 180**-B-fl80®-c, that is» — a + b + g 
u leu than 180^, consequently \ (a-fc— a) of Its equal {(A-f-B-i-c^^A i^irxr 
than 90^, and the cosine of pxi arc less than 90^ is always aifirmatiTe. (K. 94.) 
IfCgeudre, pafc 892» 

pf rad 
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— r — T^—=cotia fO. 98.) we shall obtain by divi^on 
sine ■*■ fl » \ / / 



* ■ V C OSf(A + B + C)-C.COi-i(»+B + c)-B 

a.d cot f .=,.d /c°=t(. + .+c)^c.co,t(A+.+c)-. 

^ — COsf (A+B + C).COSi(A+fl + c) — A 

. And hf the same process a similar formula will be obtained for 
the other sides. Also for the reasons already given (Note 
L. 216.) the quantities which appear with a negative signaie 
positive. 

Any one of the three preceding formulse (L. 216. M. 211. 

N. 217<) will determine a side when the three angles are given. 

(O) From the thk^f set of equations (F. 21 a.) we have 

Cos A. sine b .sinef=rad' .cos</— rad .cosft . cos c, 

and cos c . sine J . sineii=rad' . cos c — rad .cos A .cos a. 

By exterminating cos c and reducing the equations^ we get 

tad . cos A . sine c= (rad . cos a . sine A) — (cos c . sine a . cos J.J 

This last equation, by a simple permutation, gives 
. rad . cos B • sine cr=(rad. cos 0. sine a) — (cose . sine J cos a}*. 
By adding the last two equations together, and reducing thera 
we obtain sinec . (cos A-!-cosB)=;(rad— cosc).sine(a+*). 
sine c sine a sine b ^ „ , , 

Eutiince^ =^— = -. (E. 213.) we have 

sme c sme A sme b 
sine c . (sine A+sine B}.=sine c . (sine ii-Fsine S'). 
And sine c. (sine a — sineB)=sine c . (sine a— sine A). 
Dividing successively these two equations by the precedins 
equation} we obtain 

sine A+sine B _ sine c sineg+sine A 
cos a + cos b rad— cos c sine (a+i) 
sine A — sine B_ sinec sine g— sine 6- 
cosA + cosa rad— cose sine(a+J) 
Reducing these equations by the formulae G. llO, and L 111, 
we get tang J (a +b) =cot fc • ,. ; .. . 

. ,, \ r sinei(g-i) 

and tang i (a— b) = cot f c . - :' ■ , ■■,, 

These equations g^ve the analogies of Baron Napier for £iiil- 
ing the angles a and b, when the two sides a and h, md tbe 
angle c comprehended between ^em are given, viz* 

• Le^nilre>t Geometry, page 394. 
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cosi(a+b) : co^f (a— 5) :: cotfc : tangf (a + i). 
sinet(a + J) : sinet(fl— i) :: cotfc : tangf (acq b)« 

(P) Again, If A, B, c, represent the three angles of a sphe- 
rical trian^e , the opposite sides may be represented by 1 80^ — A , 
180** — B, 1'80° — cj and if fl, b, c* represent the three sides, their 
opposite angles may be represented by 180°— a, 180°— Jj 
1 80* — c (X. 1 34.). By substituting 1 80* - a, 1 80** - b for a and b j 
180^-cfor c; and 180**— a, 180°- 6 for A and B respec- 
tively, in the preceding analogies, we shall obtain the £oU 
lowing 

cos-J(a+b) : cost(A— b) : : tang fc : tangf (a+3). 

sinef (a+b) ! sinef (a — b) :: tarigfc : tangf(a— i). 

These are Baron Napier's analogies fpr finding the sides € 
and b when two angles a and b> and the side c adjacent to both 
of them are given. 

(Q) From the preceding formulae, which are more than suf- 
ficient for solving all the cases of oblique-angled spherical tri- 
angles, various others n^ay easily be deduced. 
(rad.cosA.sinec) + (cosc.sinea.cos^)=rad.co$a.sine&(0.218.) 

« -.#..,. . sine'tf .sinec _ 

By substituting m this equation sine c= ;^ — -— — (^E. 213.) 

51 lie A 

^ rad . cos A , rad - cos a ^ ^ , „ 

Cot a= • — : and cot a = — r^ , (O. 98.) we shall 

sme A sine a ^ ^ 

. . (cot a . sine i) — (cos c • cos i) , , 

obtain cot A = : , and by sub- 

sine c / 

stifuting B for a, and i for <z, 

/cot b . sine a)— (cos c ^ cos a\ 

cot B=^ : : ^^ '■ -\ 

sine c 
These rules may be applied, when two sides* and the angle 
contained between them are given, to find the-other two angles; 
for it is evident that similar formulae may be obtained for the 
angles a and c, or B and c by merely changing the letters. 

(R) By substituting 1 80° - fl for A, 1 80** — B for *, 1 80^ - A 

for tf, and 180° — c for c, and reducing the equation| 

(cot A . sine b)+(cos c . cos b) , , , • * 

cotfl=^ 7^ — ^^ ', and by substituting 

sine c ' ** 

B for A, &c. as in the preceding article, we get 

- (cot B . sirie a) + (cos c . cos a) 

cot b = ^ : m 

. sine c 

These rules may be applied, when two angles and the side 
^jacent to both of them, are given, to find the third angle. 

(S) The foregoing formulae (Q. and R. 219.) are not con- 

F f 2 veniently 
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venlendy adapted to logarithmical calculation, but they may be 
rendered so by the assistance of other quantities; thus, 

(cot A * sine c) + (cos c . cos b) =cot a . sine b (Q» 219.) 

-. cos A .tang A _ _ rad* 
Let tang f zz -j^— , then because tang A =: and 

rad • sine ^, ^ ^ , . cos b . cos 

tancr M=-^- 1. (N. SS.) we obtain cot A = : ^ 

* ^ cos ^ ^ . sine f 

hence, by substitution and reduction 

cos b 

--. • [(cos ^ . sine c)+(sine <p . cos c)] =:cot a . sine A. 

But (cos (p • sine c)+(sine f . cos c) =sine (? + c) . rad (D, 109,} 

... . cot a • sine b . sine ^ 

hence, sine (• + c) = ■ , -: >and because cot a= 

^^ ' cos 6. rad 

—— (O. 98.) and 7 — stang A (N. 98.) we derive 

tanga^ ' cos^ a \ / 

. tane b . sine ^ 

Now the value of 7 is already known, therefore the value of 
c is easily obtained; these formulas may be applied when two 
sides a send 6, and an angle a, opposite to one of them, are given 
to find the included angle c. 

(T) From the fourth equation (F. 213.) we have 
(cos A . sine b • nne c)+{nld • cos b • cos c) =srad^ • cos a. 

_ . . rad. cos 6. sine ^ . ^^ ., 

LetcosA.sine^= — ' =tang^.cosi^(N. 98.) hence 

cosp 

cos A . sine b , sine b • rad , .^^ % • ^ 

tang f = r- — > but 7 — =tang4 (N. 98.) there- 

** oosA cos* ^^ ' 

- co(«A.tanfl[6 „ , . . 
lore tatig f =s T"^* ^7 substitution 

cos i 

• C (cos c • COS ^} -f (sine c . sine f) ] =rad . cos «. 

cos (p ^ 

But (cos € • COS f ) + (sine c . sine f) = cos (c — ^) . rad. (D. 109.) 

.- , . cos a. cos ^ __ _ - ,. . , . 
hence co»(c— p) =— =- T"^' -Now the value of f> is already 

known, therefore the value of c is easily determined. These 
formuix may be applied when two sides a and A, and an angle 
a opposite to one of them, are given to find the third side. 

(U) Again, rad* . cos czz sine a * sine b . cos c)+rad . cos € 
.cos i firom the 4th equation (F. 213.}. 

Let 
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_ COS c.tanc:^ • , 

Let tang (p = d^^ ^^^ ^°^ * • ^^^S ?^ 

tang b . cos b 
cosC. j =cos c . sin i (L. 98*); hencei hj sub- 
stitution! rad* • cos cn(sLne a . cos b . tang (p) + rad . cos a . cos b, 

rad* • cos c ^ , v ^ ■ v , 

^)f _ — =(sme a . tang p) + (rad . cos a), but tang p=: . 

xad«sine0 , ^ rad . cos <: 

: . therefore , ^ 

cos ^^ cos ^ 

(sine « . sine ^) + (cos a . cos <p) cos (a —^ ) .rad _« ^ ^ 
_ -s ^ ^ (D. 109.) Con- 
cos^ cos^ 

cos b 

sequently cos c= . cos (a— p). 

^ ' cos (p 

These formulae may be applied when two sides a and b and 
the angle c, contained between them^ are given to iind the 
third side r. 

(W) From the 6th set of equations (F. 2 1 3.) we have 

rad^ • cos c= (cos c • sine a . sine b) — (rad • cos a . cos b). 

_ cos c . tang B _ 

Let cot ?= 5 ; then cos b . cot = cos c 

raa 

tanc B . cos B . .t ^« n 1 , , . . 

^ 2 rzcos c . sine B (L. 98.) ; hence by substitution. 

rad 

Rad^ • cos c =(cos b . cot ^ . sine a) — (rad . cos a • cos b), 

but cot =z — --^ (O. 98.) and by substitution and reduc- 

sine p 

rad . cos c (cos (p . sine a) ~ (cos a . sine p) 

tion«we eet = : — z = 

° cos B Sine <p 

sine (A — ®) .rad ,^ ^^ v , r rfne(A— ^) 

1- — U (D. 109.) therefore cos c=cos B . A ^ 

sine (p sine f 

These formulae may be applied when two angles a and b, and 
the side c, adjacent to both of them, are given to iSnd the third 
angle c. 

(X) (Cotfl.sinec) — (cosc.cos B)=cot A .sine B. (R.219.) 

, cos B . tang <i , , 

Let tang f =s ■ ■ , — — j then rad . tang pricos B . tang <z, but;, 

rad* . sine ,_ . ^ . , rad* 

rad • tans: ^s > — - (N. 98.) hence- . sme ^=cos B . 

* ^ cos ^ ^ tanga ^ 

cos Py that is cot a . sine ^=:cos b . cos f (O. 98.)» or cot ar: 

cos ^ . , 1 . • cos B 

cos B .--: — ^--, hence, by substitution —, — r"L(s»ne c, cos «)- 
sme ^ • ^ sme f ^^ ^ 

, ' (cos 
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(cosr.sme f)] =:cot A.sines. But(sine r.cos ^)— (cosc.sine p)= 

sine {c—<p) .rad (D. 109), by substitution cos b . sine (c—f) . 

rad=cot A . sine b . sine (p, and sine (c*— ?) .rad*=cot a . sine f . 

sine B . rad , . . , . rad* . v 

tliat is sine (c— ?) . =sine (p . tang B (N.^oj 

cos B ^ ^ cot A ^ ** 

, . , V sine . tane B ,^ _ . 

and sine (c - ^) = ^ ^^ (O. 98.)* 

V ^ tang A 

These formulas may be applied when tV(o angles A and B, 

and a side a, opposite to one pf them, are given to find the side 

c adjacent to both the given angles. 

(Y) From the 6tli set of equations (F. 213.) we have 
(cos a • sine B . sipe c)— (rad • cos b . cos c)=rad* . cos A. 

_. cos A. tan? B sine b ._ -^^ . , 

Let cot ?= -.-s— -=cos a . (N. 98.), but 

rad cos b 

rad • cos p 

cot p= — : ^, (O. 98.) hence cos a • sine B= 

sine ^ , 

rad . cos B . cos ^ , , . .^ . , 

_ an^i 5y substitution we have 

sine <p '' 

-: . [ (Sine c • cos ^) — (cos c . sine 0) J=rad . cos A. 

sine <p ^ rj \ r/ H 

But. (sine c . cos 9)-— (cos c . sine ^)=sine {c — f) . rad 

(D. 109.) therefore cos b . sine (c — 9)=qos A . sine <p, hence 

. cos A . sine (p 

sme ( c — 0) == ' . 

^ ^ cos B 

These formulae may be applied when two angles A and B, 

and a side a, qpposite to one of them, are given to find the 

third angle. 

(Z) Any of the preceding formulae may be turned into 

proportions, and by. introducing the versed sines, &c. they may 

be extended almost without limit, but the Versed sines are 

seldom used in trigonometry. 

^ sme^"^ c 

~ — . sine a . sine 6=:rad . cos (a— i) — (rad . cos c)} 

(H. 2 1 4-. ) hence 2 sine* i c . sine a . sine b = rad' . [cos(a — 6) — cos c]. 

2 
And cos c=:cos (a— i)— (sin a . sine b . sine^ fc . — -rj-). 

This formula, by the assistance of a table of logarithms and a 
table of natural sines, furnishes us with a very convenient rule 
for finding the third side of a spherical triangle, when two sides 
and the included angles are given, 

(A) 2 cos* i a . sine B.sine c=:rad . cos (b — c) + (rad . cos a); 
(M. 217.) . 
Hence 2 cos* i a . sine b • sine c=rad' • £cos (b — c)+cos aJ 

And 
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, And cos A=(sine b . sine c .cos fa. — 77) —cos (b— c). 

This formula, by the assistance of a table of logarithms and 
a table of natural sines, gives a useful rule for finding the third 
angle of a spherical triangle, when two angles and the side ad- 
jacent to both of them are given. 

(B) Scholium. 

Spherical triangles whose sides are very small arcs, may be 
considered as straight lined, and therefore the sides may be- 
come nearly equal to their sines or tangents; hence, all the 
foregoing proportions and formula, wherein cosines or cotangents 
of the sides are not concerned, are equally applicable to plane 
trigonometry, using the word side instead of sine of a side or 
tangent of a side. 

RULES FOR SOLVING ALL THE DIFFERENT CASES OF OBLIQUE- 
AKGLED SPHERICAL TRIANGLES, WITHOUT A PERPEN- 
DICULAR, AND THE LOGARITHMICAL SOLUTIONS OF ALL 
THE CASES. 

CASE I. 

(C) When two sides and an angle opposite to one of them 
are given, to find the rest. 

RULE. 

I. To find the other opposite angle. 

Sine of the side opposite to the given angle,; 

Is to sine of the given angle; 

As sine of the other given side, 

Is to sine of its opposite angle. 
To the angle found by this proportion, and its supplement, 
add the given angle. Then, if each of these sums be of the 
same species with respect to 1 80°, as the sum of the given sides, 
the problem is ambiguous ; that is, the angle thus found may be 
either acute or obtuse. 

But, if only one of these sums be of the same species with the 
5um of the sides, that value of the angle, found by this pro- 
portion, must be taken, whether it be acute or obtuse, which 
when added to the given angle agrees with the sum of the sides. 
In this case the problem is not ambiguous. 

2. To find the angle contained between the given sides. 

Find the angle opposite to the other given side, by the first 

part 



J 
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part of the rule> and note whether, it be aculey QbCnse> car 
biguous. 

Then, sine of half the difference between the two ^ven 
sides. 

Is to sine of half their sum ; 

As tangent of half the difference between their |Op- 

posite angles^ 
Is to co-tangent of half the an^e * contained between 
the given sides. (0» 218.) 

3» To find the third side. 

Find the angle opposite to the other given ^e, by the 
part of the rule, and note whether it be accite> obtuse^ or 
bignous. 

1rhe% sine of half the difference betweoi the two ang^c% 
Z^ to sine of half their sum ; 
As ttsngent of half the difference between the two 

given sides. 
Is to tangent of half the recjaired ^de. (P. 21^.) 

CASE II. 

(D) When two angles,^ of an oblique-angfed spherical tri* 
'angle, and a side opposite to one of them are given, to find the 
rest. 

KULE. 

1. To find the ether opposite sale. 

Sine of the angle opposite tp the given skte^ 

Is to sine of the given side; 

As the sine of the other given angle. 

Is to the sine of its opposite side. 
To the sfde fonnd by this proportion, and its supplement, 
jtdd the givej^ side. Then, if each of these sums be ef the 
same species with respect to 180°, as the sum of th^ given 



* Since a side, or an angTe, of any spTierical triangle is always less thsm 180*; 
the halfoi any side or angle must always be acute. The ambiguity therefore 
ascribed to Case I. au)d II arisen from the first prO'p<Mrtion in cacb case ; if Uie 
angle, or s'ulc, found by these proportioivs be aiobtguous^ the reipaitiiag part&of 
the triangle will necessarily be ambiguous, bet W the angle^ or %\^(ty found by 
\hese proportions be determinate, the remaimn^ parte of tbc triauagfte wiU alK> 
kue determinate. 

Tlie ambiguous parts df^rived heftt the first propoctiony ii^ Case I or 11^ are 
always supptements of each other ; but the veiRukuiner parts of the triangle, vhe^ 
ambtguefosy are nyt supplevi^nts of each fith«r> a^ is obrioas bUk ^[Otatbe co|i> 
i»ti uctions and calcolattous foiloi;r)ng^ t 

9ngh9 
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angles, the problem is ambiguous; that is, the side thus found 
may be either acute or obtuse. 

But, if only 07ie of these sums be of the same species as the 
sum of the given angles, that value of the side, found by this 
proportion, must be taken, which when added to the given side 
agrees with the sum of the angles. In this case the problem is 
not ambiguous. 

2. To find the side adjacent to the two given angles. 

Find the side opposite to the other given angle, by the first 
part of the rule, and note whether it be acute, obtuse, or am- 
biguous. 

Then, Sine of half the, difference between the two given 
angles,- 

Is to sine of half their sum ; 

As tangent of half the difference between the two 

sides, 
Is to tangent of half the third side. (P. 219.) 

3. To find the third angle. 

Find the side, opposite to the other given angle, by the first 
part of the rule, and note whether it be acute, obtuse, or am- 
biguous. 

Then, Sine of half the difference between the two sides 
containing the required angle. 
Is to sine of half their sum ; 
As tangent of half the difference between the other 

two angles, , 

Is to cotangent of half the required angle. (0. 218.) 

CASE III. 

(E) When two sides and the included angle, of an oblique- 
angled spherical triangle, are given, to find the rest. 

RULE. 

1. To find the other two angles. 

• 

Cosine of half the sum of the two given sides. 
Is to cosine of half their difference ; 
As cotangent of half the included angle, ^ 

Is to' tangent of half the sum of the other two angles. 
Half the sum of these two angles must be of the same spe- 
cies as half the sum of the given ^ides. 

Gg Secondhfj 
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Secondhf^ 

Sine of half the sum of the two given sides. 
Is to sine of half their difference \ 
As cotangent of half th« included angle. 
Is to tangent of half the difference between the other 
two angles, (0,218.) 
Half the difference between these angles is always acute. 

Lastly J 

Half the sum of the two angles increased by half their dif- 
ference, gives th^ angle opposite to the greater side, and di- 
minished by the same, leaves the angle opposite to the less side. 
(U. 43.) 

2; To find tlie third side* 

Find the two reauired angles by the first part of the rule. 
Then, Sine of half the difference between these angles, 
Is to sine of half their sum; 
As tangent of half the difference between the given 

sides, 
Is to tangent of half the third side. (P. 2 19.) 

OR, without finding the other two angles. 

To the siun of the logarithmical sines of the given sides, 
a4d double the logarithmical sine of half the contained angle, 
and reject 30 from the index. 

Look for the remainder in the table of logarithmical sines, 
and take the degrees and minutes answering to it. Then take 
the difference between twice the natural sine of those degrees, 
and the natural cosine of the difference between the given sides; 
the remainder will be the natural cosine of the* side required. 
This side is acute or obtuse, according as the double natural 
sine is less, or greater, than the natural cosine of the difference 
between the given sides. (Z. 222.) 

CASE IV. 

(F) When two angles of an oblique*angled spherical tri- 
angle, and the side adjacent to both of them, are given to find 
the rest. 

RULE. 

1. To find the other two sides. 

Cosine of half the sum of the two given angles^ 
Is to cosine of half th^ir difference \ 

As 



/s 
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As tangent of half the adjacent side^ 
Is to tangent of half the sum of the other two sides. 
Half the sum of these sides, must be of the same species 
as half the $tim of the given angles. 

Secondlt/, 

Sine of Half the sum of the two given angles^ 

Is to sine of half their difference ; 

As tangent of half the adjacent side. 

Is to tangent of half the difference between the oth^ 
ttvo sides. 

Half the difference between these sides is always acute. 
(P. 219.) 

Lastly, 

. Half the sum of the two sides increased by half their differ- 
ence» gives the side opposite to the greater angle, and diminish- 
ed by the same, leaves the side opposite to the less. (U. 43.) 

2. To find the third angles 

Find the two required sides by the first part of the rule. 
Then, Sine of half the dinerence between these sides, 
Is to sine of half their sum ; 
As tangent of half the difference between the given 

angles. 
Is to cotangent of half the' third angle. (O. 218.) 

OR, without finding the other two sides. 

To the sum of the logarithmical sines of the given angles, 
add double the logarithmical cosine of half the given side, and 
reject 30 from the index. 

Look for the remainder in the table of logarithmical sines, 
and take the degrees and minutes answering to it. Then take 
the difference between twice the natural sine of those degrees, 
&c. and the natural cosine of the difference between the given 
angles ; the remainder will be the natural cosine of the angle 
required. This angle is acute or obtuse, according as the double 
natural sine is greater, or less than the cosine ofthe diff*erence 
between the given angles. (A. 222.) 

CASE V. 

•>» 

(G) When the three sides, oi an oblique<>angled spherical 
triangle, are given to find the angles. 

^ RULE I. 

From half the sum of the three sides subtract the side op- 

c g 2 posite 
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posite to the required anglei and note the half sum and re- 
mainder. Then add together, 

. . The logarithmical CO secants of each of the sides containing 
the required angle, rejecting the indices; and the. sines of the 
above half sum and remainder : half the sum of these four lo- 
garithms is the logarithmical cosine of half the angle sought. 
(I. 215.) 

OR, RULE II. 

> • • . 

Add aU the three sides together, fi^om the half sum subtract 
each side containing the required angle, and note the remzMi^- 
ders. Then add together, 

The logarithmical co-secants of each of the sides containing 
the required angle, rejecting the indices ; and the sines of the 
above-noted remainders : half the sum of these four logarithms, 
is the logarithmical sine of half the angle sought. (H. 215.) 

OR, RULE III, 

-.From half the sum of the three sides subtract each side se- 
parately. Then add together. 

The logarithmical co-secants of half the sum of the sides, -and 
of the difference " between that half sum and the side opposite 
to the angle required, rejecting the indices; the logarithmical 
sines of the difference between the half sum and each side con- 
taining the required angle, half the sum of these four loga- 
rithms is the logarithmical tangent of half the angle sought. 
(K.216.) 

CASE VI. 

(H) When the three angles, of an oblique-angled spherical 
triangle, are given to find the sides. 

KULE I, ■ 

Add all the three angles together, take the difference be- 
tween the half sum and the angle opposite to the side sought, 
and note the half sum and remainder. Then add together. 

The logarithmical co-secants of each of the angles adjacent 
to the required side, rejecting the indices, and the cosines of 
the above half sum and remainder : half the sum of these four 
logarithms is the logarithmical sine of half the side sought. 
(L.216.) 

OR, RULE II. 

Take the supplements of each of the angles, and use the re- 
inainders as sides in a new triangle. 

Find 
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Find the angles of this .triangle, by any of the rules in Case V, 
the supplements of which wi}! be the sides sought. (X. 134.) 

(I) Case I. Given two sides of an oblique spherical iru 
dngle, and an angle opposite to one qftheniy to find the rest* 

In the oblique spherical triangle ABC. 

CThe side ac=:80M9'1 
Given \ The side bc=6S°.50' > Required the rest. 
(^The Z.A=51°.30'3 

BY CONSTRUCTION. (Plate V. Fig. 15.) 

1. With the chord of 60 degrees describe the primitive circle; 
through the centre ? draw cPe?, and avr at right angles to it. 

2. Set off the side Ac = 80°. 19' from c to A, by the scale of 
chords. 

8. Through A draw the great circle aJbw, making an angle 
of 5 1°.30 with the primitive. (P. 155.) 

4. Set off the side bc=:63°.50' by a scale of chords, from 
c to w, and draw the parallel circle mbsm. (Z. 157.) Through 
the points by b, where it cuts the oblique circle a^b7/, and the 
point c, draw the great circles cbe^ cBe, 

5. .Then, Abe or abc is the triangle required, each having 
the same data, which shews this example to be arribiguous. 

To measure the required parts. 

6. The side a6 (C. l58)=28^33', and AB = 120^47'. 

7. The Z.Ac6 (G. 160)=24.°.37', andZ.ACB = I31^29'; 

the Z.a6c = 120°.44', andthe ilABC=59M6'. 



sine BC = 63^.50' - - 

; sine Za^SI^'-SC - 

: : sine ac = 80°.19' - 

: sine Zb=59M6' - 



BY CALCULATION. 

1. To find the Z.B. 

.- 9*95304 ] Because aC + bc, a + (b acute), &hd 

- 989354 A + (b obtuse) are each of the same spe« 

- 9*99377 cies with respect to 180°, the Zb ii 

- 9-93427 ambiguous (O. 201.) being=x59M6'or its 

IsuppieTneiit 120^44'. 



II. To find the JL c. 

sine i (acx bc)= 8°. 14'.30" - 9*15639 
: sine \ (ac + bc)=72°.V 30" 997839 
:: tang i (a cob) =3° 53' - - 8*83175 
rcotJZc «=65°jfc4'.50'' 9*65375 

2 

J3l°.29'.40"=Zc. 
Had the obtuse value of the Z b been 
used, viz. 120**.44', thfe Z c by the same 
|»ctl)od would have been 24'^.37'.30". 



III. To find the side ab. 

sinej(AaoB)= 3®53' - - 8*83075 
: sine^(A + B)=:55°.23' - '. 9-91538 
: : taug4(ACM BC) = 8M4'.30*9-16096 
: tang § ab = 60°.23'.50" - . 10*2455» 
2 

420".47'.40"=ab. 
If the obtuse value of the z. b had been 
used, the side ab, by the same procesi 
would hav« been 28^33'. 



£XAMPL% 
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EXAMPLE If. 

In the oblique spherical triangle abc, 

STheside AC= 5T.S&1 
The side Bc = 1 15°.20' > Required the rest. 
The /.A=: 126^37' 3 

BY CONSTRUCTION, f Plate F. Fig. 16.) 

1. With the chord of 60° describe the primitive circle, 
through the centre p draw cp^, and apr at right angles to it. 

* 2. Set off the side ac=57°.30' from c to A, by the scale of 
chords. 

3. Through A draw the great circle abw, making an angle 
of 126°.37' with the primitive. (P. 155.) 

4. Set off the side BC = 115^.20', by a scale of chords, from 
c to m, and draw the parallel circle wbw. (Z. 157.) Through 
the point b, where it cuts the oblique circle abtz, and the point 
c draw the great circle cBd. 

5. Then abc is the triangle required; and though it has 
exactly the same data as the former example, none of the parts 
are ambiguous. ^ 

, To measure the required parts. 

6. The side Ab (C. 158.)= 82^26'. 

7. The AB (G. 160.) =48^30', and the Z.c=i61^40'. 

bt calculation. 
L To find the Z.b. 



Bine Jic=:lt5°.20' 
:sine z.A=l'26^3r - 
:: sine ac=57°.30' 
: sine Z B=48°.30' - 



9*95609 
90452 
9-92603 
9-87446 



II. To find the z.c: 

fine |(acwbc) = 28^.55' - 9*68443 
:STne|(AC + Bc) = 86°25' - 9-99915 
: : tang | (a w B) = 39<'.3'.30" - 9*90927 
: <Jbt i Zc=:^0°.50'.20" - - 10-22399 

2 



61^40'.40''=Zc. 



Because ac + bc, and a + (b acute) only, 
are of the same species with respect to 
180°, the Z B is acute, and not am* 
biguous. (O. 201.) 

III. To find the side ab. 

sine 4 ( A w b) = 39°.3'.30'' - 9*79942 
: sinei(A + B) = 87®.35'.'50* - 9*99960 
: : tang i (AC co Bc)=28**.55' - 9-74226 
:tang}AB =4lM9'.50" 9*94244 

2 



82*».25'.40". 



AB. 



PRACTICAL EXAMPLES. 

1 . In the oblique spherical triangle abc. 

SThe side ac= 40* C Z.b=5 31°.34'.26" 

The side Bc=: 70° Answer. \ z.c=30°.28'.20" 

The Z.A = 130^3'.l^ tAB=38^30'. 

Required the other parts. 

2. Ip 
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2. In the oblique spherical triangle abc. 
r The side AC = 1 1 9^ 5* f /. b = 1 30^.56' 

Given ^ThesideBc=: 79M3 Answer.} z,c:=: 50^ll'.40" 
l^The ilA= 58°. S' C AB= 62^42^ 

Required the other parts. 

. 5. In the oblique spherical triangle abc. 
f The side Ac =z 30° f Z. b z= 46°. 1 8', or 1 3 3''.42'. 

Given ] The side bc =24''.4' Jns. ^ Z. c = 104°, or 1 1°.23'. 
^The ilA=36°.8' ^ "= 42^.9', or 7°.51'. 

Required the other parts. 

(K) Case II. Given two angles of an oblique spherical tru- 
angle^ and a side opposite to one of them to find the rest. 

In the oblique spherical triangle ABc. 
CThe , Z.A=51^30'^ 
Given ^The i:.B=59°.16'> Required the rest. 
^ThesideBC=63°.50'3 

BY CONSTRUCTION. (Plate V. Fig, 17.) 

1 . With the chord of 60 degrees describe the primitive circle^ 
through the centre P draw bpi^, and'DPE at right angles to it. 

2. Set one foot of your compasses on 90 degrees, on the line 
of semi-tangents, extend the other towards the beginning of 
the scale, till the degrees between them be equal to the angle 
B= 59°. 16', and apply this extent from E to n (P. 155.) 5 and 
through the three points une draw a great circle. 

3. Set off the side bc=63*.50', taken from a scale of chordsi 
from B to wz, and draw the parallel circle mcniy cutting the 
oblique circle End in c. 

4. With the tangent of the angle a=51°.30' and P as a cen- 
tre, describe an arc; and with the secant of the same angle, and 
c as a centre, cross it in o. 

5. With the centre 0, and radius oc, draw the great circle 
acA. Then* ABC is the triangle inquired. 

To measure the required parts. 

6. AB measured by a scale of chords will be 120°.47', or 
151°.27' ambiguous* 

1. AC will be 80°. 19', or 99°.4l' (C. 158.) ambiguous. 
8. The Z.c=131^30', or 155-.22' (G. 160.) ainbiguous. 

BY CALCULATION. 

I. Tofifnd \he side ac. 



wne /A=51®,S(y - - 9•89S54^ 

: sine bc=63®.50' - - 9*95304 

: : sine Z B^ig^.lC -• - 9-y3V27 

: iioe AC = 80°.19' - - 9-99377 



Because bc + (ac ^v^c ), bc •¥ (aC ollmr), 
aiKl A<f>,JB, ftreeach of the same speciesy 
\v\\S\ respect to 180°, ac is atfUnguotu^ 
(R. 203.) being either 80° 19', or 9^.41'. 

II. To 

/ 
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IL To find the side ab. 

iinei(AC0B) = S°.53' ~ - 883075 
:sme4(A + B)=55°23'- - 9-91538 
: : tang ^(Acf^w Bc)=r8M4'.30'' 9-16090 
: tensiAB==60®23'.50'' - - 10-24553 

2 



120°.47'40"=AB. 



If the obtuse value of Ad (=99°.4r) 
had been used, the side ab, by the 
same process, would have been = 
151^27^ 



III. Tofndt/ie z.c. 

sinei(Ac w Be) = 8°. 14 .30". 9-15639 
: sine i ( Ac + bc) = 72°.4'.30'* - 9-'97839 
: : tang 4(a w b)=3^53' - 8-83174 
rcotJZc =65^44'50'' - 9-65374 

2 



131^29'.40''=xZc. 



If the obtuse value of the side ac had 
been used, the Z c, by tK^ same m^ 
thod, vould have been=155**.22'40''. 



EXAMPLE II. 

In the oblique spherical triangle abc. 

The Z.A= 126^37' 7 
Given ^The z.b= 48°.30'{- Required the rest. 
The side Bc = 115^20' 3 

BY CONSTRUCTION, (Plate V. Fig. 18.) 

1. With the chord of 60 degrees describe the primitive 
circle, through the centre p draw bp^, and dpe at right angles 
to it. 

2. Draw the great circle BCd making an angle of 48°.S0' 
with the primitive. (P. 155.) 

S. Set off the side bc= 1 15**.20' from b to w, and draw the 
parallel circle mem (Z. 157.), cutting the oblique circle BCt 
in c. 

4. With the tangent of the complement of the angle A= 
53°. 23', and centre P, describe an arc; and with the secant of 
the same angle and centre c, cross it in o. 

5. With the centre o, and radius oc, draw the great circles 
Ac3, acb. Then abc is the triangle required \ and none of the 
parts are ambiguous. 

To measure tlie required parts. 

.6. .AB, measured by a scale of ch6rds,=82°.26'. 

7. AC (C. 158.)=57°.30'. 

8. The /.c(G. I60.)=61°.4l', 



sine Za«126°.37'- 
: sine bc = 115^.20' 
::sine Zb«48°.30' 
: sine ac« '57^30' 



BY CALCULATION. 

I. To find the side ac. 



9*90452 
9-95609 
9-87446 
9.92603 



Because bc •f:( ac acute), and a + B only, 
are of the same species with respect to 
180^, the side ac is acute^ and not am- 
bigaous (R. 203.) 
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II. To find the side ab. 

sine J(AWB)=39°.3'.30" - 9-*79942 
: sine i(A + B)=87° 33'.30" - 9-99960 
tan&KACOTBc) = 28° 55' - 9*74226 
=4i®.13' - - 9'94.244 
2 



: tang \ ab 



82°.26'r:AB. 



III. To find the JL c 

sine i ( AC ca bc) =28°.55' - 9*68443 
: sine J ( ac + BC)=*86°.25' - 9*99915 
: : tang ^ ( a » b) = 39°.3'.30" 9*90927 
: cot J Z c=30<'.50'.20" - - 10*22399 

2 



6l°.40'.40"=Zc. 



practical examples. 

1. In the oblique spherical triangle abc. 

f The Z. A= 12r.36'.20'' C ac=50M0'.30". 

Given -jThe z. b= 42°.15'.13'' .r^/wa;er.^AB=40^0M6". 
^ThesideBC= 76°.35'.36'' * . ^ 2Lc=34°.15'.3". 
Required the other parts. 

2. In the oblique spherica Itriangle abc. 

rXhe Z A=34°.13'. 3^' C ac=50MO'.30", or 129o.49'.30". 

Given M'he Zb=42°.15'.13'' ui«jw^r. ^ AB=76°.35'.4(r,or 167^ 6'. 

(^ThesideBC=40°. O'.lO C.'^c = ^21°.36'.20",or 168°.43'.40". 

Required the other parts. 

3. In the oblique spherical triangle ABC. 
fThe Z.A=: 36^ 8' Cac:=:30°, or 150^ 

Given -jThe Z.b=133'.42' ^W5. -?ABzr7°.S 1', or 137^51'. 
, CThe side bc = 24°. 4' ( Z. c = 1 r.^S', or 104^ 

Required the other parts. 

(L) Case III. Given two sides of an oblique spherical tri- 
ungle, and the arigle contained between them to find the rest. 

The side AC = 80M9'^ 
Given ^ The side a b =rl 20°. 47' > Required the rest. 
The Z.A= 5r.30'S 



BT CONSTRUCTION, f Plate F. Fig. 19.) 

1. With the chord of 60 jgprees describe the priiiiitive circle, 
through the centre p dravHff^* and apr at right angles to it. 

2. Set off the side ac=:8'0".19' by a scale of diords, and 
through the point A, draw the great circle abw, making an 
angle of 51°.30' with the primitive. (P. 155.) 

3. Set off the supplement of ab^SQ^.IS' from n to m, and 
draw the parallel circle mBrn (Z. 157.) cutting the oblique circle 
AB72 in B. Through the three points c, b, tf, draw a great 
circle, then abc is the triangle required *. 



-..^^ 



* a perpendicular may be drawn from the.vertical ^ngle c upon the base ab, 
^y finding ji the pole of the oblique circle ab«, (N. 155.) and drawing a great 
«rcle cDp, through^ and the point C. (W. 156.) 



H h 



To 



i$4t 



THE PRACTICE OF 0BLIQt7£ 



Book HI- 



To measure the required parts. 

4. BC (C. 158.)=63'.50'. 

5. The angles b and c (G, 160.)=59'.16' and ISr.SC/. 



BT CALCULATION. 



I. To find the angles b ard c. 

sine 4 {ab+ AC) = 100^33' -» 9-99259 
: sine i ( ab ca ac) t^9Xf*,\4t - 9.53888 
: : cot { Z A = 25^45' - - - 10^1664 
: tansi(BoBc)»36^6'.20^ - 9 86293 

Becauset{AB+Ac)isobtuse,f(B + c)niustbeobtuse=:95\22'.3f. 
Hence95^2^.37"+36*'.6'.20"=13r.28'.5T'= 2.C, and 
95',22',37'*- 36°.6'.20' =59^16'.l7"= 2I B. 



cot§(AB4-Ac)»l00°.33' r 9«26267 
: cos Kaboi Ac)«aoP.U' - '9-97234 
::cotiZA »25''.4y - 10 31664 
: tang } (b + c) « 84^37'.23'' 1 1 02631 



IL To find ^c. 



1. By using the an^es B attd C. 
sineJ(Bcoe)=36*'.6'.20" - 9.77032 
: 9mef(B+c)=84<».3r.23" - 9-99808 
: : Ung i (ac w ab)»20M4' - 9*56654 
: tang ^ bcs»31^54'.40^ - - 9*79430 

3 



63*».4y.20"s»BC. 



% tFkhotti tht angUs B and c. 
log sine AC=» 80®.19' - - 999377 
log sine ab = 120^.47' - - 9-93405 

log sine 4Z*=25«.«' - - J^S 

log Bine 9M2' - - - Sum 9'2O370 

nat. sine 9°.12'^ -15988 ; X 2= -31976 
nat cos ( A B CO AC ) = 40**.28' - -76078 

nat.cos6a*'.50' - - - diff. -44102 

Here bc is acute. 



PRACTICAL EXAMPLES. 

!• In the oblique spherical triangle ABC. 
fThe$ideAC= 57^30' ( ilB= 48^30'. 

Given ^The side bc= 82^27' AnsmerAz^c— 6r.4r. 
CThe ilA= 126^37' ( Bc=:115^2r. 

Required the other parts. 

2. In the oblique spherical triangle abc. 

SThe side AC=30« . rz.B=: 46%18'. 

The side AB=42^9' Answer.] /.c=I04* 
The ilA=36\8' ( BC=: 24*'.4'. 

Required the other parts. 

3. In the oblique spherical triangle abc. 

SThe side ac=50'.10'.30'' rz.B=42'.15'.13". 

The side ab= 40^0'.] 0" Answer.^ -^ c = S4°.15' 3", 
The ^A = 121^36'.20'' ( BCssTS^^.SS'.Se". 

Required the other parts. 

(M) Case IV. Given two angles^ and the side adjacent to 
both of them to find the rest. 

Given 



/ 
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Required the rest. 



CThe iiA= sr.so' 

Given ^The Z.c=: 131^30'; 
(The side AC = 80M9' 

BY CONSTRUCTION. ("Plate V. Fig. 20.) 

1. With the chord of 60 degrees describe the primitive 
circle, through the centre p draw cp^, and apr at right angles 
to it. 

2. Set off the side AC=:80^19' by a scale of chords, and 
through the point a, draw the ereat circle ABn, making an 
angl^ of 5l°.30' with the primitive* (P. 155.) In the same 
manner draw the great circle cb^ through c, making an angle 
Bcr=48\30', the supplement of c. Then abc is the triangle 

quired *. 

To measure the required parts. 

3. ab and bc (C. 158.) = 120^47', and 63^50'. 

4. The Z.B(G. 160.) =59°. 16'. 

by calculation. 
1. To find the sides ab and bc. 



cos4(A + c)=91°.3(y - . 8-41792 

: cos i(AMc)»40° . - - 9 88425 

: : tang i ac=40*'.9'.3O" - - 9-92625 

: t^ng4(AB + Bc) = 87°.4^ - 11-39258 



sine J(a + c)«91°.30' 
; sine j^A co c)zz40° - 
:: tang4AC«40°.9'.30" - 



9-99965 

9-80807 

9-99625 

: tang i (ab «} Bc)=:28°.29' - 9-73447 

Because t(Z.A+Z.cJis obtuse^ f ( ab + bc) must be obtuse = 
92^19'. 

Hence 92M9'+28°.29'=420°.48'=:ab. And 
92M9'-28°.29'= 63°.50=Bc. 

II. To find the /.b. 
1. Bi/ using the sides AB and BC. 2. Without the sides ab and Be. 



sinei(ABeoBc)«28®.29'' - 9-67843 
: sioei(AB + Bc)«92M9' - 999964 
:: tangi(Acoc)=40® - 9-92381 

:Coti/B=:29*'.38' - - - 1024502 

2 " 



59M6'«=Zb. 



IogsineA»51^.30' - - . 9*89354 
log sine c = l31°.30' - - * 987446 

I X jinon' 5 9-88325 

!ogco8iAC«40*>.9 - - -19.88325 

log sine 20*'.lM7" sum 9-53450 



nat.sinc20°.l '.17" -=34236; x 2= 
nat cos(a c« c) 80** - - - 



•68478 
•17865 



nat. cos /B=59M6' diff. -51107 



t>RACTICAL EXAMPLES. 



1. In the oblique spherical triangle abc. 
CThe jL A=^l26\S'f 
Given ^The z. c= 61^41' Answer. 
tThesideAc= 57^30' 
Required the other parts* 



AB=: 82^27' 
BC=ill5^20' 
Z.B=48^30'. 



* A perpendicular CD may be drawn, if required, by the nott Case UI. 

Hh 2 2. In 




SAB=:42^9'. 
EC =24.°. 4'.* 
ilB=46M9' 
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2, In the oblique spherical triangle abc 

CThe Z.A=12r.S6'.20" 
Given ^The JLczz 42^1. 5'. 13" Jns, 
{The side AC= 40^ oMo" 
Required the other parts. 

3. In the oWique spherical triangle abc. 

rihe ilA= 36°.8' 
Given ^The Z.c=l04\ Answer 
{ThesideAc=30° 
Required the other parts. 
• (N) Case V. Givcti the three sides tofi)id an angle. 
fTheside Ac:;z ^0\\9''\ 
Given <The side bc=: 63^.50' >^ Required the angles. 
{The side AB=120°.47J 

by construction.' (Plate V, Fig. 21.) 

1. With the chord of 60 degrees describe the primitive circle, 
through the centre P draw cp^, and flPr at right angles to it. 

2. Set off the side Bc=63^50' from a scale of chords, and 
draw BPE. 

3. Set off the side AcrrSO^.l^', by a scale of chords, from c 
to w, and draw the parallel circle twatw. (Z. 157.) 

4. Set off the supplement of A b=: 59''. 13', by a scale of chords, 
from E to Uy and draw the parallel circle rihn, {Ti. 157.) 

5. -Through c and a, and b and A, draw the greater circles 
CAC and BAE. Then abc is t*he triangle required. *. 

To measure the required paints. 

6. The angles a, b, and c (G. 160.) will be ^l^.SO'j 5^*'.16'i 
and 131'='.30-. 

by calculation. 

To find the ^a by Rule L 
• CosecAc - - = 80°.'l9' - -006237 reject 

CosecAB* - - =120°.4r - -06595 3 indices f. 
Sine i (ac+bc + Ab) - - =132^28' - 9*86786 
Sine4(AC + Bc+AB)— BC = 68°.38' - 9-96901 

2)19-90911 



Cos4Z.A=25^45' - 9-95456 

X 2 



51°.30'=Z.A. 



* A perpendicular CD may be drawn from the vertical Z c ppon the bas^ ajb, 
by the note to Case HI. 

f Or take the sines of ac and ab, add them together and subtract the sum 
from 20 ; the remainder will be the same as the sum of these cosecants withdut 
the. indices. 

Te 
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To find the /Lb by Rule II. 

CosecBC - - = 63^50' - -046967 reject 

CosecAB - - =120°.47' - -065955 indices-^ 

Sme4(AC-f-BC + AB)-BC = 68°. 38' - 9*96907 

Sine4(AC + BC-f ab)— AB =: ll°.4fr - 9-30643 



2)19-38841 



Sine i 2LB=:29°.38'.24^ - 9-69420 



59°.16'.48=^B. 



To find the l.chy Ride III. 

Cosec4.(Ac+BC + AB) - =132^28' - -ISSU"? reject 

Cosec4(AC+BC+AB)-AB= ll°.4l' - -693575 indices. 

Sine I (AC + BC+ ab)— bczz 68°.38' - 9*96907 • ' 

Sine4^(Ac + BC-i-AB)-AC= 52°. 9' -9*89742 

2)20-69220 



Tang4iLc=65°.44M7'' - 10-34610 

2 



131°.28'.34"=:Z.c. 




PRACTICAL EXAMPLES. 

1. In the oblique spherical triangle abc. 

(The side Ac= 57°.30' 
Given \ The side bc= 1 1 5°.20' Answer 

(.The side ab= 82^28' 
Required the angles. 

by- CONSTRUCTION f. (Plate V, Fig. 22.) 

1. Describe the primitive circle with the chord of 60°, on 
which set off ab=i82°.28', and from^A and b through the centre 
p draw ap^ and BPr. 

2. Set off the side ac=57''.30', by a scale of chords, from 
A to niy and draw the parallel circle mem. (Z. 157.) 



•f* The constraction of the figure to this example is not essentially different 
from the ronstruction of the figure to the preceding example, and is introdaced 
here to i^hew in what manner the general figares, Case XI, &c. of oblique sphe- 
f-ics with a perpendicular, were formed.— Compare the two figures in this Case 
(V) with those in Case XI. referred to above. 

3. Set 
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3- Set off the supplement of the side BC = 64*.40' from r to w, 
and draw the parallel circle ncn. (Z. 157.) 

4. Through a, and the point of intersection c« draw the ob- 
lique circle Acer ; and through b^ and the same point, draw Bcr. 

5. Then abc is the triangle required; and ca, or cd, are per- 
pendiculars on the base ab produced. 

2. In the oblique spherical triangle abc 

S The side AC= 50^10.30''^ C ^^= 34M5'. 3\ 

The side bc=40^ O'.IO" Jns. i ilB=: 42^.15'.13''. 
The side ab =76*.35'.36" (^ Z. c = 1 2 1°.36'.20''. 

Required the angles. 

3. In the oblique spherical triangle ABC. 

CThe side ac=30° 
Given < The side Bc=24°.4' -rfwa;^. 
t The side ab=42°.9' 
' Required the angles. 



\\ z.B=46^l9^ 
(z.c=l04^ 



(O) Case VI. Given the three angles to find the sidez^ 

f The Z.A= 5^.30'! 
Given ^The ilB= 59M6'> Required the sides. 
^The Z.c = 13r.30'3 

BY CONSTRUCTION. (Plate V. Fig. 23.) 

1. With the chord of 60° c^scribe the primitive ci?cle, 
through the centre p draw cpe, and flpr at right angles to it. 

2. Draw the great circle cb^, making an angle of 48°. 30' (the 
supplement of c) with the primitive (P. 155.) and find its pole 
p. (N. 155.) 

3. With the semi^tangent of the Z.A=:51°.30' and centre P, 
describe the small circle oso, 

4. Through^ and />, draw ejftw; make ww;=59M6', the^B; 
draw ew cutting ar in n; bisect nn in v;. with v as a centre, and • 
radius i72, draw the small circle 7W7i, cutting oso in s. 

5. Through s and P draw bs pi, and APd at right angles to itj 
through A and s draw a^jt, make j^^ an arc oi 90°, and draw 
Ay cutting bs vb in t. 

6. Through the three points htd draw a great circle. Then 
ABC is the triangle required. 

To measure the required parts. 

7. AC=80M9';BC=63^50'andAB = 120^47^ (C. 158.) 



»T 



Chap. VI. spherics without a PERPENmcULAR. 2$9 

BT CALCULATiOK. 

To find the side ac, by Rule I. 

Cosec Z.C - =l31^30' - •12554") reject 

Coset Z.A - =: 51^30' - -10646 3 indices. 

Cos4.(a + b+c) =121^ 8' -^ 9-71352 

Cos4(a + b + c)-b = 61°,52' -* 9-67350 ' 

2)19-61902 



Sine i AC =40^9^36" 9-8095 1 

2 



80M9'.12"=AC. 



By the same rule the other sides may be found* 

OR, To find t/ie side bc, 3y Bide II. 

180*— JLk^hc\ 180**— /.B=ac; and 180°— Z.c=flA. 
Cosec ah ^ = 48^30' -125547 reject 

Cosec oc - =120**.44' '06573 3 indices. 

Sine4:(ic+ac+ai) =148^52' 9-71352 C^ 

SineJ(ic4.flc+a*)-ic= 20^22' 9-54161 

2)19-44640 a. 

Cosi 2La=:58^5' 9-72S20 

2 




Z.a= 1 16^ 10' its suppt.=63*.5a'=BC. 

To find the side ab, by Rule II. 

Cosec i(ic+flc+aA) - =J48°.52' -286487 reject 

Cosec4.(k+flf+ai)— «A =100\22' •007153 indices. 

Sinei(k+flC+tfA)— *^ = 20°.22' 9-54161 

Sine4(ic+tfc+fl6)-fljc =28^ 8' 9-67350 

2)19-50874 

Tang4Z.c=:29^35^50" 9-75437 

2 



Z.C=59M 1'.40" its suppt. = 120'48'20*= AB 



PRACTICAL 
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PRACTICAL EXAMPLES. 

1. In the oblique spherical triangle abc. 

("The ^A = 126°.37' ("Acr: 57°.30'. 

Given -^The 2Lb= 48^30' A7iswer.]Bc=il5''.20\ 

(The jLc=z 6VAV (ab= 82°.28'. 
Required the sides. 

2. In the oblique spherical triangle ABC. 

f The /^A= 34°. 15'. 3" rAc=i50^1O'.3O". 

Given } The 2I b = 42°. 1 5'. 1 3* Answer. \ bc i=40°.O'.1O". 
^The ilc = 121°.36'.20" tAB=76°.35'.3V'. 

Required the sides. 

3. In the oblique spherical triangle abc 

CThe ilA= 36°. 8' f Ac = 30°. 

Giyen ^The z.b= 46°.19' Answer A Bc=i2^''A\ . 
j^The Z.c = 104 ^AB=42°.9'. 

Required the sides. 



CHAP. VII. 

astronomical definitions, Sc'c. with the application of 
right-angled spherical triangles to astronomical 
problems. 

♦ ■ 

(A) The Celestial Sphere ^ is that apparent concave in which 
the sun, moon, stars, and all the heavenly bodies seem to be 
situated. 

(B) Tlie axis of the celestial sphere is an imaginary line 
passing through the centre of the earth, about which all the 
heavenly bodies appear to have a diurnal revolution *. 

(C) The poles of the celestial sphere are the extremities of 
Its axis, the one called the north pole, the other the south 
pole t* 

^— —^—^— ———»—— ^ IP . ■ ■■111 ^^^-^— — — — — — i^i— ^■■.^i^..— — i— <b^i^— .^— ^ 

V 

* Although the earfh's reed motion on its axis from west to east, is the cause 
of day and night ; and its motion in its orbit, or path round the sun, is the 
cause of the variation of the seasons of the year : yet as all appearances and 
places of the celestial bodies will be the same, whether the earth moves and the 
celestial sphere is at rest ; or the earth is at rest, and the celestial sphere in mo- 
tion, astronomers, for the ease of calculation, assume the earth as a point at 
rot in the centre of the celestial sphere, and ascribe to the heavenly bodies that 
motion which they appear to have, to a spectator on the earth. 

•[• The polar star is a star of the second magnitude, near the north pole, in 
the tail of the little bear. Its mean right ascension, for the beginning of the 
year 1804, was 13^.U'.43", and its declination $8°.15':44" north. 

(D) The 
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♦ 

(D) The equinoctial is a great circle which divides the 
heavens into two hemispheres, the northern and' southern ; it is 
called the equinoctial, because, when the sun api>ears in it, the 
.days aiid nights all over the world are equal, viz. 12 hours 
each. Tlus happens twice in the year, about the 2rst of MarcK 
and the !22d of September, the former is called the vernal equir 
no3^, the latter the autumnal equinox. 

(E) The ecliptic is a great circle in which the sun makes his 
apparent annual progress ; it cuts the equinoctial in an angle of 
23°.28'*, called the obliquity of the ecliptic j and the points of 
intersection are called the equinoctial points. 

The ecliptic is divided into twelve equal parts called signs^. 
each sign contains 30 degrees. Their names and characters 
are as follow. 



«V» Aries 
t( Taurus, 
n Gemini 



sz Cancer 
SI Leo 
1% Virgo 



b* Capricornus 
zx Aquarius 
K Pisces, 



i& Libra 
m Scorpio 
4^ Sagittarius 

Thfe first six signs lie oil the north of the equinoctial, and are 
called northern signs, the six following lie on the south side of 
the equinoctial, and are called southern signs. The sun coiitinues 
about a month in one of these signs, aiid goes through nearly z 
degree in a day* 

(F) The Zodiac is a space which extends about 8 degrees on 
each side of the ecliptic, lite a belt or girdle, within which the 
motiqps of all the |ilanets are performed; 

(G) The Nfides are the points where the orbits or paths of 
the planets found the sun, intersect the ecliptic. That where the 
planet ascends firom the south towards the north cJf the ecliptic 
is called the north or ascending node, the other the south or 
descending node. The names and characters of the planets and 
nodes are follow : 



}f Saturn 
% Jupiter 
i Mars 



Q Sol{thesuri) 'tH Luha (the Moon) 



8 Venus 
Sf Mercury 



Q Moon's N. Node 
53 her S» Node 



¥ Herschel, 
or Georgian^ 



When two planets are referred to the safmfe point of the eclip- 
tic, they are said to be in conjunction; and those that are re- 
ferred to opposite points of the ecliptic are said to be in op» 
position^ or 180 degrees apart. If they be three signs or 90* 
distant, they are in a quartHe aspect. If two signs or 60 de- 
grees, a sextii^ aspects The astronomical marks are as follow: 



^ The angi^which the ecliptic makes with the equinoctial is a variable quap- 
tity, and is continually diminishing. But this diminution is very small, and its 
^aoitity if variously stated by different astronomers. 

t i i Conjunction' 
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4 Conjunction when planets sure in the same Sign,Deg.MLn.&c. 



a|t Sextile when 2 Signs dist. 



A Trine when 4 Signs dist. 



o QuartilewhensSgnsdist* 8 Oppositionwhen6Signsdist« 

' The conjunction and opposition are called the ^zygies; and 
the quartile aspects the quadratures j these terms are applied 
Chieny to the moon. 

(H) The horizon is a great circle which separates the visible 
half of the heavens from the invisible* 

This horizon is distinguished by the sensible and rational ho- 
rizon, when appUed to the earth« The sensible horizon is the 
boundary of the spectator's view at sea or land ; and a plane pa- 
rallel to this circle, passing through th& earth's centre, is called 
the rational horizon. 

(I) The cardinal poivis are the east^ westj north and south 
points of the horizon. The mariner's compass which is divided 
into 32 points, each \V*ASt\ (F. 68.) is a representation of the 
horizon* . 

(K) The Zenith is a point in the celestial sphere directly 
over the head, being the elevated pole of the horizon. 

(L) The Nadir is a point in the celestial sphere directly 
under the feet, and is diametrically opposite to the zenith) being 
the depressed pole of the horizon. 

(M) Azinmihy or vertical eircles are great circles passing 
through the zenith and nadir. They cut ti^e horizon at right 
angles. The altitudes of the heavenly bodies are measured on 
diese circles. 

(N) The prime vertical is that azimuth circle which passes 
through the east and west points of the horizon. 

(O) Meridians are great circles passing through the poles of 
die worldy and cutting the equinoctial at right angles. They 
are also called hour circles ; and upon the terrestrial sphere, 
circles of longitude. 

(P) Circles of celestial longitude are great circles, passing 
through the polei of the ecliptic, and cutting it at right angles* 

(Q) ^^^ Uuitude of any object in the heavens, is an arc of 
a circle of longitude contained between the centre of that object 
and the ecliptic. 

(R) The latitude of any place on the earth, is the elevation 
of the pole above the horizon, and the complement of the la- 
titude, is the distance of the pole from the zenith. Or the la- 
titude is the distance of the zenith of the place from the equi- 
noctial, on the celestial sphere. 

(S) The dedication of any ceiestiai object, is an arc of a 
meridian contained between the centre of that object and the 
equinoctial. 

(T) Parallels 
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(T) Parallels of declination are small circles parallel to the 
equinoctial. 

(U) The ultitude of any object in the heavens, is an arc of 
an azimnth or vertical circle, contained between the centre of 
the object and the horizon, 

(W) Parallels of altitude are small circles parallel to the 
horizon* 

(X) Parallels of celestial latitude are small circles parallel 
lb the eeliptic. 

(Y) The tropics are small circles parallel to the equinoctial, 
at 23*.28' from it, and touch the ecliptict in the points of cancer 
and Capricorn J they arc the limits of tljie sun*s progress to the 
north and south or the equinoctials 

(Z) The zenith distance of any celestial o^j ect is the arc of 
a vertical circle, contained between the centre of that object and 
the zenith, being the complement of the altitude^ 

(A) The pouir distance of any object in the heavens, is an 
arc of a meridian contained betweeu the centre of that object 
and the pole of the equinoctial. 

(B) The amplitude of any celestial object is an arc of the 
horizon, contained between the centre of the object when rising 
or setting, and the east or west point of the horizon. 

(C) The azimuth of any object in the heavens, is an arc of 
the horizon contained between an azimuth or vertical circle> 
(passing through the object,) and the north or south point of 
the horizon. 

(D) The right ascension of an pbject, is the d^tance be- 
tween the point aries and a meridian passing through the ob- 
ject, reckoned on the equinoctial. It is so called, because, in a 
right sphere, this meridian will coincide with the horizon when 
the object is rising. Or,- we* may define it to be the angle at 
ihe pole, formed between a meridian passing through aries, and 
a meridian passing through the object. 

(E) The oblique ascension of an object, is the distance of the 
equinoctial point aries from the horizon when the object is 
rising. Or, it is that degree of the equinoctial which rises with 
the object in ^n oblique sphere. 

(F) The oblique descemion is the distance of the point aries 
from the horizon when the object is setting. Or, it is that 
degree of the equinoctial which sets with the object in aii ob- 
lique sphere. 

(C) The asce7isionalj or descensional difference^ is the differ- 
ence between the right and oblique ascension or descension, 
and with respect to the sun, it is the time he rises before 6 in 
tlie summer, or sets before six in the winter. 

I i 2 (H) The 
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(H) The equinoctial colure is a meridian passing throngh 
the equinoctial points. 

' (I) The solstitial colure is a meridian passing through the 
points 25 and Vf\ called solstitial ''points, because when the sun 
IS near these points he seems to have nearly the same altitude 
at noon for several days^ and therefore apparently stops or stands 
stiU. 

(K) The arctic circle is a parallel of declination at the dis- 
tance of 23*^.28' from the north pole, or 66*^.32' from the equi- 
noctia}. ft is -generally called the north polar circle. 

(L)* The antarctic circle^ called likewise the south polar 
circle> is the same distance from the south pole that the arctic 
circle is from the north pole. 

(M) Apparent noon^ the time when the sun comes to the 
meridian, or 12 o'clock, as shewn by a sun-dial, 

(N) ' TruCy or mean noon^ twelve o'clock ^s shewn by a 
well regulated (rhropbmeter, s^ adjust;ed ^ tp go 24* |iours in a 
mean solar day *, 

(O) The equation of time at noon, is the interval between 
the true ^nd apparent noon. 

(P) A siderealyear is the interval of time frorq the sun's 
leaving any fi^f!^d star till he returns to it again> and consists of 
365 d. fih' 9m.' 12 seq. of mean solar time. 

(Q) A tropical or solar year is the interval of time from 
the sun's leaving one trppic, or equinox, till he returns to it 



* A mean wlar day is a period not marked out by any observable pj^ienofnenav 
but an artificial interval of time./ *rhe tipie e4^psed from the sun's le^yin^ xj^t 
meridan on any day till it returns to the same'meridian the next day js caUed a 
true solar dap^ and is subject to a conti&ual variation, arising from the obliquity 
of the ecliptic, apd the unequal motion^ of the earth in its orbit. 

A clock or chronometer, thereforej wbicti ipeasures time by equal motion, m 
cannot be so adjusted as to keep time exactly with the sun, or always to shew. ^ 
12 o'clock when the sun is on thei^eridian ;!;!t» correct these irregularities, the m 
year is divided into as maiyr imaginary days, eachiof 2^. hours in length, as diere 
are real davs in the year measured by the syn'j^ returix.to the meridian; one qf 
these imaginary days is caWod a inearCsolar day^ an^ a clock adjusted so as to go 
5)4 'hours m one of these days, \s said' to -be regulated tfd mtfan solar time. 

The year thus consists of as many rnetm soiar days^Atrue solar days ;. the clock 
being just as much before th<? sun, on sopie days of th^ year, as^heMin is'before 
the clock on others. The difference is given in page 11. of the'Nautical Almanac 
for every ds^y in the year. The time shei^ by the clock is called trttt or mean 
time, and the time shewn by the sun is called apparent time.- >. ; 

If a clock be adjusted to go 24 hours, from the passage'of any fixed star over 
the meridian till it returns to it again, its rate of ^oing at any time may be de- 
termined by comparing it with the transit of that fixed star. A clock thijs re- 
gulated is said to be adjusted to sidereal time, j^ere nature affords a standard 
exceeding in exactness any imitation that can be produced by art, .there is no 
irregularity in the earth's diurnal motion, its diurnal revolution on its axis being 
uniformly performed inStf hours of sidereal tBne<B23 h.'56 m^ 4 sec. of mean 
i^l^r time. , 

again. 
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again, and consists of 365d. 5h. 48m. 48sec. of mean solar 
time. 

(R) Nonagesmial degree of the ecliptic, is that point which 
is the most elevated above the horizon ; and is measured by the 
angle which the ecliptic makes with the horizon at any eler 
vation of the pole; or> it is the distance between the zenith, 
and the pole of the ecliptic. This angle is frequently used in , 
the calculation of solar eclipses. 

(S) The mediuvi C/eli^ or viid-hearoen^ is that point of th^ 
^scliptic which culminates, or is on the meridian at any given 
time. 

^ (T) The Crepusctdumf or twilight^ is that faint light which 
vre perceive before the sun risQs, and after he sets. It is oc- 
casioned by the earth's atmosphere refracting the rays of th^ 
sun, and reflecting them from the several particles qf th^ at^ 
mosphere. 

(U) A constellation is a collection of stars on the surface of 
the celestial sphere, circumscribied by the outlines of some as* 
sumed figure, as a ram, a dragon, a bear, &c. 

This division is necessary, in order to direct a person to any 
part of the heavens, where any particular star is situated. 

( W) The diurnal and nocturnal arcs. In all places of the 
earth, except the two poles, the horizon cuts the equinoctial 
into two equal parts. In all places situated on the equator, the 
horizon cuts all the parallels of declination into two equal parts, 
and here the sun and all the st^rs are 12 hours above the ho- 
rizon, and 1 2 hours below. In places between the equator and 
the elevated pole, the parallels of declination are unequally di- 
vided; the greater arc being above the horizon, and the less arc 
below. In all places between the equator and the depressed 
pole, the parallels of declination are unequally divided; th^ 
i greater arc being below the horizon, and the l^ss arc above. 

^ ' In all cases, the arcs which are above the horizon are called 

diurnal arcs, and those below, nocturnal arcs. Or, the parallel^ 
which the sun, moon, or stars, describe from their rising to 
getting, is called the diw^nal arc ; and that parallel which each 
of them describes, from the setting (o the rising, is called th^ 
nocturnal zrc. 

(X) The celestial sphere is represented by Plate III. fig. 1. 

1. Let the circular space. South, Zenith j. North, Nadir, rc» 
present the brazen meridian * of a celestial, or terrestrial globe> 
having its north poje elevated above the horizon. 



"«ii- 



* It is here presumed that the learner has some knowledgpp of the globes, and 
•ef the circles deftcribed thereon.^ It would be a very c^ood exercise to solve the 
sscceeding problems both by the globes and by calculatioi^. 

2. Imagine 
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2. Itnagi«e the globe to be cut in halves by the brass me* 
ridian, and the semi-globe to be of transparent glass wkhr the 
circles of the sphere drawn oa it. Now if a sheet of paper be 
put upon the section, and a light be placed in the point aries (the 
eye being in libra)} the shadows of all the most useful circles of 
the sphere, will form a plane figure similar to Figure I. 
Plate HI. 

S. NAs will represent the axis of the globe» ^ th« north pd^» 
S the south pole. 

4« iBAQ the equator. 

5. HO the horizon. 

6. Zenith a the quadrant of altitude screwed on the zenithj^ 
and passing thrpugh aries. Or, Zenith a Nodi?; the prime ver- 
tical passing through aries Ar 

7. Hf OaO^b the ecliptic, n its north pole, m its south pole* 

8. SB the tropic of cancer, or any parall^ of the sun's north 
declination. 

9. yf}f the tropic of Capricorn^ or any parallel of the sun^ 
south declination. 

. 10. ON the elevation of the north pole above the horizcmj^ 
equal to m zenith, the latitude of the place. 

11. KM the elevation of the equator above the horizon, equal 
to zenith n, the complement of the latitude. 

12. tQw a parallel circle IS degrees below the hbrizon) or 
the boundary between twilight and dark night. 

13. Zenith sec, zenith cU, &c. azimuth, or vertical circles. 

14. Nsns, ngQcws, &c. meridians or circles of terrestrial 
longitude. 

15. nYxm-j ncvm^ &c. circles of celestial longitude. 

Note. The several triangles in this general figure, and the 
lines which form them, are explained at the head of each pro- 
blem, to which the triangle is applied. 

(Y) ' PROBLEM I. (Plate III. Fig. 1.) 

Given the obliquity of the ecliptic and the sun^s longitude^ to 
Jltid his right ascension and declination. 

In the right-angled spherical triangle agO, or ab0. 
}. AQizsun's longitude, an arc of the ecliptic from aries. 

2. AGy or AB= sun's right ascension, an arc of the equinoc- 
tial; the point B always comes to the meridian with the sun. 

3. jCO, or B© =sun's declination, an arc of a meridian pass- 
ing through the sun's place. This arc likewise comes to the 
meridian with the sun. 

4. gaO, or BA©=the obliquity of the ecliptic, or the angle 
formed between the equinoctial and the ecliptic. .^ » 

5»iKGG) 
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5. AQOy or AOBnthe angle formed by the ecliptic, and th^ 
.jneridian passing through the sun's place. 

Any two of these^i^^? quantities being given the rest may be 
fouiid. 

EXAMPLB. 

On the 17th of May 1813, when the sun*s longitude is 
l'.26"^.7'.20"5 required his declination, right ascension, and the 
angle formed between the ecliptic and the meridian passing 
through the sun's place. The obliquity of the ecliptic being 

^ 1. To find the sun*s declination, 

* 
Raa X sine B0 =:sine baq x sine a0. 

Rad : sine a© 356^7'.20" : : sine baO =23*.28' : sine B0 » 

19MS'.20". 

fi. To find the mtCs right ascensioji. 

* 
Rad X cos BA© =cot a© x tang ab. 

Cot A©=56*.7'.20" : rad :: cos ba© =2$°.28' : tangABr: 

53^47^52".=3h• 35m. ll".28'"I|. 

3. To find the angle a©b between the ecliptic and meridian^. 

# 
Rad X cos A© = cot ba© x cot a©.b. 

Cot BAO=23^28':rad;:cos A©=56^7'.20":cot A0B= 
58^42^50". 

(Z) Astronomers reckon the sun's longitude and right as- 
cension from aries quite round the globe. Hence, though at 
equal distances from the equinoctial points, aries and libra, the 
sun may have the same quantity of declination and of the same 
name, viz. from aries to libra, north; and from libra to aries 



H The 8un*s right ascension, at noon, is ^vcn in the lid page of the Nautical 

Almanac for every day in the year, and is exprcsced'in houis, minutes, and 

seconds of time. 

To turn degrees, or parts of the equator into time. 

ROLH. Midtiply the number of degrees by 4, and the product will be the 
corresponding time. 

Seconds multiplied by 4 produce thirds of time. 

Minutes multiplied by 4 produce seconds of time. 

Degrees multiplied by 4 produce minutes of time. 

Thus 25*. 15'. 16" of tne equator = 1 h. 41 m. 1 sec, 4 thirds. 

To turn time into degrees. 

RuLR. Multiply the hours by 60 and add the odd minutes, if any, to the 
product, one*fourtn of which will be degrees; multiply the remainder by 60 
and add the odd seconds, if any, to the product, one- fourth of which will bs 
minutes, &c. 

Thus, 18 h. 47 m. 27 sec. =281^.51'. 45". 

f The finding of this angle is of no other use th:in a$ aa exercise for right- 
angled spherical triangfes. 

south; 



^ 
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sfouth; yet the longitudes and right ascensions differ materially 
' at these points where the declinations agree. Hencei 

(A) tf the sun be in the second quadrant of the ecliptic, 
subtract the longitude from 1 80% use the remainder to find the 
fight ascension^ and take the right ascension, when found, 
from 180^ 

(B) If the sun be in the third quadrant, subtract 130° from 
his longitude, use the remainder to find his right ascension ; and 
add 1 80° to tiie right ascension when found. 

(C) If the sup be in the fourth quadrant of the ecliptic^ 
subtract his longitude from 360°, use the remainder to find the 
sup's right ascension; and take the right ascensi6n, when found, 
from 360°* 

(D) In the first quadrant of the ecliptic between tEe 2Qth 
March and 21st June, the sun's declination is' north and in- 
creasing; and in the third quadrant between the 22d iSeptember 
and ^ 1st December, the sun's declination is south and increas- 
ing. — In the second quadrant of the ecliptic from 2 1st June to 
22d September, the sun's declination is north and decreasing; 
and in the fourth quadrant from 21st December to the 20th 
March, the sun's declination is south and decreasing. 

PRACTICAL EXAMPLES. 

1. Given the obliquity of the ecliptic =2 3"^. 2 8'^ the sun's de* 
elinationii ll^.e' N. and increasing; to find his longitude, right 
ascension, and the angle formed between the ecliptic and the- 
meridian passing through the sun's place. 

CThe sun's longitude =47°.35' or 1M7^35' 
Answer, -^The sun's right ascension =45*'. 7' 

(TYiQ angle aQb =73o.41' 

The answers here would have been ambiguous, had it 
not been shewn that the sun was in the first quadrant of the 
ecliptic. 

(E) This problem is useful fot calculating tables of th^siin'i 
longitude. For the latitude of the place being accurately deter- 
mined, aind a quadrant fixed in the plane of the meridian, the 
observation of the sun's meridian altitude gives his declination, 
or distance from the equinoctial ;• whence his longitude for any 
day is readily obtained. 

2. Given the^obliquity of the ecliptic =23*.28', the sun*s 
right ascension ='134°.54; required the sun's longitude, decli- 
nation^ and the angle formed between the ecliptic and the sun'» 
meridian. 

C The sun's longitude = a 1 2^26' or 4'.12^26' 
-rf/i^a;^^. -^Declination = 17**. 6'N. 

(The angle aOb = 73^40' 

The 
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The sun*s right ascension being greater than 90% and less 
than 180% he is^in the second quadrant of the ecliptic. 

3. Given the' sun's right ascension =225°. 6% his declination 
= 17°.6' S; required his longitude, the obliquity of the ecliptic, 
and the angle formed by the ecliptic and the sun's meridian. 

f The sun's longitude =:nil'7°.34' or 7M7%34' 
Answer. \ Obliquity of the ecliptic = 23°.28' 
^The angle A0B = 73^40' 

The sun's right ascension being greater than 1 80°, and less 
than 270°, he is in the third quadrant of the ecliptic. 

4. Given the stin's longitude xr 12°.26' or 10M2°.26', hjs 
declination =17°. 6' S; required his right ascension, the obli- 
quity of the ecliptic, and the angle formed by the ecliptic and 

the sun's meridian. 

» 

f The sun's right ascension=314°.54' 

Answer. < Obliquity of the ecliptic = 23°.28' 

^The angle aQb = 73°.4l' 

/ PROBLEM II. (Plate III. Fig. 1.) 

(F) Given the latitude of the place^ and the stints declina-^ 
" tion *, to find his amplitude, ascensional difference, and the time 
of his rising and setting. 

In the right-angled spherical triangle abs or agc- 

1. ab or AGnthe sun's, or star's, ascensional difference. 

2. Bs or Gczzthe sun's, or star's, declination. 

3. AS or AC = the amplitude. 

4. B AS, measured by the arc qo ; or c AG, measured by the arc 
Ha,=:the complement of the latitude. 

5. ASB or ACBzzthe angle formed between the horizon and 
the meridian passing through the sun. 

Any two of the above five quantities being given, the rest 
may be found. 

-■'-'■■ I » I .1 1 . 1 > .. - ■ . ■ III ,. 

* This problem may be applied to the rising or setting of a planet, or of a 
•tar. But where great exactness is required, the declination of the sun or 
planet must be calculated as near to the time of rising and setting as possible; 
especially for the moon on account of her swift and irregular motion. Likewise^ 
. the declination of the sun near the equinoxes alters considerably in the com- 
pass of an hour. Hence what is generally called a parallel of the sun*s decli- 
nation, and drawn as such in the projection of the sphere, is not strictly a pa* 
rallel circle, but a spiral line. 

When the latitude of the place and the declination of the object have the 
same name, the right ascension diminished by the ascensional difference leaves 
the oblique ascension, and increased by the same gives the oblique descension. 
^ But when the latitude of the place and declination have comrarv names; the 
right ascension increased by the ascensional difference gives the oolique ascen- 
sion ; and beipg diminished by tlie ascensional diflference leaves the oblique de* 
sccasion. 

Kk (G) The 
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(G) The same things may be found from the rtght-angkd 
triangle son or chs. 

For, in the triangle son, so is the complement of as; sn is the 
complement of bs ; on is the complement of the arc qo, which 
measures the angle bas; and the angle SNo> measured by the 
arc BQ, is the complement of the ascensional difference. In the 
same manner the triangle chs may be compared with the tri- 
angle AGO. 

EXAMPLE I. 

Given the latitude of London 51°.32'N. on the longest day 
when the sun has 23°. 28' N. declination ; required the sun's am- 
plitude, ascensional difference, time of rising, setting, the length 
of the day and night, &c. 

1. In the triangle abs to find the amplitude as. 

* 
Rad X sine Bs=sine bas x sine as. 

Sine BAs=38°.28':rad :: sine BSI=:2S^ 28' : sine As = 39^48'. 
VIZ. cosine of the latitude^ is to radius ; as the sine of the svin's 
declination, is to the sine of -the amplitude. 

(H) This part of the problem is useful in navigation, for 
finding the vai*iation of the compass. — It is evident, by com- 
paring the triangle abs with the triangle agc, that the ampli- I 
tude is always of the same name with the declination^ whether 
north or south. 

2. To find the ascensional difiFerence ab. 

« 
Rad X sine ab ir cot bas x tang Bs. 

Rad: cot BAs=38^28' : : tang lis = 23°.28' : sine AB=:33^7'. 
yiz. Radius is to the tangent of the latitude; as tangent of the 
sun's declination, is to the sine of the ascensional difference. 

(I)' By comparing the triangle abs with the triangle agc, 
it is evident that when the sun's declination and the latitude of 
the place are of the same name, the ascensional difference in 
time subtracted from 6 hours gives the time of rising, and added 
to 6 hours gives the time of sun setting: but when the latitude 
of the place and the sun's declination are of contrary names, the 
ascensional difference added to 6 hours gives the time of sun 
rising, and subtracted gives the time of setting. 

In the present case the sun rises at 3''.47'.32", and sets at 
8^.l2'.28"j double the time of rising gives the length of the 
night, and double the time of setting gives the length of the 
day. 

(K) When the sun's declination is equal to, or greater than 

the 
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the complement of the latitude; viz. when q^sb is equal to or 
exceeds qp (a circumstance that can never happen in latitudes 
lower than 66®.S2') the parallel of declination 2S22 will not cut 
the horizon ho, and consequently the sun will never iset at these 
times. The same observations hold true with stars whose co- 
declination or polar distance on, is equal to, or less than, the 
latitude of the place, or elevation of the pole on, and in the 
same hemisphere. 

EXAMPLE II* 

Required the amplitude, time of rising, culminating, and set- 
ting of Jrcturus at Greenwich, latitude 51°.2S'.40" N. on the 
first of December 1813; its right ascension being 14\7'.8"f, 
and declination 20°.9'.48"N. 

The sun's right ascension at nooti December 1st being 
16\29'.2", and on December 2d, 16\33'.^l"t. 

1. To find the amplitude A^, 

The star's declination being north, the triangle abs must be 
used, wherein bas =the co-lat. and bs the declination are given, 
to find as. 

Rad X sine Bs=sine as x sine bas. 
Sine BAS = 38°.31-.20" : rad : : sine Bs = 20°.9'.4S" : sine AS= 
33^36^l4". 

(L) The amplitude is always of the same name as the de- 
clination ; and since the variation of a star's declination is ex- 
tremely small §, the same star may be considered as having con- 
stantly the same amplitude, or to rise and set in the same point 
of the horizon, during the whole year, in the same latitude. 

2. To find the ascensional difference ab. 

* 
Rad X sine AB=cot bas x tang vs. 

Rad : cot bas=38^31'20'' : : tang bs = 20°.9'48" : sine ab = 

2^^27^56". 

Then2r.2r.56"x 4==l\49'.52",and %^^ l'\49'.52"=7\49'.52'; 
the arc baDjS, or half the time of the star's continuance above, 
the horizon. 

(M) On account of the small change in the declinations of 
the stars, the same star, in any latitude, may be considered as 
having th« same ascensional difference during the year j con- 
sequently the diurnal difference of the same star's rising, cul- 



M«t 



t See Table VIII, at the end of tht Book. 

t The 8un*8 rig^t ascension at noon may always be found iif the II page of 
the, Nautical Almanac, for the given month and aay. 

§ The amplitude of this star on the same day, in the year 1796, was 33°.4T.4(r^ 
''^J^'tlng a Yariation of only 11'.26'' in its amplitude durittg 17 years. 

K k 2 minatingy 
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minatirig, and setting, in the same latitude, is nearly equal to 
the diurnal difference of the sun's right ascension. 

The sun's mean apparent daily motion is 59'. S^' nearly, which 
IS equal to 3 m. 56 sec. 32''', the daily difference between the 
rising, southing, and setting of any fixed star, in the same la- 
titude. 

(N) * 3. To find the time of a starts culminafing. 

Rule. Subtract the right ascension of the sun for the given 
day from the right a'scension of the star, and the remainder 
will be the time of the star's culminating nearly. — ^If the sun's 
right ascension exceed the star's, add 24 hours to the star's before 
you subtract. 

Take the increase of the sun's right ascension in 24 hours, 
and add to it 24 hours. Then, 

This sum is to 24 hours as the star's right ascension diminished 
by the sun's, is to the time of the star's culminating. 

Continuing the present example, 

*'s right ascension (18 13) +24 hours - - - =:38\ 7'. 'S*. 
O's right ascension, December 1st, 1813 - - =16\29'. 2". 

« 

Time of the ♦Vculminating nearly - - - - =21^.38'. 6". 

— 

O's right ascension, December J st, 1 8 1 3, at noon =16^.29'. 2". 
0's right ascension, December 2d, 1813, at noon =16''.33.2l". 



Increase of the O's right ascension in 24 hours = 0^. 4'. 19". 

24\4M9" : 24^^ : : 2l\38'.6" : 21\34'.13'' the true time of Arc- 
turus's culminating, or 9^.34'. 13", December 2d, f hi the 
morning. 

(O) 4. To find the time of a starts rising and setting,. 

Rule. The difference between the time of the star's cul- 
minating and the semidiurnal arc leaves the time of rising, and 
their sum gives the time of setting. 

Continuing the present example. 

21\34'13"-7\49'.52"=13\44'.21" time of the star's rising 
Decepiber 1st, or 1^.44'.21" time of rising December 2d. 

f The astronomical day begins at noon, and is counted forward to 24 hours, 
^r the succeeding noon, when ihe next day begins, being J 2 hours later than 
the civil day, which commences kt the preceding midnight ; thus, December. 1st, 
at 21''.34'.13" astronomical time, is December 2d, at D^SV-IS" in th© morning, 
according to civil reckoning. 

21** 
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2l\34',13"+7\49',52"=29\24'.3", or 5\24'.5", th^.time of 
setting December 2d, in the afternoon. 

PRACTICAL EXAMPLES. 

> 

1. Given the sun^s amplitude =39°,48'N, his decUnationr: 
23^.28' N.; to find the latitude of the place, time of sun rising 
and setting, and the length of the day and night. 

rThe latitude =5l^32'N. 

An^er l^"'' "^^^^' 3\47'.32'' 
Answer, -j g^^ ^^^^ ^^ 8M2'.28'' 

V.Lengthofday=:16\24'.56"lengthofnight=7\35'.4*'. 

2. Required at what time Sirius^ the Dog star, will rise, cul- 
minate, and set at Greenwich lat. 51^28^40"N. on the 18th of 
December i813, the right ascension of *y/rM45 being 6'*.36',54% 
and declination 16°.27'.5 1", S. 

The sun's right ascension at noon being n\43'.40', and on 
December 19th at noon 17\48'.7". 

r Ascensional difference = 1*^.27'. lO", 
- 3 Siritcs will be on the meridian, at 12^.50'.5l" 
Answer. < ^.j^^ ^^ gh^ * f • ^ /" the evening. 

L ■ set at 5*'.23'.4l" next morning. 

Star's declination being south, the triangle agc is used. 

3. Required the amplitude, time of rising, setting, and cul- 
minating of Aldebaran at Greenwich on the 20th of November 
1813. The right ascension of Aldebaran being=i:4^*.25'.12", 
<ieclination= 1 6^7'.27" N. 

The sun's right ascension at noon being 15^'.42',12", and on 
the 21st November, at noon, 13*'.46'.24". 

/ Ascensional difference =: 1^. 25'. 1 0". 

V Aldebaran culminates at 12''.40'.46" at nighi 

Answer, -l rises at 5\l5'.36" evening 

J sets at 8''. 5'. 56" next morning 

V.The amplitude , =26^28^53'' towards the N. 

4. Given the latitude =51"*. 32' N., the sun's amplituder: 
39^4S' N. of the east ; required the sun's declination, ascen* 
sional difference, time of rising, setting, &c. 

r Sun's declination = 23^28' N. 
\ \ Ascensional diff. = 3 3''. 7' 

^^^''•S Sun rises at 3\47'.32" 

(^Sunsets at 8M2'.48" 



^. 



PROBLEM III. (Plate III. Fig. 1.) 



(P) The latitude of the place, and the sun's (or a starts) dc- 

clination 
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clinaivm being given, to find the altitude and azinmthy iCc. at 
6 0* clocks 

In the right-angled spherical triangle ads. 

1. AD 1= the complement of do the sun's or star's azimuth 
from the North, or elevated pole. 

2. DS=the altitude at 6 o'clock, 
i. AS = the declination. 

4. SAD = NO the elevation of the pole, or latitude of the place. 

Any two of the above quantities being given, the rest may 
be found. 

The triangle s Zenith n is complemental to the triangle aj>s^ 
it therefore follows that the several things concerned in the* 
problem may be determined in this triangle, right-angled at n. 

(Q) As the meridian of a place with respect to the sun is 
called the 12 o'clock hour circle; so that circle nsas wHich 
cuts it at right angles, being 6 hours from the meridian, is called 
the 6 o'clock hour circle. 

The Sim and stars are on the eastern half of this circle S 
hours before they come to the meridian, and on the western 
half 6 hours after they have passed the meridian. 

• 

EXAMPLE I. 

In latitude 51°.32' North, when the sun has 19*=*.39' North 
declination \ required his altitude and azimuth at 6 o'clock. 

} . To find the altitude ds. 

# 
Rad X sine Ds=sine A x sine as. 

Rad : sine As=: 19°.39' : : sine sad=:51°.32' : sine Ds = 15°.16'. 

2. To find AD the co-azimuth. 

Rad X cos A = cot AS X tang ad. 
Cot As=M9°.39' :rad : : cos sad =51°. 3 2' : tang ad=:12^31'.23". 
Hence 90'- 12°.3l'.2:r=::77^28'.37''=OD the azimuth from 
the north. 

EXAMPLE II. 

At what time will Arctunis appear upon the six o'clock hour 
line at Greenwich latitude 51^28'.40''N., and what will its al- 
titude and azimuth be on the first of April 1813, when its right 
ascension is 14\T.8" and declination 20°.9U8" N. 

The sun's right ascension on the firstof April being 0^..4jl'.50"i 
^d on the second of April 0^A5,%%'\ 

1. r# 



Chap. VII. niGHT-ANGLfiD triangles. 255 

1. To find the time cfthe states culminating. (N. 252.) ' 

Right ascension of the sun 1st April 1813 at noon 0\4r.50' 
Right ascension of the sun 2d April 1813 at noon 0\45'.2S 

Increase in 24 hours - - 0\3'.S8" 



Right ascension of Arcturus ^J^ 14*», 7'. g" 
Sun's right ascension - - - - 0. 4r.50" 

Time of starts passing the meridian, nearly - 13\25M8'' 



p4\3'.38" : 24\ :: 13\25'.18" : 13\23M6" true time of the 
star's culminating or passing the meridian. Consequently 
(Q. 254.) it will be upon the 6 o'clock hour circle at (13'*.23M6'' 
— 6^=) 7^ .2 3'. 16" in the evening, in the eastern hemisphere; 
and at (13\23M6''+6'^=:) 19S23-.16", or 7\23M6" the next 
morning, in the western hemisphere. 

2. To find tJie altitude ds. 

* 

Rad X sine Ds=sine sad x sine as. 

Rad : sine as=20°.9'.48" : : sine sad=51°.28'.40" : sine ds= 
15°.38'.44". 

3. To find the aziviuth AD/roni the east. 

# 
Rad X ces sad =cot as x tang ad. 

Cot as=20°-9'.48" : rad : : cos sad = 51°.28'.40'' 2 tang ad = 

13*'.12'.30". Hence od=76%47'.30'' the azimuth from the 

north. 

(R) On account of the small change in the right ascension 

and declination of a star, it may, without material error, be said 

to have the same altitude and azimuth every time it arrives at 

the 6 o'clock hour cirde; and the difference of the times it 

arrives there, may be considered equal to the diurnal difference 

of the sun's right ascension. 

PRACTICAL EXAMPLES. 

1. At what time will Aldebaran appear upon the six o'clock 
hour circle at Greenwich, latitude 51°.28'.40'' N., and what will 
its altitude and azimuth be on the 20th November 1813, when 
its right ascension is 4\25'.12'', and declination 16°.7'.27" N. 

The sun's right ascension on the 20th November being 
15\42M2"and on the 21st 15\46':24'\ 

Answer. Aldebaran culminates at 12'\40'.47" at night, there- 
fore it is on the 6 o'clock hour circle in the eastern hemisphere 

at 
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at 6**.40'.41" in the evening; and in the western hemisphere at 
6^.40'.4T' the next morning. 

Its altitude at each time being 12^. 32'. 57" and the azimuth 
19°.4T.36'' from the north. 

2. Required the sun's altitude and azimuth at 6 o'clock, in 
htitude 51°.32' N. when his declination is 15°.23' North ? 

Answer. Altitude= 1 1°. jQ^.l^'jazimuth 80^ n'.14" from the 
North* 

3. Given the sun's declination 19^39' North, his altitude at 
6 equal 15°. 16'; required the azimuth and the latitude? 

Answer. AzimuthziT?''.28'.37'' from the elevated pole, lati- 
tude =r51°. 32' North. 

4. Given the- sun's declination n 19°. 3 9' North, his azintiuth 
at 6 in the morning N. 77°.28'.37'^ E ; required his altitude and 
the latitude? 

Answer. Altitude =15^ 16', latitude =51°. 32' North. 

5. At what time will Regulus appear upon the six o'clock 
hour circle nsas at Greenwich, latitude 51**.28'.40" North, and 
what will its altitude and azimuth be on the 6th of February 
1813, when its right ascension is 9^.5 8'.24'' and declination 
I2^52^41" North. 

The sun's right ascension at noon on the same day being 
21M9'.25'', and on the 7th February 2l\23'26"? 

Answer. Regulus culminates at 12'.\36'52" at night, is on 
the Q o'clock hour circle, at 6''.36'.52" in the evening in the 
eastern hemisphere; and at 6*'.36'.52'' the next morning in the 
western hemisphere. Its altitude =10*'.2'.30", and its azimuth 
=:81°.48'.60" from the north. 

6. At what time will Castor appear upon the six o'clock hour 
circle at Greenwicb, latitude 61°,28'.40" N., and what will its 
altitude and azimuth be on the first of December 18 J 3, when 
its right ascension is 7^.22'.39'', and declination 32°.17'.14" N, 

The sun's right ascension on the first of December at noon 
being*16\29'.2 , and on the second 16\33'.2r'. 

Answer. Castor culminates at 14\50'.56", will be on the six 
o'clock hour circle at 8''.50'.56" in the evening, in the eastern 
hemisphere, and at 8'\50'.56" next morning in the western he- 
misphere. 
• Altitude = 24^42. 10", azimuth =68^3 T. 1 8'' from the north. 

(S) PROBLEM IV. (Plate III. Fig. 1.) 

The latitude of a place , and the declination of the sun (or of 
a star J being given ; to find the altitude y and the time when it 
will be due east and west. 



Ir 
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In the right-angled spherical triangle AGs. 

1. AG = the time from 6 o'clock when the sun is due east oi* 
West. Or it is the tomplemeiit of the time from a star's ^fcJ- 
minatitig. Vv 

2. AS = the altitude of the surij or a star, above the horizo!i|, ^ 
when on the prime vertical esAn. , *- 

3. Gsizthe sun's or star's declination, of the same name as ., 
the latitude* ' 

4. The angle gas = the latitude of the place; for the ele- 
vation urn of the equinoctial is always equal to the complement 
i>f the latitude. 

Any two of these quantities being given> the rest may be 
found. 

The triangle sn Zefiith, right<*angled at Zenith^ is comple- 
mental to the triangle AGs. 

EXAMPLE I. 

In latitude 5 P. 32' North, when the siin^s declination ik 
19^39' North ; required his altitude, a&d the time when he will 
appear due east or west? 

1. To find the iallitude M. 

Rad X sine gs== sine gas x sine as. 
Sine GAS=5r.32' : sine Gs=: 19^.59' : : rad : sin^ As=:25^«6^ 

2. Tt>find th^ hour front 6, ag. 

# 
ftad X sine AG ±: tang Gs x cot Gas. 

kad : tang gs=^9°39' : : cot gas=51'*32' : sine aG^ 16\28'48''* 
Now 16°.28'.48''=:1\5'.55" the time from 6, hence the sua 

win be east at 'l**.5'.55" in the morning, or west at 4**.54'.5" in 

Ae aftemooii. 

,(T) As the declination increases, the altitude and hour froifit 

6 increase, and when the declination vanishes, the sun appears 

in the horizbil upon the prime vertical. When the latitude is 

equal to 90% th^ siin's altitude upon the prime vertical is equal 

to his declination. 

When the latitude of the pladis is less than the declination^ 

the sun never appears oh the prim^ vertical. 

EXAMPLE II. 

At what time will Arcturus appear upon the prime vertical, or 
be due east or west from Greenwich, on the first of April 1813; 
and what will be its altitude, its right ascension being 14'\'7'.8'' 
and declination = 20°.9'.48'' North ? 

The sun'^ right ascension on the same day at noon being == 
#\4r.50'\ aod on April 2d=0\45'.28''. 

Ll 1. T$ 



1. To find tie aliiiude as. 

# 
Rad >ysine Cs=$ine (mA^xsine as. 

ftne GAS^5r.28\40'' : rad :: sine Gs=20\9'.48" : sine AsiS 

2. To find AG, M^ eomplement of tht time from the star's ad* 

minating. 

« 
Rad X sine AGrrtang Gs x cot GA^. 

Ilac(: tang GS3as20°.»'.4S'' :: cot OAs=5l".28'.48" : sine ag:=^ 

16^59'.40^ Hence 9G°— 16°.59^40''=73^0^20", which re- 

ducedtatJme=4'^.53'.r% the time from the star's culminatmgr 

The star comes to the meridian at 13\23^.16'' (see Example ii. 

Froh. HI.) V therefore l3\28M6''-4\52'.r'=8**.3iM5" the 

time in the evening, when the star will appear due east; and 

13^23M6''+4^3$<M''=18^l5^^''; or 6M5\l7"next rnoni- 

kigif vf\\&Si the ^ar will appear due west. . 

(U) The height; of the same star upon the prime vertical m 

any place, is always nearly the same, for the reasons already 

assigned (R. 255.) \ and the difference of the times of its coming 

to the prime vertical, will be equal ta the difference of the 

times of its culminating, which is nearly e^ual to the diurnal 

di^re^e of the sun's right ascension* 

f . The siin'^s declination being 19°.39- North, and havingr^ 
2^*^.26' altitude ypon the prime vertical; required the latitude 
0f the pl^ce, and the hour of the day ? 

AnsTdSer. liatitude=51*.32' N., titoe 7\5'.5f ' or 4^54^5':^ 
according as the observation was made in the forenoon or after- 

HQOO. 

% At what time will Aldeharai} appear due cast or west at 
Greenwich, latitud^ 51'*.28'.40''N. op the 20th of November 
1813 ; and what will its altitude be at that time, its right a^ 
cension being=4\25'.12'', and declination XS^t.tTlO. 

The sun's right ascensipn at noon 20th November =s 
I5\42a2^ and on the 21st U\46'.24^ . 

Answer. Aldebaran culminates at I2\40''.4'r at night, is due 
east at ^^34^duewestat l7**.4T.34'',anditsaltitude=:20\4T.30". 
The arc AG5=;I3%18M7". 

3^^. The son's declination being 19^.39' N., and he was ob- 
served to be due west at 4^54' in the afternoon; required h» 
altitude, and the latitude of the place? 

Answer. Altitude rr2$^2&', latitude ^5^.82' N, 

4n At what time wiU MegtUus appear dud east ok west * 
^ ^ ^ ^. . *^ Greenwich^ 



^£». Til. lUG^HlVANOUID TRUKGLES. tSt 

Greenwich) latitude 51^2S'.40'^ N., on the 6th •£ Febniary 
1813; and what will be its altitude at that time, its right ascent* 
sion being =9\ 58'. 24" and declination 12\52'AV' N.? 

The ri^ht ascension of the sun at noon on the 6th of Fe- 
bruary being=2l^l9'.25'', and on the 7th=2l\23'.25^ 

Answer. Regulus culminates at 12**.86'.52'', is due east at 
'jf^.l8'.49'', due west at n\54'.65", and its altitude « 1 6\Sr.fi". 
The arc ag=: 10^29M0'^ 

5. In- latitude 51°.32' North the sun's altitude whcfii on the 
prime vertical was 25%26'; required his declifi^tioh> and the 
liour of theday? 

C Declination = 1 9*.39' McM-th 
^nwer. ^Time 7^5'.55'' OP 4\54'-5'' aobording as the oWer- 
( vation was made in the forenoon or afternoon* 

V PROBLEM V. (Ptffte III. Fig. l.J 

(W) Given the latitude of the place^ and the sun^s altHude, 
wjUn on the equinoctial y io find his 0?iimu^h and the hour y 
the da\f. 

In the right-angled spherical triangle A/ifc* 

1.^ AGr:the complement of rg the hour from noon, being an 
ire of the equinoctial, on which G represents the sun's place be-^ 
tweeti-noon and 6 o'clock. 

2. At/=the complement of nd the sun's azimuth from Hs^ 
meridian, or south point of the horizon. 

3. £fG=the sun's altitude. 

4. GAt/=the complement of the latitude, being midasured by 
the arc hje the elevation of the equator above the horizon. 

. Any two of these quantities being given, the rest may be 
found. 

This triangle is complemental to the triangle gje zmith; for 
Qz is the complement of do the altitude; mg Is the hour from 
noon; mz the latitude; and the angle iEzo, measured by the 
arc Hd, is th^ ^un's ;^imuth from the meridan* 

^ EXAMPLE, . 

In latitude 51^32' North, when the sun wa6 <m the equinoc^ 
tial, his altitude was 22^.1i5'; required hb azimuth, and tht 
hour of the day ? 

1, To find Ad the complement of the azimuth. 

Rad X sine A^=tang dc K cot GAd* 
•Ead : tang dG:;=«2^15' : : cot GArf=38°.28' : Aae /kdzzif^.59\ 
: N l1 3 Hence ' 
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Hence the azimuths 59^1 'from the south towards the east 
or westj according as the time is before or after noon* 

9. Tojind AAy the hour from 6. 

*• 
Rad X sine fifG=sine ag x sine Gkd. 
SineGAif=58°.28':rad :: sine//G=:22M5':sine AG=37^29'.45'^ 
which reduced into time=2\29^.59''; this added to, and sub* 
tracted from, 6 hours gives 8\29'.59" or 3\30'.l" according as 
the sun is in the eastern or western semi-circle of the globe. 

PRACTICAL ;EXAMPLES. 

1. In latitude 51^.32' N. when the sun has no declin^tioiiy 
what is his altitude, and azimuth at three hours and a half from 
noon ? 

Answer. The akitude = 9,2\\S'. Azimuth = S. 59M' E 
or W. 

2. At the time of the equinox the sun's altitude was found 
to be 22M5', and his azimuth S. 59**. E; required the hour of 
the day, and the latitude of the place? 

Answer. Time 8 ^ 30'. Latitude 5 1^32' North. 

3. In latitude 5I**.32' North, the sun being in the equinox, 
there is given the angle (ag^) which the vertical circle passing 

• through the sun forms with the equinoctials: 5 7°.46'; to find 
the hour of the d?y and the altitude, and azimuth of the sun ? 

Answer. Time f^'',2^\5&", or 3^30'.4'^ Altitude 22**. 15', 
gzimuth S. 59''. E. or W. 

(X) PROBLEM VI. (Plate III. Fig. 2.) 

The difference of longitude between two places^ both in one 
parallel of latitude J being given^ to f fid the distance between them^ 

Before we give any examples to this problem, it will be ne- 
cessary to remark, that all the meridians on the terrestrial globe' 
are great circles meeting each other in the poles of the equator. 
Therefor^ the meridional distances of places vary as the latitudes;* 
that is, the distance between the meridians pe and pw is greater 
on the equator woaE (supposing woqE to be a part of the equa* 
tor) than it is op the parallel of latitude MN^ apd greater at mn 
than at /l, &c, n 

Longitude is always counted on the equator, where a degree 
is recfconod 6p geographical miles, hence a degree of longitude 
in the parallel mn must be less than 60 miles. This shews that 
what is called meridional distance in navigation, is always less 
^han the longitude, except the ship sail on the Equator. 

J^in(:e.aU th^ meridians PW| po^ pq^ &c.cut; thf equator at 
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Tight angles (1. 130.) they must necessarily cut all the paralleb 
or latitude at right angtes. 

The arcs of the equator wo, oq, &c. are the measures of the 
spherical angles wpo, opa, &c. at the pole (D. 129.) 

If WW or on represent the latitude of two places on the same 
parallel, then m? or n? will be, their co-latitudes. 

The arcs wo and ww are similar (P. 131 and R. 1S2.). 
Iience 7nr=cv : mn : : cw : wo. But mv is the sine of the la- 
titude v/m^ cv its cosine, and cw the radius of the sphere. 
Therefore, 

Radius : cosine of any latitude : : the length of any arc on the 
equator : the length of a similar arc in that latitude. 

PRACTICAL JEXAMPLES. 

1. Suppose a ship, in latitude 40® North, sail due east until 
lier difference of longitude be 60°, required the distance sailed 
in that parallel ? 

Rad : cos 40® : : diff. long=3600 miles : the distance 2757'7 
miles. 

* EXAMPLE II. 

2. Suppose a ship, in latitude 40"* north, sail due east 2757*7 
miles, what is her diflFerence of longitude ? 

^w^er. 3600 miles. 

( Y) By the first of these examples, geographers have caU 
culated tables shewing how many miles answer to a degree of 
longitude for each degree of latitude; thus in latitude 45**, a 
degree of longitude is 42*43 miles; in the latitude of London 
i»l .32', the length of a degree is 37.32 miles, &c. 

3. If a ship sail 2757*7 miles directly eastward or westward, 
90 as to alter her longitude 60% what latitude is she in i 

Ansrjver. 40 north or south. 

4. Suppose a ship to sail from latitude 40 North to latitude 
lO"* North, till her difference of longitude be 60®, and it be re- 
quired to find her departure, course, and distance sailed. 

Here ^l the parallel of 40° is the latitude left, ka Ae parallel 
of 10® is the latitude arrived at, and mn the parallel, of 25^ is 
the middle latitude between them ; hence ikT is the comple- 
ment of the n^iddle latitude, and mn is the meridional distance, 
or the true <|eparture nfearly * ; Bw is a quadrant or 90^ and w« 
13 the difference of longitude. 

(ZJ Hence the following CONSTRUCTION (Plate TIT. Fig¥^*)i 
1. With the chord of 60^, which is equal to the sine of 90% 

* ^e t|xe 7h^<»7 orNavij^tipn, Bopkiy. Chapter Jl. > 



962 ASTRONOMICAL PROVtBlff . BoOK IB. 

and centre p^ describe the arc we, on which set ofFthe difo^ 
cnce of longitude (60 i:;! 3 600 miles) ; draw pw and PE. 

2. With the sine of (65"") the complement of the middle la- 
titude, taken from the line of sines on Gunter's scale^ describe 
the arc mn, and draw the straight line mn. 

3. Set off the difference of latitude (30^:= 1800 miles) from 
t to m\ draw mn perpendicular to pm, and equal to mn ; lastly, 
draw vn, and the construction is fimsbed* The several lines 
are named as in the £gure. 

(A) OR THUS. 

Make the angle mpn (Plate HI. fig. 4.^=: the complemem of 
the middle latitude, and pn the difference of longitude : then 
UN will be the departure or meridional distance: for, in the 
plane triangle mpn, pe?^ Plane Trigonometry, radius : fn : : sint 
Z. MPN : MN, the same proportion as is used in th^ first ex*- 
ample. The triangle mvn is the same as before* 

(B) OR THUS. fPlaJe III. Fig. 5.} 

Draw the meridian ap, in which assume any point r- ; malpe 
the angle at p equal to the complement of the middle latitude, 
in the opposite quadrant to which the ship sails ; set off pn equal 
to the difference of longitude, and draw mn perpendictdar to 
AP ; lastly, set off' the difference of latitude from m to a, and 
draw AN ; then the names of the several lines are as e:i^pr^ssed 
ta the figure. 

BY CALCULATION. (Plate IIL Fig. 3, 4, ar 5.) 

Rad : diff. long : sine comp. midd» lat. : merid* dist. or depart 
^ure= 3262-7. 

Diff. lat : rad : : departure ; tang course =6 l^.Y. 
Sine course : dep. : : rad ; distance ^37 126 2. 



CHAP. VIII. 

THE APPLICATION OF OBLiqup-ANGLED SPHERICAL TJUANGLEf 

TO ASTRONOMICAL PROBLEMS, 

PROBLEM vn» f Plate UL Fig. 1.) 

(C) Given the sun's declination^ and the latitude of the places 
to find the apparent time of day-byeak in the ynorningy md the 
end of twilight in tlie evening. 

1 . In the oblique-angled spherical triangles zn. 

1. ON:=:the sun's distance from the north pole* 
* ^ 2, Qz=!5 



. 



2. Qz=rthe ^un's distance from the zenith. 

3. ZNsthe coxpplement of the htitude. 

4- 0N7, measured by the arc aM=^the time from noon. 

CR, II. In the oblique-angled spherical triangle *© Nadirs, 

1, 0s 3= the sun's distance from the south pole. 

2. Nadir :^the sun's distance from the Nadir. 
S. s Nadir znxhe complement of the latitude. 

4. s Nadir, measured by the arc a Q,=the time from mid- 
xughit. 

EXAMPLE. 

Oiv«n the latitude of the place 5 1 ^.32' N., ^id the sun's de- 
clination 10' N., to find the time of day-break in the morning, 
juid the end of twilight in the evening. 

In the triangle © Zenith n. 

©NssSO** the sun's distance from the north pole=90'*— 10*. 
Oz= 108® the sun's distance from the zenith =: 18^ +90°. 
ZN=:38°.28' the complement of the latitude. 
To find the angle Zenith nO, measured by the arc aiE,=cthe 
tixne from noon. 



0N=: 80' 

©2=180° 
ZN= 38^28' 



2 I 226. 28 



Co-sec ZN = 38^28' - -206177 reject 
Co-sec On =80°. 0' - -00665 3 indices*. 
Sine - - 11 3°. 14' 9-96327 
Sine - - 6°. 1 4' 8-96005 



Half sum 113. 14 
©1=108. 



Remainder 5. 14 



2 I 19-13614 

Cosine 68M7'.29"9-56807 

2 



ilONZ= 136°.34'.5S"==: 9\6'.20", timt 
/rom noon f when the sun is 18° below the horizon. Con- 
sequently the day breaks at 2'\53'.40'' in the morning, ana twi- 
light ends at 9'\6^.2.0''' in the evening, supposing the sun's de- 
clination to undergo no change between the beginning of twi- 
lighft in the morning, and the ending thereof at night, being 
about 18 hours. 



f The Z ©NZ represents the time from apparent noon, that is from the time 
the © comes to the meridian, and not the time from 12 o'clock, as shewn by a 

well regulated clock or time-piece. If the equation of fime, given in the second 

Kge of each month in the Nautical Almanac, be applied to this apparent time 
addition or subtractlan, at thtr» directed, y<Mi wui obtala the trut time, or 
tJiat flMwn by n cWck. 

. Tlw 



The same things might have been found from the triangle 
©s iVfl./ir, for s =90" + 10°= 100% Nadir = 180°— 108**— 
12% and Nadir .szzcomp. bt*=38°28'. Then by the method 
above find the angle 0sn (measured b7thearcaQ)= 4 3**.25M 2'' ^ 
2''*33'40'' as before, the time from midnight, when the sun is 
IS** below the horizon* 

(D) When the declination of the sttn, the latitude and de- 
clination being of the same name, is greater than the difference 
between the complement of latitude and 1 S% the parallel of de- 
clination (25 sss sb) will not cut the parallel of 18^ (t0w) 
below the horizon: consequeiitly there will be no real night at 
these times, but constant day or twilight, as is the case at Lon- 
don from the 22d of May to the 2 1st of July. 

(E) Since the sun sets more obliquely at some times of the 
year than at others, it necessarily follows that he will be longer 
in descending 18^ below the horizon at one season than another* 

When the sun is on the same side of the equinoctial as the 
visible pole, the duration of twilight will constantly increase as 
he approaches that pole, till he etiters the tropic, at which time 
the duration of twilight will be the longest. It will then de- 
crease till some time after the sun passes the equinox, but will in- 
crease again before he arrives at the other tropic; therefore, there 
must be a point between the tropics, where the duration of twi- 
light is the shortest, which point may be fonnd by the follow- 
Ihg proportion: viz* 

Rad : tang 9^ : : sine of the latitude : sine of the sun's decli-* 
nationf. 

The. declination must always be of a contrary liame with the 
latitude. 

PRACTICAL EXAMPLES. 

1. Given the sun's declination 10** south, and the latitude of 
the place 51*.32' N., to find the time of day-break in the morn- 
ing, and the end of twilight in the evening. 

Answe7\ The z s i^(/2r=73^35'.34''=4\54'.22'' the time 
from midnight. Hence, day breaks at 4**.54'.22" in the morn- 
ing, and twilight ends at 7^. 5'. 38" in the evening; admitting 
the sun's declination to be constant for one day. 

2. Given the sun's declination 23^.28' S., and the latitude of 
the place 5l°.32' N., to find the time of day-break in the morn- 
ing, and the end of twilight in the evening. 

Answer. The z GsiVWir=90M6'=6^ r.4''the time from 
midnight when the © is 18** below the horizon. Consequently 

f vide L'Hospit. Infinim. Petit, sect. iii. prop. 13. Dr. Gregory's Astron. 
pstge 328. Heath's Royal Astron. page 22^* £mer80a'« MisceUaaies, page 492. 
Yince's Astronomy^ vol. i. page 18, &c. 

day 
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lay breaks at 5\58'56" and twilight ends at 6\l'.4", on the 
bortest day at London. 

3. In the latitude of London, 51®..S2' N., what time does the 
lay break when the sun has 1 1^ 30' N. declination? 

Answer, 2\4l', rejecting seconds. 

4. Required the beginning and ending of twilight at Lon- 
lon, lat. 51^32' N., when the sun's declination is 15°. 12' N.? 

Answer. 2^4M2" and 9\55'.4.8". 

5. Required the time the twilight begins and ends at Lon- 
lon, latitude 51°.32', when the sun has 11^30' South decli- 
lation ? 

Answer. 5\2' and 6\5S'', rejecting seconds. 
. 6. At London, latitude 51^32'N., required the sun's decli- 
oation, day of the month, and duration of twilight when it is 
the shortest ? 

Answer. Sun's declination =:7°.7'.25" south, answering to 
March 2d and October llth; between which days, the twilight 
increases, and from the latter to the former it decreases. The 
duration of twilight is 1^.56'.32"; this is found by taking the 
difference between the time of sun-rise and day-break. 

PROBLEM viii. (Plate III. Fig. 6.) 

(F) Given the day of the month , tlie latitude of the place^ 
ike horizontal refractiouy and the swi^s horizontal parallaxy to ' 
find the apparent time of his upper limb appearing in the East- 
ern and IVestern part of the horizon. 

Example. Given the sun's declination at noon on the 2 1 st 
of June 1813=23°.28 ; the latitude of the place=51°.32' N.; 
the horizontal refraction =33'; the sun's horizontal parallax 
= 9'' ; to find the apparent time of his rising and setting. 

This example being given for the longest day, the sun's de- 
clination may be considered the same at his rising as at noon ; 
Ibr the declination does not vary above 5' in 24 hours at this 
lime, though near the equinoxes it varies about V in an hour. 
I Let s be the true point of the sun's rising, and b that of his 
apparent * rising, then 60 = 33'—9" = 32'.51" the distance of 

• The apparent time of rising and setting of tlyj heavenly bodies always 
ers from the true time, for they are elevated by refraction (S. 81, &c.,), and 

spressed by parallax (S. 8'-^, &c.). 

All the heavenly bodies, when in the horizon, appear 3S' above their true 
CCS, by the effect of refraction (see Table IV.) ; but they are depressed by 
■allax. Hence, by these causes combined, a body becomes visible when its 
tance from the zenith is equal to 90° + 33'~ horizontal parallax, and as the 
1*8 horizontal parallax is about 9" (see Table VI.) his upper limb will appear 
the horizon when it is .iOfM" below it, or 90°.3'2'51 " from the zenith. 

t A star has no sensible parallax, aad therefore will appear in the horizon when 

; is 33' below it, or 90°.33' from the zenith. 

M in the 
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the sun's upper limb below the horizon ; hence the true zenith 
distance zs will be increased, hj refraction, to z0, but the de- 
clination will remain the saijue, for ns=n0. 

In the oblique-angled triangle znQ. 
zO=90°.32'.5r' app. dist. of 0's upper limb from the zenith. 
nO=66°,32'.0" app. dist. of © from the north pole. 
2 N =38°.28'.0'' the complement of the latitude. 



2)195.32.31 



4 Sum 97.46.25^ 
zO=90.32.5l 



Rem. 7.13.344 



ZN= 38^28' cosec - - - 

^IQ=66^32' cosec - - - 

Half sum =97°.46'.254" sine - 

Remainder=7°13'.34^ sine - 



Cosme - e2\8\\5 

2 



- '20611 

- -03749 

- 9-99599 

- 9-0996^ 

2)19-33929 
- 9-66964 



ZZN©=124.16.30=8\17'6" the 
apparent time from noon when the sun's upper limb appears in 
the western part of the horizon. Hence the apparent * time of 
the sun's rising is 3'*.42'.54'', and the apparent time of setting 
is 8''.lT.6*. The true time of the sun's rising and setting, on 
this day, has been determined (Prob. II. I. 250.) to be 
3»».47'.32^ and 8\12'.28"; hence the apparent day is 9';i6^ longer 
than the astronomical day. 

(G) As the refraction causes an error in the rising and set- 
ting of the celestial objects, so it will cause an error in the am- 
plitudes, as may be seen by comparing the triangle abs with the 
triangle ad6. , If the sun's amplitude be taken when his centre 
is in the visible horizon, an allowance depending on the hori- 
zontal refraction, parallax, height of the eye, and latitude of 
the place should be applied to the observed amplitude^ in order 
to obtain the true amplitude. This inconvenience may be 
avoided, by observing the amplitude when the altitude of the 
sun's lower limb is equal to 16'+ the dip of the horizon* 



PRACTICAL EXAMPLES. 



1 , Required the apparent time of the sun's rising and setting 
at Glasgow, latitude 55". 32' N., longitude 4*. 15' W., on the 



* The equation of timaon this day at noon (see page IL of the Nauticail Al- 
manac) is 1 .12" at Greenwich ; this applied as directed in the 2d page, and 
page 149 of the Nautical Almanac, will give the true time of the sun's rising and 
setting* as shewn by a well regulate^ clock or time-piece. 

" l^th 
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12th of October 181S ; the suii's declination at noon, for the 
meridian of Greenwich, being 7°.2 1'. 1 8" S *• 

Answer. The sun's declination, when it is noon at Glasgow f, 

is 7°.21^34" S. The O's declination being south the triangle 

znG will fall on the left hand of the prime vertical ZA- Then 

-jCi— ono^O' K^^ rWith these three sifles find the hour 

K©=9r.2K34" \ ^2N0=8O^8^52"=5\2O'.35"thetime 

Jt,— -o/io'oo'* i from noon when the sun sets, hence the 

L sun rises at 6^*.39'.25' . 
Call these the approxiniating times of rising and setting; cal- 
culate the sun's declination to the approximating time of rising 
and setting, which you will findtobe7°. 1 6'.32''S,and 7°.26'.35''S; 
then, with the polar distance NO=97^16^32" repeat the ope- 
ration, and the true apparent time of rising will be 6**. 38'.54"; 
with the polar distanxre nO=97°.26'.35" repeat the operation a 
second time, and the tj^e apparent time of the sun's setting 
will be 5^*20\S\ To obtain the true, or mean, time of rising 
and setting, as shewn by a well regulated clock, or time-piece, 
the equation of time must be applied as directed in page II| and 
page 149 of th^ Nautical Almanac. 

PRACTICAL EXAMPLES. 

1. Required the apparent time of the rising and setting of 
the sun, in latitude 51°.32^N. supposing his declination to be 
23^.29' S. 

J7iswer. 8\8'.2''. and 3\5r.68^ 

2. Required the apparent time of the rising and setting ofthq 
sun, in latitude 51°.32'N. when his declination is 17°.32' N. 
supposing it to undergo no change from sun-rise to sun-set. 

Answer. 4\22'.16" and 7\37'.44". 



* To reduce the suh*s declination , as given in the Nautical Almanac^ to any other me* 
riSamy audio any given time of the day. 

Rule. Turn the given longitude into time (see the note page 247) and add 
it to the time at Greenwich if it be west longitude, or subtract it if east. Find 
the change of the sun's declination in 24 hours from the Nautical Almanac ; 
Then say, as '24 hours : to this change : : the given time from noon : the va- 
rittion of the sun's declination in that time. 

This variation must be added to the sun's declinatiop at noon, or subtracted' 
fh>m it, according as the declination is increasing or decreasing. 

f Long, of Glasgow =4^.1 5' » H"* of time, hence wheA it b noon at Glasgow' 
it is .17' at Greenwich. 

Q's declination at noon October 12th, is - - - * - 7**.21M8" 

Q's declination at noon October 13th, is - i- ^ n '7°.43'.51'' 



Increcse of declination in 24 hours „. . . • ^ 0^.22^.33^ 



Then24h :22'.S3 " : - 17°< : 1 6^' the increase of the sun's (leclination in 17 minutes; 
consequently when it is noon ^t Glasgow the sun's declination is 7^.2r.34^S. 

M m 2 3. Required 
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3. Required the apparent time of the rising and setting of 
the sun in latitude 56 N., supposing the sun's declination at 
his rising to be 22^34^35", and at his setting 22^. 30'.7". 

^wwefr. 3\22'.20"and8\37'. 

PROBLEM IX. (Plate III. Fig. 7.) 

(H) Given the latitude of the place, the day of the months 
the moon^s horizontal parallax and refraction^ to find the time 
of her rising and setting. 

Required the time of the rising and setting of the moon at 
Greenwich, latitude 51®.28'.40" N., on the 13th of August 
1813. 

The horizontal parallax of the moon being from 53' to 62*, 
always exceeds the horizontal refraction ; therefore, when the 
moon's upper limb appears in the hcnrizon she is really above it, 
by a quantity equal to the horizontal parallas^ ininus the re- 
fraction. /* 

The moon's declination must be found as near to the time oi 
her rising as possible, because it is subject to a considerable va- 
riation in the course of a few hours. 

Let n be the place of the moon, when in the horizon, m the 
point where she becomes visible, and e her place on the me- 
ridian \ then de will represent her change of declination from 
the time of her rising to the time of her transit. 

Find the time of the moon's passage over tlie meridian *, and 
calculate the declination to that time (see the Note page 267). 
With this declination, the latitude, &c. calculate the hour 
angle, as in the preceding problem, and call this the estimated 
time of the moon's rising ; correct the moon's dechnation, and 
her horizontal parallax, to the estimated time of rising, and re- 
peat the operation till the time of rising be accurately as- 
certained. 



* Tojindihe time of the mooftf §r any planet* s culminating,' 

Take the difl!^erencc between the sun's and planet's motion in right asc^&iom 
1 n 24- hours, if the planet be progressive, or their sum, if retrograaCk^ Then, 

As 24 hours diminished by this sum or difference, when the planet's motioi^ 
is greater than the sun's, or increased by it when the sun's apparent motion is 
greater, is to 24 hours; so is the planet's right ascension at noon, diminished b; 
the sun's, to the time of its transit. 

If the sun's right ascension be greater than the planet's, 24 hours must be 
added to the planet's right ascensign before you subtract. 

Note, The right ascensions of the planets are not given in the Nautical Al- 
manac ; but they may be calculated trom their geocentric latitudes and lon- 
gitudes, which are inserted in that work, smd tl^e obliquity of the ecliptic (sec 
the succeeding problem.). 



SOJ.UTIOK. 
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SOLUTION. 



1 . To find the time of the moon's passage over the meridian. 

]) '8 right ascen. at Ditto, 339® .54' 
p *s right ascen, at Ditto, 352®.58' 



0right ascen. Aug. 13, at noom f 9h*^0'41 
Dittd August 14, at noon 9^34^.27 



i Decrease of motion in 24 hours 3^.46'' 



Decreases in 24 hours 1 3^.6 



1 3°.6'x 4 =52" .24."-, and 52".24'' - 3" .46" =48"',38'' the mdon's 
motion exceeds the sun's in 24 hours. 

D's right ascension 339°.52'x 4 = 22\39'.28", which di* 
minished by the O's right ascension, leaves 13\8'.47". 

Then24'*-48'".38" : 24^ : : 13\8'».4T' : 13\36'".2l" the true 
time of the moon*s passing the meridian at Greenwich f. 

2. To find the moon's declination^ when she is on the me- 
ridian^ 

2>'sdeclinationatmidnight, 13th August 1813§=:8°.59'.S* 
D's declination at noon, 14th August 1813=; 6*'.46'.S. 

Decrease of declination in 12 hours =; - - - 2°, 13', 



I2\ : 2M3' :: l\36'.2l" : l7'.47"the change of the moon'sde- 
clination from midnight, on the i 3th of August, to the time of 
her transit; hence 8°.59'— null's 8°.4r. 13" the moon's dej- 
clination, when on the meridian. 

3. In the triangle zvmyfind the 2Lznw, 

The. refraction =3 3', the D's horizontal parallax, from the 
Nautical Almanac, =57. 55" at midnight, and by calculating the 
proportional part for l^\36'.'2l", the time past midnight when 
the moon is on the meridian, the horizontal parallax at that 
time will be 5 7'. 57". Hence, we have 

Czm=90''+33'— 57'.57" = 89^35'.3"0 .p' , - 
Given^NW=90^+ 8°.4l'.13''=98^4l'.13'7 ^otina tne 
I ZN = 90°-.51°.28UO"=:38'.31'.20") ^zNm- 

The /.ZNm will be found =78^14^44"=:5^.12^59''=nearIy 
the time the moon rises before she comes to the meridian. 
Whence 13\36'.21"-5M2'.59"=:8^23'.22'' the estimated time 
of the moon's rising. 

4. To find the D '^ declination at the estimated time of 
rising. 

■ ■■ ■■ — — T - ' -1 -Ml 

f Nautical Almanac. 
I The time of the moon*s passing the meridian of Greenwich itJg^Iven, in the 
Vlth page of each month, in the Nautical Almanac. ^ 

'§ Nautical Almanac. 

D's 
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Answer. Right ascension = 198°.34'.32'', and declination = 
10'.4'.31'' South. 

3. Required the right ascension and declination of Betelguese, 
in the east shoulder of Orionj latitude I6°.3'.3'' South, lon- 
gitude 2'.25^.51'.4.6"; obliquity of the ecliptic 23o.28'? 

Answer. Right ascension =r 85**. 59'.28", declination = 7^2 1 M 
Norths 

4. Required the right ascension and declination of Antares 
in the heart of Scorpio; latitude 4**.32'.35'' S., longitude 
S\^.5\\5V''y obliquity of the ecliptic 23^28'? 

Answer. Right ascen.=244M T.S'', declination =25*'.57'.22" 
South. 

5. Required the right ascension and declination of the moon, 
when her latitude is 4^0'.34" N., longitude 7M4^26'.21% and 
the obliquity of the ecliptic 23^27'.48" ? 

Answer. Right ascen.=223Ml'.ll", declin.=: 12^21'. 14" 
South. 

6. Given the right ascension of Aldebaran=4\25'. 12", and 
its declination 16^7'.27''N. in the year 1813, required its la- 
titude and longitude ; the obliquity of the ecliptic being 23*^.28'? 

hi the triangle msc^ 

7iNc:=156M8' =AR + 90% ARbeing=4\25'.12". 

KG = 73^52'.33''=coinplementofRC. 

N7t = 23**.28'. O'^=obliquity of the ecliptic. 



1. To, find the co4atittide no. 



VH =23*28' log sine =» 

N c = T^P. 59r. 33'' log sine = 

i«NC=s78°.9' log sme= 



9-60ai2| 

9-98257' 

•99064 

•99064 



Nat. sine 21°29'.40''=: 



59^9906 
9^9906' 



21°.29'.40" log sine = 9-56397 



Colat «ca=95°.28'.52'' obtuse. 

Hence the latitude =:5^28'.52'' * South. 



36641 
2 



73282 
Nc-N«=50°.24'.33" Nat. cos== .63730 



Nat. cos 84''.31'.8"= 



09552 



OR THUS, 

Draw the perpendicular ct. Then, in 
the right-angled triangle cln. 
rad,8ineof90° - -, 10,00000 

: co8CNL=RQ=e23°.42' - 9-96174 
: : tang nc=73<'.52'.33'' - 10-53896 



:tangNi.s=72°.28'.47" 



9-50070 



Then nl+n«««l=95*'.56'.47". 



I In the oblique-angled triangle ikns 
(B. 196.) 

co8NL=72°.28'.47" - - 9-47863 

: cos«L = 95°.56'.47" - - 9-01535 

: : cos Nc = 73°.52'.33'' - 9*44361 



:cos»c = 84°.3r - - - 8*98033 
Hence the lat = 5°.29' South. 



maki 



* The latitude of this star, on the same day, in the year 1 796, was 5°. 28'^"S. 
iking a difference of only 25'' in 1 7 years. (See the note page 27 1 .) ^ . 

• 2. Te 
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2. To find the co-longitude cnN. 

Smenc=95^28^52":smewNC = 156M8'::sineNC=73^52^33": 
Sine cnN=22^49'.28". Hence the longitude = 67^. 10'.32" *, 
or 2«-7M0'.32". 

(L) By comparing together the places of the fixed stars de- 
duced from observation, astronomers have found that their lon- 
gimdes increase about 504^" annually. This increase of lon- 
gitude must necessarily cause an irregular motion in the same 
star with regard to the equinoctial. Hence the right ascen- 
sionsy and declinations of stars are continually varying, so that' 
stars which formerly had north declination have now south dq- 
clination, et contra. Their latitudes are also subject to a small 
variation. 

7. Required the latitude and longitude of Sirius in the Great 
Dog, right ascension being 99**.0.2r', and declination = 
16^26^35'' South ; the obliquity of the ecliptic being 23^28'? 

Answer. Latitude 39°.33^30'' S. longitude 3Mr.l3'.44". 

8. Required the latitude and longitude of Procyon in the 
Little Dog; right ascension being 112°.6'.47", declination 
5^45'.3'' N. ; obliquity of the ecliptic 23^28' ? 

Answer. Latitude IS^SS'.U" S., longitude 3'.22^.55',42''. 

9. Required the latitude and longitude of Arcturus in 
Bootes; right ascension 21P.33M7", declination 20°. 15'.58" 
N. ; the obliquity of the ecliptic being 23^28' ? 

Answer. Lat. S0°.52'.43" N. long. 6'.2r.20'.4l". 

10. Required the latitude and longitude of Fomalhaut, in the 
Southern Fish ; right ascension being 341°.32'.34'', declination 
30°.42'.5 1" S. ; obliquity of the ecliptic 23^28' ? 

Anmer. Lat, 21^6'.29"S., long. 11'.0°.56'.42". 

11. Required the latitude and longitude of the moon when 
her right ascension is 40°.22% declination ir.37' N., and the 
obliquity of the ecliptic 23°.28' ? 

Answer. Lat. 3^53' South, longitude 4i°.35'. 
Note. This problem may be varied so as to admit of several 
cases, but the two above specified are the only useful ones. 

PROBLEM XI. (Plate Illf Fig. 8.) 

(M) The right ascensions and declinations of two stars , or 
the latitudes and longitudes of two stains given^ to find ilieir 
distance. 

Required the distance between Sirius in the Great Dog, 
right ascension=99°.0'.2l", and declination = 16^26'. 35" S., 

* The longitude of this star iq th? year 1796 was found, by the^ame process, 
to b* j5i°.56'.24", making an increase of 1 4'. S" in 1 7 years. 

N n and 
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andProcyon in tbe Little Dof, right ascensi<»i=all2°.6'.47", 
and declination 5°.45'.3" N. ? 

In the triangle xsT let the star at t represent Procyon, be- 
cause its right ascension is the greatest, and the star at x repre- 
sent Sirius. 

The ilxsT=13°.€'.26" diflF. of their right ascensions =rq. 

sx='73°.33'.25" the complement of Sirius*s declination ex. 

sT=95. 45. 3 Procyon's declination 4-90''=sq+qt. 

Hence, here are two sides and the contained angle given, to 
find the third side xt, by any of the methods in the*prjscediDg 
problems. 

Answer. XT=95°.42'.10". 

EXAMPLE II. 

The latitude and longitude of Sirius being = 39°.3a',30" S^ 
and 3Mr.l3'.44"; and the latitude and longitude of ProcyoB 
=;i6^58'.14" South, and 3".22^55'.42". Required thdr 

distance ? 

In the triangle X7WT as before, we have 
xwr=50°.26'.30" the complement of Sirius's lat. vx. 
TW=74, 1. 46 the comj^ement of Procyon's lat. asT. 
The Z.xwT=ir.4l'. 58" the difference of their longitudes 

V25. 

Hence as before, here are two sides and the contained angle 
given, to find the third side, XT =25*^.42' answer. 

EXAMPLE ni. 

Required the distance between Capella in the Goat, right as- 
cension = 7 5^ 21 '.19", declination =45^46'. 15" Nwth, and Pro- 
cyon in the Little Dog, right ascension =112°.6'. 47", and de- 
clination =5^45'.3" North 1 

In the triangle tnc, let the star at T represent Procyon, and 
c Capella. 

Nc=:44M 3'.45" the co-declination of Capella. 
TN=:84. 14. 57. the co-declination of Procyon. 

Z.TNC=36. 45. 28. the diff. of their right ascensions =rq^ 

Here we have two sides and the contained angle given, to 
find the third side, as in the preceding example. 
' Answer. ct=51°.6'.56". 

£XAMPLB IV. 

Required the distance between Capella, whose latitude is 
22°.51 .57" North, longitude 2M8*.57'. 57", and Procyon, lati- 
tude 15°.58\14" South, longitude 3'. 22^55^42" ? 

In 



Chap. VIII. oblk^^hlvolld triancles. 875 

Li the triangle T»c. Let the star at T rejM^sent Proqron, that 
at c, Gipelki 

nc , = 67°. 8'. 3"=comp. Capella's lat. oc. 

WT =lO5°.58'.l<=:90°4-Procyon's lat.=wT. 
-^Twc= 33°.5l'.45"=diff. of their longitudes r=o2S. 

Here we have two sides and the contained angle given, t6 
find the third side CT=5l^6'.S9" Answer. 

PROBLEM XII. (Plate III. Fig. 8.) 

(N) The places of two stars being given, and their distanced 
J^roin a third star^ to find the place of this third star. 

EkAMPLE i. 

Suppose the distance of a comet or new star c, was measured 
by a sextant to be 65*^.47'.4«2", from Sirius the dog star, 
lat. SS^SS'.SO" South, longitude 3Mr.l,3'.44^ and 5 1^.6'. 5 6", 
jfrom Proycon the little Dog, lat. 15^58M4'' South, longitude 
3».22°.55.42"j it is required to find the latitude and longitude 
of this comet or star. ^ 

Let X represent the place of Sirius, or one of the known 
istars, T that of Procyon the other known star, having the 
greatest longitude, and c the place of the comet or unknown 
j5tar> 

First. In the triangle xwt, we have given 

XMai:129°.3S^SO'^ Sirius's distance from the pole of the 

ecliptic nearest the comet or star; 
TW=El05; 58. 14 Procyon's distance from the same pole; 
ilx»T= 11.41.58 The diflf. of longitude between the 

given stars. 
To find XT the distance between the two known stars =: 
25^42^10", and the angle WXT =26^42'.39": To find the 
former of these (Quantities, there are two sides and the included 
angle given, and to find the latter the three sides and one angle 
iare given. 

Secondly. In the triangle xtc, we have given 

XT =25^42'. 1 0''1 To find the Z. cxT at the star X. By 

TC = 51. ^.56 [• any of the methods tM.200.orG. 227,) 

andxc=65. 47.42 J you will find cxt=49°.14'. 

This angle being greater than wxT shews the longitude, of the 

ttar at c to be less than at x. Hence c^t cowxt=22^3.1'.21"= 

nice. 

Thirdly y In the triangle xwc, we have given 

xn= 129^33'.30''l To find the side wc the comet or star's 
xc= 65. 47. 42 ?• co-lat. and tluc the difF. between the 
and nxc=: 22. 31.21 j star's long, at 6« and Sirius's long. 

N n 2 nc 
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wc=:67*.8'.26" the star's co-latitude, hence its latitude oc= 
22*.51'.34", and xwc=22M6'.42", and since the star's Ion- 

fitude has been shewn to be greater than the comet's; from 
irius's longitude = 1 1 M 3'.44^ take 22'. 1 6'.42", the remainder 
'78^51'.2" is the unknown star's longitude. 

EXAMPLE II. 

Suppose the distance of an unknown star at x was measured 
to be 65°.47'.42", from a known star (Capella) at c having 
22°.5l'.57" North latitude, and 2M8^57^57'^of longitude; and 
its distance from another known star at t (Procyon) = 25^.42^. 10", 
this star having 15°.58M4" South latitude, and 3«.22\55'.42" 
of longitude i required the latitude and longitude of the un- 
known star? 

First. In the triangle cmr^ we shall have 
cm=wo-|-oc = 112°.5l'.57"=Capella's distance from the pole 
of the ecliptic nearest the comet, or unknown star* 

c??iT= 33. 57. 45 =The diff. long, between Capelli 

and Procyon. 
TW= 74. 1.46 ziProcyon's distance from the pole 

of the ecliptic. 
To find Tc= 51. 6. 56 The distance between the know* 
stars; and the angle wcts=43*.37'.41''. 

Secondly/. In the triangle XCT, we have given 
xc= 65°. 47'.42"1 

XT=25^ 42. 10 > To find the angle xcT at the star c. 
TC=51. 6. 56 J 

By any of the methods (M. 200. or G. 227.), xcT will be 
found =24°. 5 8' 5 this angle, being less than mcT shews the lon- 
gitude of the star at x to be greater than that at c 
. Hence WCT CO xCT=l'8°.39'.4r'=xcw. 

Thirdly. In the triangle xcm, we have 

rwi=ii2° 51' r^n" T '^^ ^^^ ^^^ the unknown star's co- 

cx — 65 47'* 42 0^^^^"^^> ^^^ yiwc the difference be- 

Zxcm= I8:39.'41 ( Jween the star's longitude at X, and 

J Capella s longitude at c. 

xw=50^.26' the star's co-lat., hence its latitude vx=:39^34', 
and xwc = 22*.15'.6", and since the given star's longitude has 
been shewn to be less than the required star's longitude, this 
difference must be added to Capella's longitude, viz. to 
2^18^57^57''add 22'. 1 5'.6" the sum is SMT.lS'.S" the Ion- 
gitude required. 

EXAMPLE 
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Ik 

EXAMPLE III. 

Suppose the distance from an unknown star at T was measured 
to be 25^.42'.10", from a star at x, whose latitude is S9°.33'.r?0" 
South, longitude 3Ml°.13'.44."-,.and 51°.6'.56'', from another 
known star at c, whose latitude is 22**.5r.57" North, and 
12'.18^57'.5T' longitude; required the latitude and longitude of 
the unknown star* 

First, In the triangle xwc, you will have given 
X77i=die complement of x's latitude, 
cw=the distance of c from the same pole of the 
ecliptic, and the angle xmc=the difference between their 
longitudes =vo. 

Hence xc will be found =65**.4?7'.42", and the angle W2xc= 

153^17^2I'^ 



xc 



Secondly • In the triangle xt(^ are given 

? To find the angle CXT=49^14'. 

J C Now mxc CO cxT= 104^3'.2l"=7?^xT. 
and Tcj 

Thirdly. In the triangle WXT, are given 



( T from the pole of the ecliptic, and the angle 
^ xmT=ll°.41',58'', the difference between the 



T To find Tm=74°. r.46", the distance of the star 

J longitude of x and T. 

(O) By the assistance of the foregoing problem, and a know- 
ledge of any one fixed star's true situation, the places of all the 
rest may be determined. Indeed, it is by this problem prin- 
cipally, that astronomers have rectified the places of all the 
fixed stars ; and thence, by a similar mode of proceeding found 
the true places of the planets. Leadbetter tells us in his Astro- 
nomy, page 230, that he made use of this method for construct- 
ing his astronomical tables. The preceding examples contain 
every variation that can happen with respect to the stars lati- 
tudes and longitudes, but the same things may be determined 
from their right ascensions and declinations, as in the following 
example: 

EXAMPLE IV. f Plate III. Fig, 9.) 

Suppose the distance of a star or planet at y, was observed to 
be 65°.47'.42", from Sinus the Dog star at x, whose right as- 
cension is 9S<°.0'.21", and declination 16°.26'.35" South; and to 
be 5l°.6'.56" distant from Procyon at T in the Little Dog, 
whose right ascension is 1 12° ,6' .47'', and declination 5°.45'.:i'' 
North 5 it is required to find the right ascension and declination 
of this UMknQwn star or planet. 

First 
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First, In the triangle xNT, we have 

The angle xnt=p 13°. g!.26" = the difference between the 
right ascensions of x and t, measured by the arc nq. 

XN := 106. 26. 35 =x's distance from the pole n« 
TN= 84. 14. 57 =::t'$ distance from the same 
pole. 

Hence two sides and the included angle are given, to find 
the third side XT=25°.42'-10", and the angle nxt=31°.22'. 

Secondly, In the triangle txt, we nave, given 

TX = 65^4r.42•"^ To find the angle yxti=:49°.14'. 
YTz=:51. e.5^ > Then yxt co nxt=17. 52. 
XT=25. 42. 10 J nvxN. 

The Z. YXT being greater than the Z-nxt shews the right 
ascension of the unknown star at v, to be less than the right 
ascension of that at x.^ 

Thirdly. In the triangle xyn, are given 

— ^^ 47' 4^' "7 '^^ ^^^ ^^ ^^ complement of the de- 
^^~ >. * g * - ( clination by, and the angle ynx the 

" ,»T**-n" I difference between the right ascen- 
' -^YXNZi 17. 52. \ • r J 

J sions of Y and x,=br. 

r TN=:44M4' consequently BY=45^46' N. 
You will find < ynx=:23°.38'.55", hence the right ascension 

(^ofY=AB=75°.2l'.26". 

(P) In the same manner we may find the distance between any 
two places on the earth ; suppose i and T to be two places whose 
latitudes and longitudes are known, then in the triangle XNT, 
XN is the distance of x from the pole, tn the distance of T 
from the same pole, 'and the angle xnt^ measured by the arc 
rq, the difference of longitude between the two places, hence 
the distance XT is easily found. In a similar manner the dis- 
tance between T and y, or y and x may be obtained. 

EXAMPLE Vi 

What is th6 extent of Africa, from Cape Verd, latitude 
14°.46' N., longitude 17^47' W. to Cape Guardafui, latitude 
ir.47' N., longitude 51*.f^5' E.? 

Answer. 67^ 1 9' the arc of a great circle contained between 
the places, or 4678 English miles, of 69^ to a degree, or 4039 
geographical miles, of 60 to a degree. 

PROBLEM XIII. (Plate III. Fig^ 1.) 

(Q) Gi^cn the latitude of the place, the sun's decimation and 
altitude, to find the azimuth. 

EXAMPLE 
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EXAMi'LE I. 

In latitude 51°.32' North the sun's altitude was observed to 

be 50'*, and his declination 2S°.28' North ; required his azimuth 

from die North. 

In the triangle szn, we have given 
SN 1=66°. 32' the co-declination, or sun's polar distance; for 

DS is the sun's declination Nortli. 
sz=:40. the co-altitude of the sunj for cs is his altitude 

above the horizon ho. 
ZN=:38. 28 the co-latitude of the place, or what on the 

elevation of the pole wants of 90^. 
To find the angle szn, measured by the arc of the horizon 

CO, the sun's distance from the North. 

Call the co-latitude 'ZN the base, and draw the perpendicular 

^fr Then, (M. 200.) 

tang^zN=z^=19°.U' ----«--- ,9-54.269 

: tang 4 (sN+sz) =53M6' 10-12710 

::tang J (sN-sz) =13M6' 9-37250 

:tang//- - - =42M0' - 9-95691 

Take the diflFerence betweenyi and lialf the complement of 

latitude. Then, 

Radius, sine of 90^ lO-OOpOO 

: tang/if CO z^=22°.56' -. 9*62645 

: : tang of the sun's altitude zzcszr 50*^ - - - 1007619 
: sine of azimuth from the east or westz=30\ 17' 9'70264 
Hence 9O" + 30M7'=120M7' the sun's azimuth from the 

North. 

(R) A slight review of Figure L Plate III. will naturally 
point out to us the following observations: 

If the latitude of the place and the declination of the sun be 
of the same name, the sun is less than 90** from the elevated 
pole; therefore the co-declination is the polar distance. 

If the sun or star be in the equinoctial, it is 90° from the |>ole, 
and^ forms a quadrantal triangle. If the deGlination be of a 
contrary name with the latitude, the distance of the object from 
the elevated pole will be equal to the declination increased 
by 90°. 

(S) The preceding solution is on a supposition that the 
sun's declination, as taJcen from the Nautical Almanac, remains 
the same in all places, and at all times of the day. But this 
cannot be strictly true, for the declination is subject to a daily 
variation, and is adapted to the meridian of Greenwich. An 
azimuth will not be materially affected by this change, but it 
will make a considerable difference when we want to find the 
time of the day. 

EXAMPLE 



/ / 
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EXAMPLE II. 

Suppose the sun^s altitude at London, latitude 51^.32' North, 
to be 1M4' when the declination is 20\ll' South» what is the 
azimuth from the North ? 

Answer. l;25°.34'. 

EXAMPLE III. 

Given the latitude of the place 51°.32' North, the sun's alti- 
tude 25% his declination 4^47' South \ required the azimutli 
from the North ? 

Answer. 137M6'. 

EXAMPLE IV. 

Suppose in latitude 51^.32' North, the altitude of the star 
Arcturus in Bootes^ was 44**.30', when its declination was 
20^.16' N. ; required its azimuth from the North at that time. 

Answej\ WT.S'. 

EXAMPLE V. 

In latitude 48°.5l' North, when the sun's declination is 
1 S'^.SO' North, and his altitude 52^35'; what is his azimuth 
from the North ? 

Answer. 134^36'.8''. 

(T) This problem is not only useful for finding the va- 
riation of the compass, but it will be found very convenient for 
determining the true meridian, and the four cardinal points. 
For, if with a line representing the vertical on which the sun is, 
an angle be made equal to the supplement of the azimuth from 
the North, the meridian will be obtained : provided care has 
been taken to corffect the sun's altitude by refraction. 

(U) An azimuth may be constructed by a scale of chords, suf- 
ficiently accurate for Nautical purposes ; Thus, 
With the chord of 6(f describe a circle {Plate IF. Fig. 2.) 
set off the complement of the latitude from z to P, and the 
complement of the altitude from z to a, draw zon through the 
centre c and aoa at right angles to it. Set off the polar distance 
from p to p, draw pp through the centre c, and from the point 
I where it intersects aoa draw ir parallel to zqn, and through 
c the centre draw cs parallel to aoa. 

With c as a centre, and the distance oOy cross the line IR in 
fn$ through m draw cai, then s»> measured on a scale of chords 
will be the azimuth from the south (in North latitude) if the 
point I fell on the left-hand of zn, and from the north if it fall 
on the right-hand. 

See the Mathematical Repository, vol. I. page 283, second 

edition, 



edition, 1799, and voL II. jwge 26 and 27* Sd^ ial^ Dn 
Mackay's Navigation, first edition, 1 804, page 200. 

PROBLEM xiT. f Plate J II. Fig. i,) 

(W) ^ G«V;«i Me latitude qf t/ie pldce^ the surCs declination 
<tnd aUHudej lojind the hour of the day.^ % 

|:XiMPL£ t. 

At London^ latitude 51^32' North, tkie altitude of the sun*s 
tentre was 38*».li^', and his declination 19^S9' North, required 
the hour of the day ? 

In thfe triangle szw, we have given 

sif=70**.21^ the sun's distiance from the eleVated pole; 

sz=5'1.41 the sun's co-altitude^ 

2N = 36 . 28 the co-latitude* 

To find the angle zMs, measured by the arc s.T>^ the dist.intl^ 
between the meridian which- the sun is on at the time of ob^* 
ftervation, and the meridian o^the place of observation. 

Since jEz is equal to the latitude on ; it follows^ that If thd 
latitude and declination be both north oit both south, the dif- 
ference between them is equal to the meridional zenith distance; 
if the one be north and the other south, their sum^ is the 
meridional zenith distance. Hence the following general method 
of solution: 
s Nat cos of merid zenith dist . 

(51°.32'— 19\390 *• *- ^ 8l^S3':t=:849iS 

Nat sine of the sun*s altitude - - . 38. 19 =62001 



Remainder ^ ^ ^ 22912 



a.^ 



Common logarithtn of * - 22912 =i; 4*36007 
Secant of the latitude - *. 61°.32'== '20617 
Secant of the declination ^ - 19".39'= '0(2606 



Num, in col. ifis., Requisite TsdUes, 3^.30' 4*59230 

Or, Increase the indei by 5 + 

Log. versed sine • ^ 52^29^2a*' - 9-59230 

Or add the logarithm of 7 ^ 49-69897 

5000000000=1- radius. 5 * " ■ /^ ^ 

Divideby 2 I 19*29127 

Leg sine of half the hour angle 26^14'.40"£= 9-64563 

2 ' 



*rhc hour angle - - 52. 29. 20 =3^.2S'.57^20'"« 

oo - (X) Thi* 
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(X) Tbis solution is airalogous to Problem Sth in the Be- 
gutstte Tables published bv or4er of the Commissioners of lon- 
gitude 5 or to- Problem VII. Chap. IL Book III. of Dr. Mackay's 
Navigation* If you have the Requisite Tables * by you, the sum 
of £^e three logarithms ^bove may be looked for in the column of 
rising, and the hours and minutes answering thereto will be the 
time from noon. Or, increase the index, by 5, and the sum is 
the log., versed sine of the same angle. Or, the log. versed sme 
©f an arc increased by the logarithm of 5 (with 9 tor its index), 
will give double the logarithmical sine of half the requLrei 
angle. (P. 125.) 

£XAl«PLE ri. 

In latitude S9°.54f' North, longitude 80P.39'.45" 'West of 
Greenwich, suppose the altitude of the sun's lower limb to be 
15°.40'.57" on the Sth of May 1813, at 5»».30'.S2" P. M. per 
watch. Required the error of the watch. 

I. To find the time at Greenwich^ nearly. 

80^3^'.45"x 4=5\22'.39" the ditFerence of time between tie 
clocks at Greenwich and the pbce of observation. Hence, 
5^30'.32"+ 3*'.22'.39"=b: 1 0**.53'. 1 1" P.M. thetimeat Greenwich. 



2. To correct the Qfs d^clin, 

©•s decl. May Sth 1813 =17«^. 3'.22' 
Ditto May 9th - - - «17. 19. 32 



Increase in 24 hours - « 16M(r 



fi4'>: le'.lO^ : : 10'».53'.ir : 7'.20''. 
Hence the Q's true dcclin. at the time 

and place of observation^ 17^. 10'.42". 



3. To earrect the Qfs altitude, 

(^*8 observed alt. - - ^X^Adf.bT 

Refraction f --• «— S,Yt 

■I I ' 

1-3.37.40 
0'8 semi.diam. J * - «• -e 15^35 
0*s parallax || . - » +8 



True alt. 0'8 centre - =15. 53. 41 



• The XVIth of the Requisite Tablet, or the XXXV, XXXVI. and XXXVO 
U'ables in Dr. Mackay's Navigation. 

The :?CVIth of the Requisite Tables is divided into three columns. TRe First 
column, called half elapsed time^ is Only a table of secants wiih 10 rejected from 
the iod^ ; the time being reduced to degrees.' 

^ The SECOND, called middle timet is the logarithmical si'ne of half the elapsfd 
time, increased by the logarithm of 2, and the index of the sum diminished 
by 5. • 

The THIRD, called column of rising, is a table of logarithmical versed sioei 
with their indices diminished hj 5. 

Thus for 1 nour of time, or 15 degrees. 
co-sec of 15®« 10-58700, sine of 15°=*9-41S0O. ver. sine of 15°=8-5aa43 
— 10 k>g..of 2 =0-30103, ~5 

Log. {elap. time »'5870O sum 9-71403 lo^rith. 3-53243 

' '■ ' — 5 nsiag. — — — 

Log. mid. time 4-71403 

fr^Jt^ed in the «amc manner fot any other time. 

t Table IV. J Nauucal Almanac. | Tatle Vf . 



4. 7> 
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4. To find the true time. In the triangle szn. 

reject, indicn. 

Complement of latitude Nz=50^ 6', O" cosecant - '11511 

Complement of altitude sz == 74. 6. 1 9 

Polar distance sn=:72. 49.1$ cosecant * •01982 



■is— » f— 



2 j 197. 1.37 

4 sum 98. 30.48 sine- - >- 9*99518 

Complement of altitude 74ji 6. 19 

Remainder - - 24.24.29 $ine - - 9-61619 



2 I 19-74630 

III I m^mmm^m^m 

Cosine of half ZNS=4r.4l'.39'' =987315 

8 



True time 5\3S'.33". 12'" 

Time per watch 5. 30. 32 . 



Watch too slow 3'. l". 12 



nt 



(T) In the practical application of this problem^ it will be 
proper to take several altitudes of the sun within a minute or 
two of each other, and to note the corresponding times per 
watch. The mean of these altitudes, and of the times, will be 
more correct than a single altitude and time, and will in a great 
measure counteract the errors arising from the imperfection of 
the instrument. 

EXAMPLE III. 

On the 4th of March 1313, in latitude 45°.37' North, and 
longitude 93\4r.30" West, suj^se the following altitudes of 
the sun's lower limb to be observed : 

Times per watch. Altitudes of the sun. 

2\53'.32" 24^S5' 

2.54.30 24.48 

2. 55. 36 - 24. 40 

2.56.46 - • - - - - 2*. 31 



4 I 11.40 24 4 I 98.54 

Mean ,2.55.6 Mean 24.43.30 



Required the apparent time of observation, and the error of 
the watch. 

o o 2 Answer, 
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Answer. The apparent time of obserratioii =:a\55'.4l'', 
watch too slow 41". 

£XAMP|«£ lY. 

' On the 16th of September 1 819, ih latitude 33^56' South, 
^ndi longitude 25*.9' West, suppose the mean time per watch 
of several altitudes of the sun's lower limb to be 8^. 12'. 10" A.M., 
^d the mean of the ^titudes themselves 24°.43' \ required the 
error of the watch? 

Answer, The apparent time is 3^.49'.4" from nooQ} .or 
8\ 10'. 56" A. M., hence the watqh is l'. 14" too fast, 

PROBLEM XV. (Plate II L fHg. 1,) ' 

(Z) Giiien t/m latitude of the place ^ the declination and air 
titude qfa known Jixed star^ to find the hour of the night when 
the observation zms made. 

EXAMPLE I. 

In latitude '7^45' South, and longitude 30%18' East of Green- 
wich, on the 7th of September 1813, suppose the altitude of 
the star Procyon, when east of the meridian, to be 28*^.12- j 
required the true time of the day ? 

Procyon'salt =;:(2ft^. 12"- refraction r.4r=)28MO'.13'' 
Co-lat ::;=82%15? ... - Cosec -00399 

Co-alt =:6r.49H7'' 

4?olardist =95^41^52^ • - - Co§ec -00215 

2 I 239. 46. 39 

■ i - ■ III w 

Half sum =119. 53. 19 j- r r sine 9*93802 
Cobalt = 61.49.47 



Remainder = 58. 3. 32J. - - , sine 9-9287Q 



2 j 19-87286 

Cos of half the hour Z. 30^1 5 •--«-•- - 9*93643 

8 ' 



The hour ^ in time=: 4^2■ 



(A) The hour Z. found by calculation, as above. Is the 
distance of the star from the meridian of the place of obser- 
vation ; consequently when the st^ is eastward of the meridian, 
at the time of observation, its right ascension must be diminish- 
ed by the hour angle, atid when it is westward of the meridian 

its right ascension must be increased by the hour angle 5 and 

' ' ' : - : the 
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the difference^ or sum, will be the right ascension of the ob? 
server's meridian. 

From the right ascension of the observer's meridian (in? 
creased by 24 hours if necessary) subtract the sun's right as-> 
cension, as given in the Nautical Almanac, for the noon pre- 
ceding the observation, the remainder will be the approximate 
time at the place of observation. \ 

To this time apply the longitude of the place of observation, 
by addition or subtraction according as it is westward or east-* 
"ward, and the result vrill give the time at Greenwich nearly. 

Calculate the increase of the sun's right ascension for the 
time at Greenwich, and subtract it from the time at the place 
£)i observation, found above, the remainder will be the correct 
apparent time required, 



3(c >8 right ascipnsion - - 7^.29'.30" 
Hour Z 4u. iT 



IHff. 3t.a7'.30" 
24 



Q'*% right ascension - 

J4pprQx^aie time - - 
Correction, subtract - 



- \\K 2'.35" 



2'. 9" 



Correct time - - - ., ie»».22'.46" 



Approx. time - - 
Long.30°.18;E 



- 1 6^24'.55'* 
r= 2. 1. in 



Greenwich time ^ - - 14. 23. 43 



Q's right ascension 7th - llK 9'. 35' 

0's right ascension Sth -11. 6. 1 1^ 

■^ 

Increase in 24 hours - • S. 36 

24»> : »'. 36^' : : 14h.2S'.43" : 2'.^" the cor-» 
rection. 



(B) In order to attain the greatest accuracy several altitudes 
of a star should be observed in succession, and if two or more 
separate stars be observed, and the error of the watch be de* 
iduced from each star, the medium result will be more correct 
than that derived from the observation of a single stan 

If an equal number of stars can be observed on each side of 
the meridian, and nearly equidistant therefrom, the errors 
arising from the imperfection of the instrument, &c. will be 
rendered aln^o^t insensible. 



EXAMPLE II. 



On the 29th of January 1813, in latitude 53".24.' North, and 
longitude 25M8' West; suppose the following ahitudes of Pro- 
cyon to the west, and Alphacca to the east of the meridian, 
were observed by two separate persons at the same instant of 
^imet required the error of the watch. The right ascension of 
Alphacca being 15?'.26'*46^ and declination 27°.24!.51 ' N. 



Time 
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Time per watch. Procyon's altitude. Al|^acca*s altitude. 

14\53\ 0" - . - 20".41'.40" - - 41Mi'.4:Q" 

14. 57, - - - 20. 7.40 - - 41.57.40 

15, 0.S2 - - -19.37.40 - - 42.24.40 
15. 4. - - - 19. 8.40 - . 42.55.40 



4 I 59. 5i.32 - - 4 I 79. 55.40 - - 4 | 168. 35.40 

Mean 14. 58.38 Mean 19. 53. 55 Mean 42. 8.55 

Answer. The hour il by Alphacca's altitude is 3'*.4r. 15^, 
and the correct time 14**.55'.46"; hence the watch is 2'.52'' too 
fast. 

The hour ^ by Procyon's altitude is 4\19'.35", and the cor- 
rect time 14^.59M9" J hence the watch is 50" too fast. 

EXAMPLE IIL 

In latitude 48*.56' Norths longitude 66** west, suppose the 
altitude of Aldebaran, when west of the meridian to be 
22°.20'.15'' on the 15th of April 1813 ; required the apparent 
time of observation ? 

yinswer. The hour Z.=4\5'4'.28'', and the correct apparent 
time=7\47'.45". 

(C) Scholium. 

The three preceding problems are all included in one tri- 
angle^ but they have been considered separately, on account of 
the^r importance, and to prevent confusion. 

Any three of the five quantities, viz. the sun's or star's decli- 
nation, the latitude of the place, the altitude of the object, the 
azimuth, and the hour of the day being given, the rest may be 
found. 

A sixth quantity might be taken into consideration, were it 
materially useful, viz. the ^ opposite to the complement of the 
latitude, being formed by the intersection of the vertical circle 
zsc, and the azimuth circle nsd. 

PRACTICAL EXAMPLES. 

1. Given the sun's declination 19°.39* North, in North lati- 
tude,his corrected altitude 38M9',and hisazimuth=S. 72**.13'£.; 
required the hour of the day and the latitude of the place ? 

^Jnsxver, The hour angle is 52°.30'= 3^.30', the hour from 
noon, hence the time is 8".30' A. M., and the latitude 5P^3S' 
North. 

When the altitude of the sun and his declination are equal, 
the triangle are isosceles, and the hour angle is equal to the azi- 
muth. 
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muthi But when the altitude of the sun is less than the decli^ 
nation^ the case is ambiguous. 

2. Given the sun's declinations: 1 9°. 39' Norths his altitude 
co^^ected=38^19' at 3^.30' in the afternoon; required the la- 

. titude of the place> supposed to be north> and the sun's 

azimuth ? 

Answer^ This problem is ambiguous, the azimuth may be 

N. 72^13'.30" W. and the latitude 9\l^' N. or the azimuth 

maybe N. 107^46'.30'' W. and jthe latitude 51«.30'.54'' N. 

But when the fiun^s altitude is less than th6 declination, the 
. problem will be limited. 

3. Given the latitude of the place =5 1**. 32' N., the sun's de- 
clination =19^39' North, the sun's azimuth=S. 72^13' W. re- 
quired the sun's altitude and the hour of the day ? 

A7iswei\ The sun's altitude is SS'^.IS'.SO", the hour angle 
SS^.S'O'.SO", and the time from noon 3^.30'. If the latitude of 
the place be less than the sun's declination, when both have 
the same name, the case will be ambiguous ; see the following 
example. 

4. Given the latitude of the place =:13^30' North, the sun's 
declination =23^28' N., the sun's azimuth=N. 67°.30'East5 
required the sun's altitude and the hour of the day ? 

AtisWer. The angle opposite to the complement of latitude 
may be either acute =78°.20', or obtuse = 101*^.40'. In the 
former case the sun's altitude is 7**.7' nearly, and the time from 
noon 5^.52' A2"\ and in the latter case the sun's altitude is 
57°.4'.34", and the time from noon 2^.12'-45". Hence it fol* 
lows that in this latitude on the longest day, the sun appears 
upon the saqpie point of the compass twice in the forenoon and 
twice in the afternoon. 

d* Given the latitude 13**.30' North, the sun's corrected al- 
titude =60^30' at two o'clock in the afternoon j required the 
sun's azimuth and his declination ? 

^Answer. The angle opposite to the complement of latitude 
may be either acute=80 .52^, or obtuse =99°.8'; in the* former 
case the declination is 10^2l'.42", and the azimuth 87M2',and 
in the latter case the declination is 20°.37'.3V', and azimuth 

6. In latitude 51°.32' North at 3^.30' in the afternoon, the 
sun's azimuth was S. 12°. 13' West 5 required the sun'd akitude, 
his declination, and the angle formed by the intersection of the 
vertical circle, and the azimuth circle passing through the sun? 

Answer. The sun's altitude =:38M8'.5 3'^ the declinatioB = 
19°. 39'. 19", and the angle zenith sn formed by the vertical and 
a2imuth circle = 38^ 58'.28". 

7, The 
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7. The sun's corrected altitude at S^.SCy in the forenoon was 
38°.19"j the angle of position, viz. formed by the vertical and 
azimuth circles was 38^.58' ; required the sun*9 azimuth, decU^ 
nation, and the latitude of the place ? 

Answer. The latitude is 51°.32'.34'': but it cannot be deter- 
mined by the data whether it be north or south, the sun's de- 
clination tsl9°.39'.19^ and the azimuth 3= 72^ 13' frorii the east 
or west. 

PROBLEM XVI. ("Plate IIL Fig. 10 and 11.) 

(D) Given two altitudes of the sun and the time between t/it 
cbsei^ations, to find the latitude qf the place. 

EXAMPLE I. (Plate IIL Figi 10.) 

Given the sun's declination 19^.39' North, his altitude in thcf 
forenoon 3 8°, 19', and at the end of one hour and a half the 
isame morning the altitude wa^ 50**.25' ; required the latitude of 
the place, supposing it North ? 

On a supposition that the sun's declination is the same at 
both observations; (which will not materially affect the result 
of the operation, when the observations are taken at no great 
distance from feach other, and the time be not near the equi* 
noxes;) the triangle and is isosceles, A being the place of the 
sun at the first observation, and d its place at the second, and 
An=:nd. Dr,aw ng perpendicular to ad, then will AG=Gf)f 
and GND=^AND half the elapsed tnne< (K* 138*) 

I. In the right-angled triangle NGD, 

There is ghen nd=:70°.21' the sun's distance from the pole 
ftt each observation, and the angle Gnd= 11^.1 5' =|^ elapsed 
time, to find gd and ad. 

Rad X sine GD=sine GND x sine ND. 

Hence, rad : sine nd=s70°.2 l' : : sine gnd== 1 1*. 15' : sine GD 
fc= 10^35^13'' the double of which is 2l°.10',26"=AD. 

» 

2. To find the Z. cdn. 

* 

R^d X cos ND=COt GND X COt .^DN 

tot GNDrrli°.i5' : rad : : cos nd=:70°.21' ; cot 
€;dn1=:86M0'.24\ 



3i T6 



8. To find the 4. adz. 

In the oblique-angled triangle adz> there Is 

(First co-alt Azzr5r.4l' 5 w^^^^ 1 .^^^ «-^o . w ^^, , 
Glven^Sec. co.altIDz=39^3S' f ?Ty ttf , iV A^^ 

The Z. ADZ being greater than the Z. gdNj this example be« 

longs to Figure 10th. 

And Z. ADZ- iCGDN= 115°.23'.6"-86M0'.24"=:29M2'.42*'.=5 

4* To find Nz /A^ coJatittide. 
In the oblique triangle dzn^ there is 

the io^Atd^ 




This may be done by the rules Case IH. (E. 225.) Or by the 
Formula (U. 220.)i viz. 

-_, cos z. NDz . tang nd . cos nd 

Tang f = 3r-2 ^andC65NZ= --.cos(dz — 0). 

^ rad cos^ ^ 



jCo» Z H1I2=29*'.12'42" * - 9-94092 
Tang VB *«70® 21' - - - 10-44725 



Sum 20*38817 
Subtract rad =10* 



-aran^^^^e^^is'.a" - lo-sssn 



Cos»D=s70°^l' - - - . 9-52669 
Cot(D2-rt=28M0'.2"- - 9-94526 

Sum 19.47195 
Cos 9 « 67°.45'.2" sub. 9-57823 

Cos NZ=38*».28-.ir . . 9-89372 



Hence the latitude is 51°.31-.49" North. 

(£) The principal use to which this problem is applied, Is 
in questions of a similar nature with the preceding; but several 
other things may be determined from the same aata; such as. 
the hour from noon when each altitude was taken, the azimuth 
ftt each observation, the difference of azimuths, &c. It will be 
sufficient in this place to point out the method of solution of 
these less useful cases. 

The hour from noon whien the second altitude was taken, is 
measured by the angle dnz, for © is the place of the sun when 
on the meridian. Now in the triangle PNZ, we have nd= 
'70^2i', Dz=39^33', ZN= 38^28'. 10", and the angle ndz=: 
29*.12\42", to find the angle dnz the hour from noon ==30° or 
2 hours; consequently the second altitude Was taken at 10 
o'clock, and the first at 8**. 50' in the forenoon. Again, in the 
triangle* anz we have an=70^21', the sun's polar distance at 
the first observation, az=51®.4I' his zenith distance, atid the 
*ngle ANZ=3**.30' or 52°.30' the hour from nocto when the first 
altitude was taken^ to find the angle azvzz WfAl' the azimuth 

P p fr©m 
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from the Nortk at the first observation. AIso^ in the triang;le 
PNz we have dn= 70^.21' the sun's polar distance at the sec<u)d 
observation, I>z=t30^,35' the zenith distance, and the angle 
DNzr:30° or 2 hours tlie hour from noon when the second al- 
titude was takea, to find the angle nzd= 132^2^.l'*i" the azi- 
muth from the north at the second observation. The differ- 
ence of the azimuths is therefore = 24°. 34'. 1 2". The azimuths 
might have been found independent of the time, for in each of 
the ^bove triangles, the co-declination, the co-altitude, and the 
co'latitude are given. 

ExAiv^pLE II. f Plate III. Fig. 11.) 

When the sun's declination was 2 2°. 40' North, his altitude at 
JO'^.Si' in the forenoon was 53^29', and at 1*^.17' in the after- 
noon it was 52**.48' ; required the latitude of the place of ob- 
servation, supposing it to be North; ' 

12^. O' 
Time of the first alt. 10.54 



The time from noon 1.6 

The time from noon 1 , 17 when the second alt. was takeiK 



Elapsed time 2. 23 r: 35''.45' the angle and. 

Half elapsed time 1. 11^30"=n^52^30''theangle.GND. 

Supposing the sun's declination constant during the elapsed 
time, AND is an isosceles triangle, arid the method of solution 
is precisely the same as in the former Example. 

I. For nd=:ad=67^20' and the angle GND=n^52'.30*, 
whence the angle gdn is found =: 8 2°. 5 4'* 5 6", and An = 
32*'.54'.22'. 

II. In the triangle adz are given az the first co-alt. f=i 36^31*, ^ 
Dz the second co-^lt.i=37°.12', and the side ad=:32^54'.22'i 
to find, the angle adz=i65°,44'.40"j hence the difference be- 
tween GDN and ADZ gives NDZ = n°.10.16^ 

The /. GDN being greater than the Z. adz, this example be- 
longs to Figure II. 

III. In the triangle dz^ there are given nd the polar dis- 
tance ■=67'*. 20^ DZ the second co-altitude rsSl"" 12', and the 
angle NDZ = i7?.lO'.l6", to -find the co-lat. Nz = 32^51^36'•, 
hence the latitude is 57«.8'.24". 

The azimuth at the time of each observation may be found 
li^ in the preceding Example. 

' (F) If 
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(F) If tHe times as given in Example II. and sHch like, were 
exactly true, one altitude only would at all times determine the 
latitude. But we must not depend upon these times; they 
only serve to point out the elapsed time between the obser- 
vations. If the watch go true during the elapsed time^ or mea- 
sure that time truly, it is of no consequence to the solution of 
the problem, whether it be too fast or too slow. 
. The methods of solving this important problem directly by 
trigonometry, as is done in the foregoing examples, have been 
considered by mathematicians as foo troublesome £m* general 
practice* They have therefore contrived various other rules de- 
pendent upon an assumed latitude, iasuch a manner that when 
, the latitude assumed is true, the result of the operation will ex- 
actly agree with it. But when the latitude obtained by cal* 
culation differs materially from the assumed latitude, the so- 
lution must be repeated. 

The rule now chiefly used, and which is printed in almost 
every Treatise on Navigation, the Requisite Tables, &c., was 
first giv,en by Mr. Douwes, examiner of the marine cadets^ at 
Amsterdam ; this rule and tables adapted to it, were first pub- 
lished in England, by Mr. R. Harrison, in the year 1 739, but with- 
out any account of the construction of the tables. In the year 
1760 the learned Dr. Pemb,erton gav^ a very circumstantial 
account of the construction of the tables, and the reasoaof the 
process ; shewed the nature and limits of the approximation, 
aiid estimated the errors which may arise from the several cir- 
cumstances that occur in it. Vide Phil. Trans. 1 760. 
" The following rule depending only on the elapsed time, the 
two altitudes and declination, is deduced from Example II and 
IL It is in all cases accurate, and in general less troublesome 
10 the process than the common method by assumed latitudes, 

(G) general rule, 

I. As radius. Is to the sine of the polar distance ; so is the 
sine of half the elapsed time, to the sine of half the first arc, 
the double of which gives arc the first. 

II. As the co-tangent of half the elapsed time, is to radius; 
so is the cosine of the polar distance, to .the co-tangent of arc 
the second. This arc is acute or obtuse like the polar clistance. 

Ill- Add the two zeriith distances and arc the first into pne 
sum. . From half this sum subtract the greatest zenith distance. 
Add together the co-secant of arc the first, the co-secant of the 
least zenith distance, (rejecting the indices,) the sine of the half 
sum, and the sine of the remainder \ half tbjs sum is the loga- 
irithmical cosine of half the third arc, double of which gives arc 

p p 2 th^ 
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Ae third. The differcTict * between arc the third and arc the 
aecond gives arc ihefmrtfu 

tV. Add the sine of the palar distance, the sine of the least 
^eiuth distance, and double the sine of half the fourth arc into 
one sum, and reject 30 from the index. Consider the remain- 
der a& a common logarithm, and find the natural number an^ 
swering to it, to as many places of figures as the tables extend 
to^ if the index be 9 ; if 8, to one less; if 7, to two less \ and 
if 6^ to three less (for this index can. never exceed % mx £itt 
short of 6). Subtract double this na):ural number from the na<« 
tural cosine of the dij9oerence between the polar distance and the 
least zenith distance^ the remaind^ will be the natural si^ of 
the true latitude. 

4 

EXAMPLE IH: 

In a supposed latitude of 50^41'. N. at 1 0^. 17'. 30"p^r watch, 
the true altitude of the sun's centre was 17"*. 1 3', and at 1 1**. n'.SO* 
it was 19".41, the sun's declination on that day was 20** South} 
required the true latitude independent of the supposed one? 

Here 1 1\ IT'.SO"-- 10^. 17130"= \^ the rfapsed time, hence { 
the elapsed time =30^= 7^30^ 



I. 

Bad, sine of 90^ - 10.00000 

z sine pol. dist. 1 10° - - 9-97399 
; : $tQ9.$elap.tiiB« 7".80' - 9*11570 
: 8m<5 iarc l8t - - '7°.2'.43" 908869 
Arc lst = 14°.5'.2a" 



It ' 

Cot $ elap. time 7**.30' - , 10.88057 
:rBd,8fneof 90^ - - 1000000 
: : c«t. pol. ditf. }10<^ . . 9*53405 
: cot arp 2d - 9S^34'.41» 8-65343 



* 1. When the supposed latitude, or latitude by account, is lest than, or 
nearly e^ual to, the d£cIination» and both the same waj) the magnetic azimutht 
of the sun ought to be attei^ded to at the time of taking the altitudes. For whea 
the magnetic azimuth at taking the least altitude is greater than the magnetic 
azimuth at taking the greatest altitude, counting from the elevated pole ; the 
supplement of arc the second must be added to the suppUment of arc the third to 
obtain arc the fourth, 

'% Should the double natural number used near the conclusion of the pro- 
blem* at any time exceod the natural cosine of the difference between the letst 
zenith distance and polar distance, the latitude wiU be of a different name wiU^ 
the supposed latitude. 

5. Hence it appears that in places near the equator where the azimuths inr 
crease and decrease slowly, the above method of solution requires a little mor« 
attention* However, should any doubt remain whether the latitude found by 
the general rule be true or not : find the fourth arc as directed in the first note, 
and use it instead of that found by the rule; one of the two results will most 
certainly be the true latitude, and some circumstances will generally occur that 
will seldom f«ul to point out which is the proper one. 



^ 
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JII. Arc first - - =14°. 5'.26" co-secaiit -61359 
. Greatest zen. dist. 172. 47 
Least zen, dist, - 70.19 * -cosecant -02615 



a/mfmm^'mmmm 



2 I 157. 11. lie 

Half sum r . -78.35.43 sine - 9-99134 
Greatest zea. dist. 72. 47. 



Remainder - «• 5.48.43 sine - 9-00544 



Cos i thifd arc 


48^50'.5^" 
2 


Third arc- 
Second arc 


=97. 41. 53 
=92. 34.41 


Fourth arc 


= 5. 7. 11 


jf fourth arc 


= 2. 33.. 35 



2 } 19*63652 
- 9-81826 



IV. Sine polar distance 110° -----. 9*97299 
Sine least zen. dist. 70, 19^ - -i - ., - 9-97385 
4 fourth arc - -' 2. 33'.35"sinex 2 =17*29986 



JJat. number of this com. log. - • - 176=7-24668 

2 

352 
Nat. cos. diff. polar dist. 
and least zen. dist. = 39°.4l' - - =76^51> 



Sine true lat. - - 50' - - - =76607 



^ote. This example^ by the approximating rules, requires a 
repetition of the process, vide page 18 Requisite Tables, £x« 
ample 2. 



EXAMPLE IV. 

O r^t 



In a supposed latitude of Sl^^.O North, nvhen the sun's decli- 
nation was 22^23' South, some time past noon the sun's cor-r 
rected altitude was found by observation to be 14*.46'and 1*^.23' 
afterward his altitude was 8°.27'; required the true latitude in- 
dependent of the supposed one? 

AtisTdW. The true latitude is 50*,33'.44"N. 

£XAMPL£ 
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EXAMPLE V. 



In a supposed latitude of 47^.19' North, when the sun's de- 
clination was 12*^.16' North, some time in the afternoon the 
true altitude of the sun's centre was observed to be 51*^.59', and 
2*^.50' afterward it was 49°.9'; required the true latitude inde- 
pendent of the supposed one ? 

Answer. The true latitude is 49''.I9'.30" North, 

EXAMPLE VI. 

In a supposed latitude of S0°.0' North, when the sun's decli^ 
nation was 10^.24' North, at S\5A/ in the forenoon the sun's 
true altitude was 41°.30', and at l\24' in the afternoon his al- 
titude was fil°.47'5 required the true latitude independent of 
the supposed one ? 

Answer. The latitude is 31°.33'.2Q" North. 

EXAMPLE yil. 

In a supposed latitude of 40**.0' North, when the sun's dedi'r 
nation was 2°.46' South, at 9^.20' in the forenoon the sun's al- 
titude corrected was 33*. 1 1', and at l\20' in the afternoon his 
altitude was 42°.44' ; requy*ed the true latitude independent of 
the supposed one ? 

Amurr, The latitude is 40'*.5OM0" North. ^ 

EXAI4PLE VIIL 

« 

In a supposed latitude of 50°.40' North, when the sun's de- 
clination was 20° South, the true altitude of the sun's centre 
was 19°. 41', and one hour afterward his altitude was n°.13'j 
required the true latitude independent of the supposed one ? 

Answer, The true latitude is 50® North. 

EXAMPLE IX» 

In a supposed latitude of 60° North, when the sun was on the 
equinoctial, or had no declination, the true altitude of his centre 
was 28°. 5 3', and 2 hours afterwards his corrected altitude was 
20°.42' ; required the true latitude independent of the supposed 
one ? 
• Answer, The true latitude is 59°.59'.32''. 

In this example the polar distance is equal to 90° ; and in all 
such examples, the elapsed time will be arc the first, and arc 
the secQnd will be 90°. 



EXAMPLE 
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EXAMPLE X< 

In North latitude when the snn's declination was 23^.29' 
North, at S^.5i>' in the forenoon the sun's corrected altitude was 
48'*.42', and at 9\46' the altitude was 55'».48' j required the true 
latitude ? 

Answer. The true latitude- is 49^49^28" North. 

EXAMPLE. XI. 

In a supposed latitude pf e'^.SO' North, at T^'.SO' in the fore- 
noon the true altitude 'of the sun's centre was 22°.30', and at 
lO^.36'.40^' his altitude was 63^.40', the sun's declination being 
22°.48' North ; required the true latitude, without using the 
supposed one ? 

Here I0^36^40"-7^30'=3^.6^40" the elapsed time, hence 
half the elapsed time=1^33^20"=:23°.20'. 



I. 

Rad, sineof 90®- - lO'OOOOO 

: sine pol. dist. e'T.lS' - 9-96467 
T : sine J elap. time 23^.30" - 959778 
; sine i arc 1st Sl^y - 956245 
Arc lst=42^5(y. 



IT. 

Cot} clap, time 23«».2(y - 10-36516 

: rad, sine of 90«* - - lO-OOOOO 

: : cos pol. dist. 67°. 12' - 9-58829 

: cot arc 2d- 80^3U'.37" 9-a23I3 



IIL Arc fir^t - - - 42°.50' co-secant «• '16758 
Greatest zenith dist. 67°. 30' 
Least zenith dist. • 26°. 20' co-secant - *35d02 



2 I 136^40' 

Half sum - - - 68^20' sine - - 9-968 IS 
Greatest zenith dist. 67'*.30' 



Remainder - - 0°.50' sine - - 8-16268 



2 I 18*65146 

.... II ' - ■ ' ■■■ 

Cos i arc third - 77^46'.4Q" - - - 9-32573 

2 



Third arc - - I55'.33'.20" 
Second arc - - 80^30^37'' 



Fourth arc - - 75^ 2'.43" 



1: fourth ate - - 37°.3l'.2l'' 

ir. Sine 



t<»ii>»*i*» 
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IV. Sine polar distance 67°. 12' - - - 9*96467 
Sine least zenith <list. 26^20' . - - 9-64698 
i fourth arc - - - 37°.3l'.2l" sine X 2 = 19-56933 

Nat. numb =15170=9-1809S 

2 ■ ■ ■ 



Nat. COS. diff. polar dist. 30340 

and least zenith distance - - =75623 



Nat. sine lat. - - - 26°.55' - - 45283 



This latitude being so very different from the latitude hf 
Account^ it will be necessary to examine it by the notes to the 
rule. 

There can be no error, except in the fourth arc, and this is 
examined with very little additional trouble, there being only 
three numbers to take out of the tables : 

Arc the second r: 80^30^37" its supplement =99°.29'.23" 
Arc the third =:155°.33'.20"its supplement =24°.26',. 40" 



Sum = arc the fourth - I23°.56'. 3 



^// 



I- arc fourth - Gl^'.SS' 
Sine polar distance 9*96467 
Sine least altitude 9'4»4698 
i fourth arc 6r,58'; sine x 2=19-89160 



Katural numb, of this common log. - 31860=9-50525 

2 



i 63720 

Natural cosine of the diff. polar dist. 

and the least zenith distance - - 75$23 



Sine latitude • - - - e^50'N. 11903 



One of the two latitudes found above is certainly the true 
one, the latter, being the nearest to the latitude by account, may 
be taken as the proper one. 



£XAMl>LB xix« 



In latitude 1^50' North, by. account at 10^.S4' m the fore- 
noon the true altitude of the sun's centre was 64*.59', and at 
1 i^20' it was 78°.57', the sun's dedinatioil being 0^30' North} • 

required ' 



y 
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By putting these values equal to each^other, and dividing by 
the radius, we obtain , 

cos (z© a)ZM)--cos ©M cos (zscozw) — cos sw 

sine z© x sine zm sine zs x sine iJiU 

Hence, coss/?i — cos (zs OJzwJzicos ©m — cos (z©72zm)x 
sine zs x sine z??i 

sine zQ x sine zm ' 

Now zs CO zm and likewise z© co 1M will always be acute, 
being each less than 1°; but ©m and s/7i, being each of the 
same species, maybe either acute or obtuse, therefore when 
the observed distance is more than 90% 
^ , . sine zs X sine zm 

COSS7W = COS©M + COS (z©:OZM)X-; — : CO COS 

^ smez©xsmezM 

(zs CO zm). 

And when -the observed distance is less than 90% 

^ , X V ^ sine zs x sine im 

Cossmncos (zs co zm) —.cos ©m x •-: — —- : oj cos 

sme z© X sme Z14 

(zsx zm). Hence the following 

GENERAL RULEf. 

To the natural cosine of the difference between the apparent 
altitudes, add the natural cosine of the apparent distance if 
more than 90**, or subtract it if less than 90% and find the com- 
mon logarithm of the remainder \ to which add the logarithm 
. secants of the apparent altitudes, the logarithm cosines of the 
true altitudes, and reject the tens from the index. The differ- 
ence between the natural number answering to this sum in the 
table of logarithms, and the Natural cosine of the difference be- 
tween the true altitudes, will give the natural cosine of the true 
distance. 

EXAMPLE I. 

The apparent distance of the moon's centre from the star 
Regulus was 63°.35'.r3", when the apparent altitude ©f the 
moon's centre wa/ 24^.29'. 4-4'", the apparent altitude of the 
star 45^9M2"; the moon's correction, or differe\ice betwef^n 
the refraction and parallax in altitude 48'. l"; the star's correc- 
tion, or refraction 57"; required the true distance? 

f Several other rules, differing in the form of expression, may be deduced 
from the foregoing demonstration, but this has been preferred on account of 
lis shortness, and jhe ea^e with which it may be applied ; requiring no other 
tables in its application than those which are common aiid wel! known. 

A collection of short rules, without demonstration, may be seen in NichoU 
ion's Philosophical Journal, for November 1806, vol XV. page 234. 

Dr. Mackay's Ist Method ^page 15{),vol. I. 3d edition) of his valuable trer.tise 
\ * Ml the Longitude, is tlie simplest I have ever met with, when his tables are used. 

Q^q -AppariMit 
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Apparent distance 63^33M3"Nat. cos.444S5 
P'i^, app. altitudes 20°.39'.28" - - 93570 

Common log. - 49085 =4*69095 

"Moon's apparent altitude 209'.44'' sec. 10*04O97>* 

Star's apparent altitude 45°. 9\ 1 2'' sec. 10- 1 5 1 69 i 

Moon^s corrected altitude 25M7'.45" cos. 9-95622 ' 

. Star's corrected altitude 45°. 8M5'- cos. 9'84843 



' Natural number ---.--- 48782 4*68826 

> ■ I ■ I » > 

Diff. true altitudes 19°.50'.80" Nat. cos. 94063 



True distance - • 63% 4'.33'' Nat. cos. 45281 



Note, The moon's correction is always to be added to her 
apparent altitude, to get the corrected altitude. But the sun 
or star's correction must always be subtracted. 

EXAMPLE II. 

The apparent distance of the moon's centre from the sun's 
was 106°.46'.44", when the apparent altitude of the sun's centra 
was 45^.32'.SO'% and the moon's 19°.43'.22"; the moon's cor- 
rection 50'.3", and the sun's 50'^; required the true distance of 
their centres ? 

Apparent distance - 106°.46'.44'' Nat. cos. 28868 
Diff. of app. alts. - - 25^.49'. 8" Nat. cos. 90018 

Sum, common log. - i 18886 = 5-07513 
Moon's app. altitude - - - 19°.43'.22" sec. 1.0*02625 
Sun's app. altitude - - - -45.32.30 sec. 10-15466 
Moon's corrected alt. - - -20.33.25 cos. 99714? 
Sun's corrected ait. - - -45.31.40 cos. 9*84544 

Natural number 118281 - - 5*07291 

Diff. of true alts. 24%58'.15" N^t. cos. 90652 



True distance 106°. 2M9'' Nat. cos. 27629 



* Instead of the logarithniical secants of the apparent altitudes, yoa may 
take the lo^arithmical cosines, add them together and take the sam from 20. th^ 
remainder will be the same as tde sum of the logarithmical secants without 
the indices. 

EXAMPLE 
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required the true latitude^ without making use of the supposed 
one ? 

Answer. The latitude by the rule is r.36'.24j" North, but the 
place being so near to the equator j it will be proper to examine 
arc the fourth as directed in the notes to the rule. . By thif 
method the latitude is 0*^.39' South. The former is nearest 
the latitude by account. 

(H) In all the preceding examples the two observations of 
the sun's altitude are supposed to have been made at the same 
place, and the latitude determined by the solution agrees to^ 
that place. Although the two altitudes are generally taken at 
the same place at land, yet at sea that is seldom the case. An 
allowance therefore ought to be made for the tan of the ship 
during the elapsed time; thus, find the angle contained between 
the ship's course and the sun< if it be eight points no correction 
is necessary, but if less or more than eight points the correction 
must be applied to the first altitude, by addition or subtraction. 
Consider the angle contained between the ship's course and the 
bearing of the sun as a course, the distance made good during 
the elapsed time as a distance ; with these find a difference, of 
latitude and apply it as above **. The result will reduce the first 
altitude to what it would have been if taken at the same placei 
where the second was taken. The latitude must be found with 
these altitudes, thus corrected, in the same manner as before : 
this will be the latitude of the place where the second altitude 
was taken. 

The difierence of longitude during the elapsed time may 
likewise be taken into consideration, though in general it is of 
little or no consequence. The change of the sun's declination 
during the elapsed time might likewise be considered, but this, 
like the longitude, will cause no sensible error ; particularly, if 
the declination answering to the middle time between the ob^ 
servations be used. 

(I) PRoBiEM ivir* (Plate III. Fig. 12.) 

Given the apparent distance of the moonfr&ni the sun, or d 
star, and their apparent zenith distances, to find their true di" 
stance, as seen from the eartKs tentye. 

Let zii4 be the observed zenith distance of the moon j zm the 
true zenith distance; law being the difference bet w^een the moon's 
refraction and her parallax in altitude. And let z0 represent 
the observed zenith distance of the sun or of a star; zs the true 
2enith distance, ©s being the difference between the sun's re- 
fraction and his parallax, or the refraction of si star* 



* Vide Mr. Cotes*s 2>e ^Uitiatione erronim in mizt& Mathesi. 

(^ 9 GEKSRAL 
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GENERAL PRINCIPLES. 

T. Find the segments of the base ©v and vm, (by the rule 
M. !200). With ©z and ©v find the angle 2©v, which will 
be equal to the angle T©s. (N. 13L) With ©s, and the angle 
T©s, find ©T, which will be equal to sp. The triangle T©s, 
being indefinitely small, may be considered as a plane triangle. 

Again, with vM and ZM find the angle zmv, with Mm and the 
angle zmv find the base rm, considering the right-angled tri- 
angle viKU as a plane triangle. 

Lastly, mO+sp— RM=S7« the true distance in all cases ex- 
cept where the angle at the zenith is acute, and the angle at 
the moon obtuse, then m© +sp + RM=srs7W. 

II. Or, with z©, ZM, and ©M find the vertical angle ©zm, 
(G. 227.), and with zs, zw, and the angle ©zM, find the true 
distance sw. (E. 225.) 

The various methods which have hitherto been made use of 
for determining the distance between the moon and tlie sun, or 
a star, are derived from one or other of the above principles. 
Those methods which are derived from the latter, are generally . 
preferable to those derived from the former, both for correct- 
ness and ease. When the observed distance is small or the 
moon's parallax great, and the star's refraction considerable, 
two other corrections are necessary in order to render the first 
of these principles generally correct. We have considered the 
little triangles as right-angled, but the fact is np© and nrm are 
each of them isosceles triangles, and therefore ©p and K7n are 
not strictly perpendicular to sm and ©m; these corrections 
therefore consist in determining how much sp and rm deviate 
from the bases of right-angled triangles. A true method of 
determining these ybwr corrections may be seen in the Edin- 
burgh Transactions, Article VII., Physical Class. 

(K) INVESTIGATION OF A GENERAL RULE FOR DETERMINING 
THE TRUE DISTANCE OF THE MOON FROM THE SUN, OR 
FROM A FIX^D STAR. (PhtC III, 'Fig. 1 3.) 

Let ©M be the observed distance, and sm the true distance. 

Also, let ZM be the observed zenith distance of the moon and 

zm the true zenith distance ; z© the observed zenith distance 

of the sun or of a star, and zs the true zenith distance, as 

above. Then, by one of the formulae H. 214, we have, in the 

triangle ©zm, 

2 sine* I- z rad . cos (z©co zm) — rad.co«,OM , „ . . 

TT — = : -pr : : and, likewise in 

rad* sine z0 x sine zm 

*he triangle sz»i, by the same formula, 

2sine*jZ_rad . cos (zs co zw) — rad . cos sw 

rad* "^ sine zs x sine im 

By 
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if they be decreasing; to the sum or diSerence add the augment** 
at ion*, and you will have the moon's truesemi^diatneUr at r^« 
duced time. 

Again,, As 1 2 hours are to the second difference, so is the re« 
duced time to a fourth number, which must be added to or 
subtracted from the horizontal parallax at the nearest noon, or 
midnight, preceding the reduced time, according as the tables 
are increasing or decreasing, and it will give the horizontal pa» 
rcUlax at reduced time. 

III. Clear the observed altitude of the moon of dip f and 
semi-diameter :J, and you have the apparent altitude of her 
centre : to the cosine of the moon's apparent altitude, add the 
logarirhm of the horizontal parallax at reduced time in seconds, 
the sum rejecting 10 from the index, will be the logarithm of 
the moon's parallax in altitude in seconds J, from which take 
the refraction || of the moon in altitude, the remainder will be 
the moon's correction. 

IV. Ad.Aticnat Preparation for the Sun and Moon. 

Clear the observed altitude of the sun of dip and semi-diame- 
ter % -SiYid you have the apparent altitude of his centre. From the 
refraction of the sun's altitude take his parallax** in altitude, 
and you have the correction of the sun's altitude. 

V. To the observed.distance of the sun and moon*s nearest 
limbs, add their semi-diameters at reduced time, and the sum 
will be the apparent distance of their centres. 

IV. Additional Prepcn^ationfor the Moon and a Star. 

From the star's observed altitude take the dip of the horizon, 
the remainder will be its apparent altitiuk. The refraction of 
a star is the correction of its altitude. 

V. To the observed distance of the moon from a star, add 
the moon's semi-diameier at reduced time, the sum will be the 
apparent distance^ if the farthest limb was observed subtract 
the semi-diameter. 

VI. To find the distance. . 

With the apparent altitudes, their corrections, and the ap- ^ 
parent distance, find the true distance by the general rute, 
(K. 298.) 



♦ Table Vll. f Table V. 

\ Viz. take their didereuce and add it to the observed altitude of the moon's 
lower limb ; or take their sunr and subtract it from the observed ahitude of the 
moon's upper limb, according as the lower or upper limb has been observed. 

§ (T. 9U.). Ij Table IV. 

^ Fiz. take their difference, and add it to the observed altitude of the 

O's lower limb J or take their sum, and subtract it from the observed al- 
titude of the O's upper limb, according as the lower or upper limb has been 

observed. 

*♦ Table VI. 

Note. 



Ti^ ~- 
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Note. If th^ watch has not been previously regulated the 
true time iBHst now be found with the mean sdtitude of the suH 
or star, and the latitude of the ship, as in Prob. XIV, and XV. 
taking care to proportion the sun's declination to the reduced 
time. 

VII. TofindthelongUude* i 

In page VIII, IX, X, or XI, of the Nautical Almanac for the 
given month and day, look for the computed distance between 
the moon and the other object j if you find it there exactly, 
the time at Greenwich stands at the top of the column ; but if 
jou do not find it exactly, take the nearest distance to it both 
less and greater; take their difference, and likewise the differ- 
ence between the computed distance and the ear/^^^ Ephemeris 
distance. 

Then, as the first difference, is to 3 hours, so is the second 
difference to a fourth number, which being added to the time 
standing over the earliest Ej^emeris distance, will give the true 
time at Greenwich. 

The difference between the ship's time and the time at 
CJreenwich (turned into degrees) will be the longitude of the 
place, where the altitude of the object was taken for deter- 
xnining the true time. If the ship's time be greater, the Ion-* 
l^tude is east, if less,, west. 

EXAMPLE I. 

Suppose on the 24th of January 181S, in longitude 11*. J 5^ 
west, by account, at S^A5' A. M. per watch well regulated, the 
distance of the moon's farthest limb from the star Regulus ta 
be 63^50' ; the altitude of the moon's lower limb 24^18'.40''5 
the star's altitude 45^;l3^15"; and the eye 18 feet above the 
surface of the sea, required the true longitude? 

Time per watch at ship 23d January r:15**.45' 
11^15* loneitudeW. - - - zr 0\45' 



Reduced time - - 16*^.30' 



■ H* i 



0. 
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EXAMPLE III. 

The apparent distance of the sun and moon's centres was 
68'.42Mr-, when the apparent altitude of the sun's centre was 
S2°.0'.l", and that of the moon's 24^.0M0"; the sun's correction 
was r.23", and the moon's 5l\V', required the true distance 
of their centres ? 

Amwer. 68M9'.46". 

EXAMPLE IV. 

The apparent distance of the moon's centre and a star 
was 2'.20 , when the apparent altitude of the star's centre was 
11^.14', and that of the moon's 9°.39'; the qioon's correction 
was Sl'.SO", and the star's 4^40"; required the true distance o£ 
their centres ? 

EXAMPLE V. 

T*he apparent distance of the moon from the star Spica 
was observed to be 31°.l7'.53'', when the apparent altitude of* 
the moon's centre was 18°.56'.45", and the apparent altitude of 
the star 20M(y.56"; the moon's correction was 50^46", and 
the star's 2', 3 5'' \ required the true distance of their centres ? 

Answer* The true distance is 31°.ir.44". 

EXAMPLE VI. 

The apparent distance of the moon's centre from that of the 
sun was 70''.8'.23'' at a time when the apparent altitude of the 
sun's centre was 22®.14'.55'", and the apparent altitude of the 
moon's centre 80°.52'.22''; the sun's correction was 2'.ir', and 
the moon's correction 8'.4T' j required the true distance of their 
centres ? 

Answer. '70°.7'.56". 

EXAMPLE VII. 

The apparent distance of the sun and moon's centre was 
63*'.5'.46'', the apparent akitude of the sun 45*^.9 s 12", that of 
the moon 24^29'.40" ; the sun's correction 57", and the moon's 
47'.47''j required the true distance of their centres ? 
4 .•^r.62°.44'. 

EXAMPLE VIII. 

The apparent distance of the sun and moon's centres was 
•72^2r.40 , the apparent altitude of the moon 19**.19', that of 
the sun 25^.16'; the moon's correction being 50'.40", and the 
sun's r.53" J required the true distance of their centres? 

Answer* 72^3;5i". 

PROBLEM 
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PROBLEM XVIII. 

(L) The latitude of a place and its longitude ly account j 
the distance between the sun and the moon^ or the vioon and a 
star * in the Nautical Almanac, being given, Jo Jind the 
correct longitude. 

I. Turn the longitude by account into time f , and add it to 
the time where you are if west longitude, but subtract it from 
that time if east, and you will have the time at Greenwich 
nearly, which call reduced time. 

II. In page VII. of the Nautical Almanac, for the given 
month and Jay, take out the moon*s semi-diameter, and hori- 
zontal parallax, for the noon and midnight between which the 
reduced time falls, subtract the less semi-diameter from the 
greater, and the less parallax from the greater. 

Then, as 12 hours are to the first difference, so is the re- 
duce^ time to a fourth number, which must be added to the 
moon's semi-diameter if the tables be increasing, but subtracted 

• The principal stars used for finding the longitude at sea are a Arietfs in 
the head of Aries. I his is a small star, without the zodiac, and cannot be rea- 
dily found and applied hy the generality of persons ; it appears about 22° to 
the right hand of the Pleiades. 

2. Aldebaran in the Bull's eye is easily distinguished by its largeness, colonr, 
and position to the other stars, bf ing half way between the Pleiades and the 
star which forms the western shoulder of Orion. , 

3. a Pfgasi about 44° to the right hand of Arietis, a line drawn in ima* 
gination from the Pleiades through Arietis will pas» through a Pegasi. 

4. Pollux^ a little northward of Aldebaran, and about 45° towards the left 
hand, there are two stars nearly together ; the right hand one is Castor, the 
left hand ofie Pollux. 

5. Rtgulus, about G8° S. £. of Pollux, is easily distinguished by being the 
touthernmost of four bright stars to the north-east of Aldebaran, forming a 
kind of zig-zag line. 

6. Sffica ^, a white sparkling star, about 54° South-east of Regulu». 

7. Atttares. The arc of a great circle passing through Regulus and Spica 
Virginis east-south-east, or to the left hand of Regulus southward, will pass 
through Antares, which is about 4j° from Spica Firglnis, 

8. FomalAautf about 45° south of a, Pegasi. 

9. a Aquila^ 47° westward, or to the right hand of a Pegasi. 

The distance between the moon and the sun, and between the moon and the 
nine stars above des(;rib6d (being near her path}, are given in the 8ih, 9th, 
10th and 11th pages of the Nautical Almanac, to every three hours apparent 
time, l»y the meridian of Greenwich. The observer who uses the Nautical Al- 
manac, and certainly no observer ought to be without it, is under the neces- 
sity of taking the distance of one or other of the above stars from the moon. 
The distances calculated in the Nautical Almanac, af{brd perhaps the readiest 
method of knowiirg the star from which the moon's distance ought to be ob- 
served. For I he sextant being fixed to that distance, and the moon found upon 
the horizon glass, there' is nothing more to do than to look to the east or west 
of the moon, accordfng as the distance corresponds to the 8th and 9th, or 10th 
and 1 1th pages of the Nautical Almanac, guiding the sextant in a line withihe 
noon's shor],est axis. 

f See the note page 247. 

if 
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SQM 



II. 

> 's semi-dia. at midnight 23d = 1 4^.49" Hor. paral. - 
^ '8 semi-diam. at noon 24th = 14'.48'' ^°^' P*^*** " 



First diff. 



. 1 



// 



Second diff. 



=54Me'r 

«54. 13 

""7P 



12*» : 1" : : 4»».30' : ' O'.O" 

D '8 semi-diam. at midnight s=14/.49'' 



J »8 semi-diam. at red. time =14'. 49" 
y> 's augmentation (Tab. VII.) = 7' 



D *s true semi-dia. atred.time= 14' 56'' 



12,, : 3" :: 4h.30' : i'' 

Hor. par. at midnight - - «54'.ie'' 



Ditto at red. time - - . =54M5* 

60 



In seconds =3255 



III. 



2) '8 observed alt. - - =24M8'.40'' 

Semi-dia. 14'.56" > 
Dip - 4'. 3" J 



= 10.53 



App. alt. ])'s centre - =24°.29'.3S'' 



Cos D^sapp. alt - - - =9-^5905 
Hor. par. 3255 log - - =3*5 1255 

Par. in alt 2962 log - - «= 3*471 60 

Of 49'.22*' 
D *8 refr. - - = 2'. 5" 

])*8cor. - - =47M7" 



^ 



IV. 

^»8obs.alt.. . - - =45M3'.15" 
Dip 4'. 3" 



:fc 's app. alt 



45°. 9^.12 



f0 



V. 

Observed dist. - - 
D 's semi-diameter 

App. distp ... 



= 63°. 50^ 
« 14'.56'' 

= 63°. 35'. 4'' 



:fc 's refraction or correction - =57'' 

VI. To find the 4riLe distance. 

Apparent distance 63^.35'. 4" Nat. cos ir 44488 
Diff. app. alts. 20°.39'.39" Nat. cos=93569 



Common log of 49081 
D *s apparent altitude 24°. 29'. 33" secant 
* 's apparent altitude 45°. 9'.1 2'' secant 
J 's corrected altitude 25°.16'.50" cosine 
*'s corrected altitude 45°. 8M 5" cosine 



4-69091 

10-04095 

iO-15168 

9-95622 

9-84844 



Natural number 48776 log* ::= 4-68820 
Diff. of true alt. 19°.5r.25" Nat. cos =94054 



True distance 6 3°. 4',40" Nat. cos = 45278 

Rr 
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VII. To find the longitude. 



Di|t9Uic« on 23d at la*" -i63''.48r.54'' 



True distance • - - «63°. 4'>I0' 
Earliest ephem. dirt. - «6*i^2(y. 8* 

Second diff. - - - - = 0*».44';)ir 



Fli9t differeneo - . - =>i^ 28^.46" 

Then 1".28'.46" : 3»» : : o°.44'.a2" : I*.30M8" 
Time above the earliest distance =r 15^. 



True time at Greenwich = 1 6\30'. 1 8 
Time at ship :;=15\45'. 



Difference = O\45'.l8''=:ll''.19'.30r 
the longitude west of Greenwich, because Greenwich time ex- 
ceeds the ship's time. 

EXAMPLE II. ' 

Suppose on the 2Sth of May 1813, in longitude 105^ E* of 
Greenwich, at 8^.30'. A. M. the distance between the sun and 
moon's nearest limbs to be 6S°.10'.15"; the altitude of the 
^un's lower limb 31°.48M5"5 the altitude of the moon's lower 
limb 23^48' ; and the eye 18 feet above the level of the sea> 
required the true longitude. 

Answer. The reduced time is 13**. 30' May 24th; D's true 
semi-diameter 16'. U"; horizontal parallax 58'.53"i apparent 
altitude of her centre 24'*.0'.8", and the correction of her al- 
titude 51'. 40". 

The apparent altitude of the O's centre is 32*^.0'. l"; cor- 
rection r.23'^; apparent distance of the Q and >'s centres 
68*'.43'.15'', true distance 68M9'.34", and the true longtude 
106^,36'. 15" East. 

EXAMPLE III. 

Suppose on the 19th of July 1813, in longitude 113M0' W. 
by ^count, the following observations to be taken. 

Alt. ©'8 Al^. p's Distance of 

Time A.' M. lower limb. upper Umb. oTearest limb*. 

8«>.4i'.20'' . 44°.48'.30" - 20^.32'. OT - 106**.19'.15'' 

8-48.30 - 45. 4. . 20.18.30 - 106.18.45 

8.45.35 . 45.83.45 - 20. 10. - 106.18.30 

8.47.45 - 45.45. O - 19.50. - 106.17.45 

8.49.20 . 45.50. - 19.30. - 106.16.45 



5 I 43, 47.30 5 I 226. 50.15 5(100.20.30 5 | 531. 31.0 



Mean 8.45.30 - -45.22. 3 - - 20. 4. 6 - - 106.18.12 
Errors of the quadrant ^58 - - —1. - - —2.37 



True mean 45L21. 5 20. 3. 6 106.15.95 

Required 
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Required the true longitude? the eye being 21 feet above 
the level of the sea. 

jinswer. The reduced time 4**. 18'. 10" 5 D's true semi^ia- 
tneter 16'.3"5 horizontal parallax 58'.2T'; apparent altitude 
of her centre 1 9°.42'.41'', and correction of her altitude 52'.22". 

The apparent altitude of the sun's centre is 45°.32'.29"i cor- 
rection 50"; apparent distance of centres 106*.47'.24''; trufe 
distance 106P.1' and the true longitude 113M0' W. 

EXAMPLE IV. 

Suppose on the 9th of May 1813, in longitude 16^30' west, 
by accounti the foUbwing observations to be taken : 



Times P. M. 


Alt. J '8 

lower limb. 


Alt. i^ 
Spica ^rJl 


Dist. of ^ from 
]) 's far. limb. 


12'V37M0'' 
12' 39. 20 
12.41.30 
IS 43.20 


- 19*.10'.?.0'' 

- 18.50.10 
. 18. 40. 30 
• 18. 20. 10 


- 20®.39'.40" . 
. 20. 29 20 . 

- 20.15.50 . 
. 20. 4.10 


31<'.35'.45" 
31.34.10 
31.52.50 
31.31.3i 



12.45.18 - 18. 9.20 . 19.47.30 -' 31.30.40 



5 I 63. 26. 38 5 | 93. 10. 30 5 | 101. 16. 30 5 | 151. 45. 



Mean 12.41.19 - 18.38. 6 - 20.15.18 - 31.33. 
Error of the quad. +7.39 Error —19 

18.45.45 20.14.59 



Required the true longitude? the eye being 18 feet above 
the level of the sea. 

Answer. The reduced time is 13\47M9'', and being so near 
to midnight, the ^'s semi-diameter and horizontal parallax 
may be taken out of the Nautical Almanac without using pro- 
portion, being 15'.8" and 55'. 8".. Hence the apparent altitude of 
the D's centre is 18 '.56'. 50'^ and her correction = 49'.25". 
App. altitude of the star's centre 20**. 10'.56'', coirection 2'.35" 5 
App. distance of centres Si^'.ll'.S^" -, true distance 31*'.ir.52". 
The true longitude^n\6'.30" west* 

(M) In all the preceding examples the watch is supposed to 
have been previously regulated 5 when that is not the case the 
error of the watch must be found from observations of the al- 
titudes of the sun or of a staii, taken either before or after that of 
the distance, as directed in Problems XIV 6t XV. Or if the sun 
6t star be sufBciently distant from the meridian, the mean of th^ 
sun's or star's altitudes taken at the same time as the distance is 
taken, together with the latitude of the pfoce and the stm's decli- 
nation, &c. may be used to correct the watch, with this correct- 
ed txm^ proceed as befeve# 

B. r 2 EXAMPLE 



•. 
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EXAMPLE V*. 

At sea, April 6th 1813, in latitude 47^.39'. N. and longitude 
57M6'. W. from Greenwich, by account, at 3^ 55'.30" P. M. 
per watch not previously regulated; suppose the observed al- 
titude of the sun's lower limb to be 25*'.57M0 '^ and that of the 
moon's lower limb 4 ti°.22'.32", and at the same time the distance 
of the sun's and moon's nearest limbs to be '75'*.27'.52", re- 
quired the longitude ? The eye being 1 8 feet above the level of* 
the sea. 

Answer. The reduced time is 7**.44'.36'''; l>'s true semi- 
diameter 16'. 15"; horizontal parallax 58'. 54"; apparent al^- 
titude of her centre 46**.34'.44", and correction of her altitude 

The apparent altitude of the sun'3 centre is^26°.9'.7'' ; ^^^' 
rection 1'.48''; apparent distance of centres *76'*.0'.T'; true 
distance 75^45'. 44'', 

The sun's declination reduced to the time and place of ob- 
servation is 6^32'.12"N. ; with this declination, the 0's true 
altitude 26°.7'.19", and the co-latitude 42^.21', find the correct 
apparent time at ship 3**.5r,24''; and hence the true longitude 
is 56°.56'.45" west. 



CHAPTER IX, 

OF TJIE FLUXIONAL ANALOGIES OF SPHERICAL TRIANGLES f. 

PROPOSITION I. (Plate IV. Fig. 3.) 

(N) A preparatory Proposition. 

CoNiTRtJCT a general figure as at Prop. XIX. Book Itt 
Chap. I. (L. 147.)- Thusj let A be the pole of the circle hgfej 
F the pole of abh; £ the pole of cgi; and c the pole of edi. 



* This example, and its solution, were given to me by ' Ir. Kirby, the Editor 
of Bowditch*s Navigation, who likewise worked the four preceding examples) 
by different methods, in order to check any errors which might have beea 
committed in the solutions. 

f See Cote's ** De .£stimatione Erroruin in mix^ Mathesi.'* Cambridj^e, 
1722. Simpson's Fluxions, vol. II. page 278, et seq.-— Crakelt's translation of 
Mauduit's Trigonometry, Chap. V. page 164, &c. — Traite de Trigonom&rie, 
par M. Cagnoli, Chap. XIX. page 310, &c. — La Lande's Astronomy, PariS) 
^92, vol. III. page 588, et seq; or art« S997 to ,4051, &c. &c. 

Suppose 
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Suppose these V circles to be invariable whilst another great 
circle dfcb revolves about the pole f, and let c« be at right 
angles to the great circle mno Tsd; then the three triangles 
ABC, CGF, and'£DF will be variable, viz. 

I. In the right-angled triangle abc> the jL a will be a fixed 
quantity, and the other parts will be variable; viz. Bm will be 
the increment of ab; no the increment of Bc; co the increment 
of Ac; and us the increment of the arc id which measures the 

II. In the right-angled triangle ccr, the side fg will be a fixed 
quantity, and the other parts will be variable; viz. co will be 
l3fe decrement of CG; no the decrement of fc; Bm, the decre- 
ment of the -^CFG; and D.? the increment of the ^c. 

III. In the right-angled triangle EDF,the hypo|kenuse£Fwil]be 
a fixed quantity, and the other parts will be variable; viz. sd=no, 
will be the increment of fd=bc; sd the decrement of ed; and 
B7W, the decrement of the Z.efd= Z.cf6 (N. 131.). 

PROPOSITION n. ("Plate IF. Fig, 3.) 

(O) In any right-angled spherical triangle abc, right- 
angled at b, suppose one of the angles as a to remain constant, 
it is required tojind the ratios of tJie fluxions of the other parts. 

1. In the triangles FBm, fcw, having the same acute Z. at F. 
sine I'B : sine fc :: tang Bm : tang cw (M. 163.). 

But FB=:96*^, fc is the complement of bc, and am and cw, being 
very small arcs, have the same ratio to ea<th other as their 
tangents. 

cos BC 

••• rad : cos BC : : Bm : cw = r— . Bm. ♦ 

rad 

2. In the triangles dci, cow, where the Z.DCI maybe sup- 
posed equal to the Z.oow. 

Tang Di : sine ci : tang en : sine no (M. 16S.) 
But.Di is the measure of the -de, ci=90°, and the tangent of 
en and the sine of noy have the same ratio to each other 
as the arcs, 

- , cos BC . cos BC 

•.• tang Z.C : rad : : cw (= — r— . Bm) : no= . Bm. 

^ ^ rad tang z c 

Again, sine di : sine dc : : sine en : sine co (M. 163.) 
But Di=zc, Dc=:90% and the very small arcs en and a>, have 
the same ratio to each other as their sines. 

cos BC . cos BC 

••• sme zc : rad : : cw (= r— . sm) : co=-. . Bm* 

^ rad sme z c 

3. In 



J]X> 



TBS VtMSXIOTtAL JflUlOClSS 
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S» im the trbngles Bpin, ixSy where fd^fj extremeif near. 

sine TB : sine Btn : : sine fd : sine tk. 

But FB=90", fd:=bCj and the small arcs are as their sines. 

sine BC 
•.• rad : BVi : : sme bc : i>s= :— . Btn. 



,^ cos BC . 

Hence «(?=— .bwj co= 



tang zc 



rad 
cos BC 
sine / c 



• Bm ; and D5 = 



sine BC 
rad 



. Bm. 



But no will represent the fluxion of bc ; co the fluxion of ac; 
T>s the fluxion of Di = /c ; and Bm the fluxion of ab. (B. 120.} 
Therefore, 

cos BC • COS BC • ' sine bc 

j5C= X ab; AC=-7— ^X AB5 ZC = —7— X AB. 



tang /c 



sine z c 



rad 



(P) Hence, by supposing the /A in- 
variable, in any right-angled spherical tri- 
angle ABC J right-angled at B; and denot- 
ing the sides opposite to the angles A, 
B, c, by fl, by Cy respectively, we derive 
the following general equations, via. 




^ _ • tangc . sm c ,• rad 

* I. c = — ^ X a = X b=i- — X c. 

cos a cos a sm a 

__ • cos a • cos c 1 ,^- ^ . cotfl • ,^ 

II. a = X 6= — 7- X i(N.98.)= xc (O. 98.) 

tang c rad ^ tang c ^ 

; sin c • rad • ,__ ^^ . cot fl • ^ . 

III. 6= — rX c=r xa (N. 98.) =»-: — X c (O. 98.) 

cos c sm c ^ 



rad 

.__ • sin fl • tanff c 
IV. c= '•- — 2-L. 



• sin c * 

X c= — 5i-L-x a (0.98.) = X A (.0. 98.) 

rad cot fl ^ cot a 



(Q) Any of the foregoing equations may be turned into pro* 
portions, or varied in the expression, by reference to pages 98, 
99, &c. 



* Simpson's FluzionSf p. 280. 



Thus, 
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ThuSji&om the first equation c x cos a = 6 x sii^ ^ c 

that is% b I c :: cos a : sin c. 

cos b sin c ,^ ^ . 

: : : -7— r (O. 164.) 

cos c sm a ^ 

:: cos bxsin b : coa c x sin c» 

: : sin 26 : sin 2c* (O. 102.) 

pRoposiTioir III. (Plate IF. F^. 3.) 

(R) In any right-angled spherical triangle cgi, right-angled 
at G9 suppose one of the sides as fg to remain constant ^ it is r^- 
guired to find the fluxions of the other parts. 

cos BC 

By the foregoing proposition no :z: — . B m ; co = 

CDS BC . sin BC __ 

-: . Bw;. and D^= — — . Bn% But so is the decrement of 

sin ^c rad 

Fc; Bm the decrement of the /f ; co the decrement of cg; and 

ns the increment of the z c, also fc is the complement of bc. 

Therefore w 

stn cp • • sin CF • , • 

— CF= X — ZF; — ccz:-: X — z f; and zc:s: 

tang z c sm z c 

cos OF • , • tanr z c • sin z c 

%— X — Zf; also Z F= —7-2 X Cf =: -: X CG =: 

rad sm cf »n cf 

rad 

— X zc 

cos CF 

(S) Hence, if the fixed side fg be represented by Cy the hy-^ 
^thenuse fc by by the side cg by a, and the angles opposite to 
these sides by c, b, and a respectively (as at P. 310.) we derive 
the following general equations, or formulae, viz. 

, • tane c ,• sine c • rad 

1 1. A=: . " , xon-: — ixazz rXC. 

sme o sme cos b 

,, . cos i • tang c / ,i.t ^^ ^ ^^^^ c 

II. c= T- X A= — r-^-r- X 6 (N. 98.) = — : 7- xa 

rad tang ^ tang 

{N. 98.) 

„, • sine A • rad ,• ^, ^ tang d 

III. a=-: X A= X b (M. r>8.) =--r-^— X c. 

smec cose sinec 

(N. 98.) 

^ Vince's Trigonometry, 9d edition, page 139; Traite de Trigonometries 
par M. Cagnoli, art. 677, page 329. 

f Simpson's Fluxions, page 280. 

rv. 
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^^ ; sinei • cose • ,, ^. tangi 

IV. b = X A = — r X « (M. 98.)= ^— X a. 

tang c . rad ^ - taug c 

(N. 98) 

(T) The preceding fonnulse may be varied in the expres- 
sion by reference to pages 98, 99, &c- or they may be turned 

into proportions thus> from the first, ax sine ^=sine ex a, 

that is, 

• ■ 

a : A : : sine b : sine c *. 
PROPOSITION IV. (Plate IV. Fig. 3.) 

» 

(U) In any right-angled spherical triangle tDEyright-angled 
at D, suppose the htpothenuse ef to remain constant , it is re- 
quired to find thejtaxions of the other paiHs. 

^ ^ , cos Bc cos BC , 

By Prop. 2d, no = — . bw: co = -: • bw ; and 

^ ^ tang Z.§ sine Z.C 

sine BC 

DS = 5--.BW. 

rad 

But no is the increment of bc, or of its =: fd;; Bm is the 

measure of the ii bfw, or of its equal sfd, and consequently it 

is the decrement of the Z. efd ; also bc — fd, and the Z. c is 

measured by the arc di which is the complement of ed. 

_^ • cos FD 

Hence fd = x — Z. p. 

, cot ED 

Again, co is the decrement of CG, an4 CG is the complement 

of Gi the measure of the Z. e, therefore co is the increment of 

the Z.E. 

TT • cos FD • , , , 

Hence /. e = x — Z. f ; also DS is the decrement 

cos ED 

of ED, 

Consequently — ed = -^ x — Z. f, and by reduction 

cot ED • COSED • rad 

Z F= XFDZ: X ZE =-: — X ED. 

cos FD COS FD Sine FD 

(W) Hence, if the hypothenuse ef be represented by b, the 
side FD by c, ed by a, and their opposite angles by b, c and a 
respectively (as at P. SIO.) we derive the following general 
formulae. 



• Vince's Trigonometry^ 2d edition, page 140. 

I. 
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^. • cot a • cos a • rad 

I. A = XC= XCzr-: XA. 

COS c COS c sine c 

-.- • cos c' * tang c • _ ■ t^ 

II. c= X A = 2— X a (O. 98.)= -: X c. 

cos a cos a ^ sine a 

(L. 98.) 

-„ • . cose * cote • ^ ^ ^ea 

III. e= — X A = x«(0.98.)= :r-xc. 

cot a cot a \ rad 

(L. 98.) > 

___ • sinee • cottf • .- ^, cos a • 

IV. a=M — T-x A = X c(N. 98.) = xc. 

rad tang c ^ ' cot c 

(O. 98.) * 

(X) These formulae may be varied iii the expr^sion or* 
turned into proportions, &c. as before observed. Thus from 
the third set of equations 

cot c • rad* rad* 

c= xa; but cotc= , andcota=■ 



cot a tang c tang a ' 

(0. 98.) 

tane^ • xt " ' 

••• c=: -^— X a. Hence a : c :: fang c : tane a *,■ 

tang c & 6 

PROPOSITION V. (Plate IF. Fig 4 4.) 

(T) In any ohlique^angled spherical triangle a]6c, suppose 
the angle a and its adjacent side ab to remain constant ^^ 
it is required to find the fluxions of the other parts. 

Let BC, by its revolution about b, be changed to Bw, then 
AC will become Am, and the z abc will be reduced to the 
ZAsm. Now, Tiic will be the decrement of ac, the /.c^m 
will be the decrement of the zb, and if Cn be drawn per- 
pendicular to B?i, mn will be the decrement of Bc ; produce 
Bn and bc so that Bp and no may be quadrants, then op will 
be the measurf of the /cBm. Hence, 

L en : op :i sine bc : sine' bo, 
and in the small straight lined triangle, cnm right-angled at n, 
nm : en : : sine znicn :: cos /.men. (Y. 33.) 
•.• mn I op II sine bcx sine z men : sine bo x cos z men. 



• Vince*8 Trigonometry, Prop. 49th, page 140, 2d edition, 
t Traite de Trigpnometrie, par Cagnoli, page 311. La Xiande's Aetroo. 
roL III. art. 3998 to 4003. 

s s But 
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Eut /wen will be the complement of the angle c, because Bc« 
;s'a right angle, ind Bo=90° by the construction, hence 
BC : /» :: sine BC x cos /c : rad x sine zc. 

radxsine Zc 



• • 



sine BC 



cos zc 
:: sine BC : tang Zc. (N. 98.) 

II. Again, rad : mc :: sine /.men: mn. (Y. 33.) 

that is, rad : AC : : cos Z c : BC. 

III. Also, mc : nc :: rad : cos /men, (Y. 33.) 

and nc : op :: sine bc : sine BO=rad. 
mc : op : : sine bc : sine Z c, 

that is, AC ; b :: sine bc : sine zc. 

IV. By taking the supplemental * triangle to abc, viz. dfe. 
(U. 133-) the ZE and the side fe will be constant quantities, 
and the rest will be variable, now it is shewn in the first case of 
this proposition, that flux, side opp. a constant z : flux, z adj. 
to the constant side : : sine of the side opp. lO the constant z : 
tang Z opp. to the constant side f . 

Hence, df : f : : sine df : tang ZD, that is, (XJ. 133.) 
c : ac:: sine zc : tang Bc, 
and B ; AC : : sine zc : sine bc. (III. case above.) 



« • 



.• B : c : : tang EC : sine bc 

rad : cos bc (U. 97.) 






OTHERWISE, f Plate IF. Fig. 4.) 

V 

(Z) Let a perpendicular bd be drawn from the end of the 
fixed side ab and opposite to the fixed za» then the several 
parts of the right-angled triangle bda will be invariable j and ia 
the right-angled triangle bdc, the perpendicular bd will be 
a fixed quantity, and all the other parts will^ be variable; 
hence by the assistance of the formulae already given (S. 311.) 
all the variations of which this proposition is susceptible may 
easily be derived ; some of the principal will here be inserted, 
denoting the sides of the triangle by a, 6, c, and their opposite 
angles by a, b, c, as in the figure^ where a is the constant angle 
and c the constant side. 



• Called by the French writers the polar triangle, from the manner in whick 

it is defcribed. «.^ ^ ircc 

f Cagnoli, page 314, art. 555. 
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b : B :: sine a : sine c. 1st equ'atioii S. 31 1. 
b : a :: rad : cos c. 4th equation S. 31 1. 
b : c :: tang a : sine c. 3i equation S. 3ll. 
a : B : : sine a : tang c. ist equation S. 31 1. 
B : c : : rad : cos a. 1st equation S. 3IL 
c: a :: tangc : tang a. 2d equation S. 311. 

PROPOSITION VI. f Plate IV. Fig. 5.) 

(A) In any oblique-angled spherical triangle abC, suppose 
the angle a and its opposite side bc to remain constant *, 
it is required to find the fluxions of the other parts. 

Let BC change its position to r/w, and let these circles inter- 
sect each other in an indefinitely small angle at r\ make r« = 
rB; and rc=rp\ then, nm will be the decrement of /b, and po 
will be the increment of re, and because w;?=bc, by construc- 
tion, and nwzzBCj l^y hypothesis; if the common part tnp be 
^taken from each, there will remain nm^op\ then, 

I. Considering the indefinitely small triangles Bnm, cpo as 
rectilinear, and right -angled at n and y^ we have 

In the right-angled triangle cpOy rad : co : : cos /cpoc : op^ and 
In the right-angled triangle Bnmj rad : BVi : : sine i^nmn : nm^ 
op. (Z. 34.) 

•.• CO : BW : : sine ZWBm : cos Zpoc. 

that is, AC : ab : : cos z B* : cos z c. 

For, CO is the increment of ac, Bm is the decrement of ab; 
and the three angles pco^ per and Acr are together equal to\two 
right angles ;M. 130.), of which per is a right angle, there- 
fore ^pc0 + z Acr =: two right angles = Zpco + /ipoc^ hence 

Z/>(>C=IZ ACB. 

U. Take the supplemental triangle to abc, viz. dfe (U. 133.)j 
then since z a and bc are constant quantities in the triangle 
ABC, EF and the zn will be constant quantities in the triangle 
dfe; and it has-been shewn in the first part of this proposition, 
that the fluxions of the variable sides are as the cosines of their 
opposite angies,~we have 

DE : DF : : cos ZF : COS ZE, but DE is the measure of the 
ZB, and DF is the measure of the zc, also cos zf=cos ac, and 

cos ZE=cos /\B •.• ZB : zc : : cos AC : cos AB. 



mrm 



* La Lande*8 Astronomy, vol. UI. »it. 4063 to ^ip. CagiMoli, pafr^ 316, ke. 

s s 2 III. Again 
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III. AgaiQ> sine ^a : sine bc : : sine Zc : sine ab. (S. 194.) 

: : sine I B : sine AC 

' That is, the sines of the variable angles have a constant ratio to 

the sines of their opposite sides, consequently their fluxions will 

be in the same ratio ; but the rectangle of radius and the fluxion 

of the sine of any arc = the rectangle of the fluxion of that arc 

and its cosine (1st equation page 121.). Hence, flux, sine of 

cos Z. c . , cos z. B 
JL c = J — X ZL c, flux, sine of ZL b= v— x z B,flux. sine 

cos AB . . cos AC 

of ABss — -T- X AB and flux, sine -^^="^7^" ^ ^c* therefore 

sine 4 A : sine bc : : cos z c x z c : cos AB x ab, 

: -: cos z B X Z B : cos AC X AC, 

that is, Z c : AB : : sine Z a x COS ab : sine bc x cos jL C, 

and Z. B ^ AC : : sine Z. a x cos AC e sine Bc x cos Z. b. 
But it has been shewn in the first part of this proposition, that 

AB : cos ZLc : : AC : cos ZLb^ 

••• Zc : AC : : sine Z A x cos AB : sine BC x cos z b. 

(B) Hence, as in the former propositions, if we denote the 
sides of the triangle abc, by d, i, c, and their opposite angles 
by A, B, c, we derive the following proportions, wherein a and 
a are invariable quantitieSf 

• a 

1. i : C : : COS Z.B : cos* Z.C. 

2. B : € : : cos h : cose. 

3. c : c : : sine A X cos c : ,sine a x cos c« 

4. B : 6 : : sine A x cos b : sine a x cos B. 

5. c : 6 : : sine A X cos c : sine a x cos b. 

These proportions may be varied in their form, thus from 
the third, 

• . sine A sine a 

t : c :: : . 

cos c cos c 

But sine a : sine a : : sine c .: sine c. (S. 194.) 

sine c sine c 
cos c cos c* 

viz. c : c : : tang c : tang c. (N. 98.) 

And exactly in the same manner, from the fourth proportion, 

• « 
we derive fi : 6 : : tang B : tang b. 

PROPOSITION 
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PROPOSITION VII. (Plate IF. Fig. 6.) 

(C) In any oblique-angled spherical triangle abc, suppose 
the two sides ab and ac to remain constant* ^ it is required to 
jind ihe jluxions of the other parts. 

Let BC and AC change their positions to bw and aw, aw being 
equal to AC; produce AC and AW to the points o and p, so that 
Ao and Ap may be quadrants, and join cw. 

Also, produce BC and .Bw to the points q and r, making Bj' 
and Br quadrants, and through c draw c?w parallel to qr. 

Then op will be the measure of the increment of the Z.A, qr 
the measure of the decrement of the z b, and mn will be tiie 
increment of the side bc. 

L Sine Ap : sine AW : : sine op : sine cw, 

sine AC 
viz. rad : sine AC : : z a : sine cw = -r-^ X z A. 

Also, sine By : sine bc : : sine qr : sine cw, 

smeBC 
viz- rad : sine BC : : ZB : sine cw=— ^|;^^j— X AB. 

II. In the small straight-lined triangle cmn. 

1. rad : cw : : sine zw*cw : mn. (Y. 33.) 

sine AC . . . sine AC x sine z c 
Viz. rad : ^ X Z A : : sine zc : bc= —Ti X z A. 

But sine zc : sine ab : : sine zB : sine AC (S. 194.) 
*.* sine zcxsine AC=sine zbx sine ab, consequently 
sine zbx sine AB 

BCZZ -^ XZA. 

2. rad : cos imnc : i en : cm. (T. 33.) 

sine AC . sine bc 
Viz. rad : cos Zc :: ^^ X ZA : ^^ x ZB. 

. cos Z. c x sine AC . 

(D) Hence ^B= r,dxsme bc'^ ^*- 

3. Cot Z.7WWC : rad : : cwi : mn (B* 34.) 

sine BC . . sine Be 

(E) Viz. cot /.c.-rad: : r— X Z.b;bc=' ^^ X 4.B. 

Again, by substituting ab for Ac, and jCc for /.b, we obtain 



^ La Lande'f Astronomy, vol. IIL art. 4015 to 4034 ; CagnoU, page 381, &c. 

(D. 317.) 
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COS ZBX Sine ab 
(D.S17.) /c= ,3d^^„eBC^ ^^'^^ 

sine Be 

(F) By denoting the three sides of the triangle by a, A, c, 
and their opposite angles by A, B, c, the following proportions 
are deduced, where c and b are constant quantities. 

1 . A : fl : : rad^ : sine b X sine c. 

2. A : fl : : rad' : sine ex sine B. 

rad* rad* ^ 

But — : r = cosec i, and—: — -=cosecr (Q. 99.; 

sine ' sine c ^ ^ 

\' A : a : : cosec b : sine c : : cosec c : sinei, 
and A : a : : cosec c : sine B : : cosec B : sine C, 

3. A : B : : rad X sine a : cos c x sine b. 

4. A : c : : rad X sine tx : cos B X sine c. 

5. c : </ : : cot B : sine a. 
B : a : : cot c : sine a. 

6. '.'B : c :: cot c : cot B, 
and B : c : : tang b : tang c. 

PROPOSITION yiir. f Plate IF. Fig. 6.) 

(G) In any oblique-angled spherical triangle ABC, suppose 
the two dvgles b and c to remain constant *, it is required to 
jind the fluxions of the other parts. 

Take the supplemental triangle def (IT. 133.) then j>Ej and 
DF will be constant, therefore by Proposition vii. 

1. zD : EF : : cosec df : sine ^ F : : cosec ^f : sine df, 
Viz. BC : z A : : cosec zc : sine AC : : cosec AC : sine c» 

2. z D : EF : : cosec de : sine Z E : : cosec z E : sine de. 
Viz. 1 c : z A : : cosec z b : sine ab : : cosec ab : sine z B. 



• La Lninde's Astronomy, art. 4034 to 4045 ; Cagnoli, page 325, &c. 

8. ZD 
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S. zd: ZE ': radx sine EF : cos ZFX sine FD, • 

^^ • • 

Vit. BC : AB : : rad x sine I A : cos Ac x sine z c. 

4. Z. D : Z. F : : rad X sine £F : cos Z £ x sine DB^ 

Viz. BC : AC : : rad x sine z A : cos AB x sine z B. * 

5. z F : £F : : cot Z£ : sine EF^ 
and ZE : EF : : cot 2 F : sine EF. 
Viz. AC : z A : : cot AB : sine z A, 
and AB : z A : : cot AC : sine Z A. 

6. '.'AC : AB : : cot ab : cot AC> 
and AC : ab : : tang ac : tang AB. 

(H) By denoting the three sides of, the triangle by tf , J, 
and c, and their opposite angles by a, b, and c, we derive the 
following proportions, wherein B and c are constant quantities* 

1 . a : a : : cosec c : sine h : : cosec h : sine c. 

2. a : A : : cosec b : sine c : : cosec c : sine B. 

3. £Z : <: : : rad x sine A : cos h x sine c. 

4. a\b w rad x sine A : cos c x sine b. 

5. 6 : A : : cot c : sine A. 

6. c : A : : cot i : sine A. 

7. 6 : c : : cot c : cot i. 

8. A : c : : tang h : tang c. 

THE USE OF THE FLUXIONAL ANALOGIES*. 

PROPOSITION IX. ' 

(I) To find when that part of the equation of time depen^ 
dent on the obliquity of the ecliptic is the greatest possible f . 

Here the sun's longitude will form the hypothenuse of a 
right-angled spherical triangle, his right ascension will be the 
base, and the obliquity of the ecliptic will be a constant 
angle. %. 



* A variety of examples will be met with In the perusal of La Lande*s As- 
tronomy, vol. ill. 

f Sunpion*s Fluxions, page ^50. 

Let 
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Let the hypothenuse be denoted by b and the base by c. 

Then h : c :: sine 2 b : sine 2 c (Q. 310.) 

when J=:c, then sine 2 i=sine 2 c; but when two arcs; have 
equal sines, the one must be the supplement of the other 

(K. 31.) Consequently i + c=fO°, therefore when b — c=0, 
that is when A— c is a maximum, A-t-c=90**. * 

The equation of time dependent on the obliquity of the ec- 
liptic is therefore the greatest possible, when the sun's longitude 
and his right ascension together are equal to 90®. The sun 
being in the first quadrant of the ecliptic, 



PROPOSITION X. 

(K) Given the parallaa: in altitude of a planet j to find its 
parallax in latitude and longitude. , 

Let B represent the pole of the ecliptic, a the zenith, and c 

the pl^ce of the planet. 

• • 

Then b will represent the parallax in altitude, b the parallax 
in longitude, and a the parallax in latitude. 

A 



sme c 
Now B=— : X b and a = 



sme a 



cos c 



i:. 



-^xbiz.su.). 

If EC be supposed to represent 
a part of the ecliptic, then be and 
BC will be quadrants (H. 1 30.) and 
CEB and ECB will be right angles (I. 130.). 

In the right-angled triangle cea, making ea the middle part, 




we have 



sme EGA 
rad 



.coSc 



sine EA 



= ( — r — J — ' * hence by substitution, 

V rad / sme Ac 

* sme £A * 

a = — : — 7- X A, and because the altitude of the nonaojesimal 
sme b ' ^ 

degree of the ecliptic, is an arc of a great circle comprehended 
between the zenith of any place and the pole of the ecliptic 
(R. 245.), we obtain the following proportion. 

(L) Sine of the s^nith distance is to cosine of the altitude of 
the nonagesimal degree; as the parallax in altitude, is to the 

parallax in latitude y viz. sine b : sine EArzcosc : : b : a. 

Again, in the right-angled triangle cea, making the zeca 

the 
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the middle part, we have rad X tos ecA = tang £(p X cot b; but 

, rad* ,^ . , ccw eca / sine c \ tang ec 

cot izr -r (O. 98.) hence r— = I 7-/ = — ^* 

tang \ rad ^ rad tang 

, . . • tang EC ^' ^, , , 

and by substitution b= r Xo (because the planet is sup- 
posed to be in or very n«ar to the ecliptic, sihetf =rad) hence, 

(M) Tangent of the planets zenith distancey is to the tangent 
of its longitude from the nonagesimal degree ; as the parallax 
%n altitude f is to the parallax in longitude^ viz. 

tang b : tang ec : : ^ : b. ^ 

PROPOSITION XI. 

(N) Given the altitude of the nonagesimal degree of the 
ecliptic; the longitude of a planet from the nonagesimal degree ^ 
and its horizontal parallax ^ to find its parallax in latitude and 
longitude. 

• ' cos c • 

It is shewn ill the preceding proposition that a= , X b 

, • tang EC / VT .r , , . , 

and B = -7 T- X ^. Now, if h represent the horizontal pa- 

a 

rallax of any planet, its parallax in altitude b =- — -:- x h nearly 

(T. 90.). By substituting this value of b in the above equations 

* cos c • tang EC x sine b 

azi — T-XH, andB=: " — 7 r~XH. 

rad tang x rad 

In the right-angled triangle cea, making b the middle part,' 

, , ,. rad X sine b 

Hd X cos 0ZZ.COS ea x^cos ec; but cos ^=-^ 7 — and 

tang 

rad X sine EC _, ^, sine A cos ea, x sine ec 

cos Ec= (M . 98.), hence r zr r- i 

tang EC ^ tang^ tang Ecx rad 

... • tang EC cos EAx sine EC 

and by substitution b = — ~ — x ^^ r- X H = 

' rad tang ECX rad 

cos EA X sine ec , , , ^ • .r* ^ ^ 

^ ^"^"^1^ ^ ^* ^^ ^^ measure of the ZB (Z. 187.) 

, . , I- • sine c x sine B , 

and cos £A=sinec, therefore B=: — • rr X H; hence are 

rad* 

derived the following general rules. 

Tt l.BadiuSf 
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1. ItadiuSf is to the cosine of the altitude of the nonagesinud 
degree of the ecliptic ; as the horizontal parallax y is to the pa- 
rallax in latittide. 

2. The square of the radius j is to the rectangle of t/ie sines ^ 
the altitude of the nonagesimal degree and the plane fs longitude 

from thence ; as the horizontal parallax, is to the paraUajt in 
longitude ^. 

PROPOSITION xii. 

(6) To determine the correction for finding the time ^af- 
parent noon, from equal altitudes of the sun. 

It is obvious that if the sun^s declination were invariable, half 
the interval of time between equal altitudes would shew the in- 
stant of noon; but by the variation in the sun's declination he 
will have the same altitude at different distances from the me- 
ridian $ this variaticfn will, in general, be very small and can 

only affect the polar distance. i^. ^n 

. If therefore, we suppose b to repre- A^^"^^^'''^ I^^ 
*s€lit the pole of the equinoctial, A the 
zenith, and c the place of the sun; ab 
and AC will be constant quantities, and 
BC variable. 



Now we have shewn (F. S18.) that a : b : : sine a : cot c; 
^ (sineflxcot c)— (cosflxcos b) ^^ ^ . 

But cot C =i -rr^ ' (Q. 219.), 

* ' sme B \ /# 

therefore by substitution, and dividing by sine of n^ 

, cot c cos a cos b \ , cos a cot a 

B = flX {-: r-[-^ X— : J, but . ■ = -— 

Vsme B ^ sme a sme b sme a rad 

ft 

. cos B cot B .^ ^^. rad 

and -: ss — r (O. 98.) = , hence 

sme B rad ^ / tang b 

• • , cote cotfl \ ««,,*. ^ , - 

Bssa X (-: — 1. The half of this expression, re- 

V sme B tang By I 

duced into time, will be the correction required, where cot c= ' 

tangent of the latitude, and cot a = tangent of the declination f. 



* Siniptoii*8 Fluxions, vol. II. pi^ 286. 
f Attronomie Naatique, par M. de Maupertoit, page 34. Vince^ Trigo* 
aooMtryf lecond edition, page 144, fce. « 

pROPosmoir 
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PROPOSITION XIII* 

(Py The error in taking the altitude of a star being given, 
to find the corresponding error in the hour angle. 

As in the preceding proposition, let B represent the pole of 
the equinoctial, a the zenith, and c the observed place of the 
star. Then c will be the co-latitude, a the star's co-declination, 
and b its co-altitude ; the sides c and a will be constant quan- 
tities, and the hoiw angle B will be variable. It is sjjjewn (F. 3 1 8.) 

that B : b 11 rad^ ' sine A x sine c, hence 

rad*.x b rad* 

B = -:: : = — : • — : X *• 

sm^ AX sine c sine a x sine c 

Since the variation of the angle b is the measure of the eryor 
in time, and that c, in the same latitude, and A (if the same error, 
prevails in different observations) are constant quantities ^ the 
error in time will not be altered whatever the altitude of the 
«tar may be; and this error will be the least if the altitude of 
ihe stftf be taken when itns on the prime vertical *. 

Scholium. 

(Q) In all the preceding propositions if the sides of the triangle 
be diminished without limit, the triangle may be considered as 
rectilinear, and instead of the sines and tangents of the sides, W(g 
may substitute the sides themselves (B. 223.). Hence the varia- 
tions of plane triangles are readily deduced from tho^e of spheric 
cal triangles, in every case where the fluxions are proportional to 
the sines or tangents of the sides. Thus, by the 4th proportion 

*(F.318.)wehaveshewn thatA : c :: radxsinea : cosBXsinec, 

that is, (supposing the triangle straight lin^) A • c, n rad x a : 
cos B X c. 

Again, by the 8th proportion (H. 319.) b;c :: tVf^g b : tang c, 

that is, when the triangle is straight lined, b i e ii b i c^ and in 
the same manner the rest may be deduced. 

The variation? of rectilinear triangles may be deduced from 
the l;pangles themselves, without reference to spherical tri- 
angles, in a manner exactly similar to those deduced from the 
spherical triangles. Fide Traite de Trigonometrie, par M. 
Cagnoli, chapitre X. 

t See I^, Mackay't Theory and Practice of finding the Ipiwitud© at lea or 
laiid> iral. i> page 298, third editkm. "^ 

T t 2 CHAP. 
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CHAP. X. 



MISCELLANEOUS PROPOSITIONS, &C» 

(R) 1. Of the French Division of the Circle. 

The modem French writers on Trigonometry divide the 
circumference of the circle into 400*^ equal parts or degrees, 
each degree, into 100 equal parts or minutes, each minute into 
100 equal parts or seconds, &c. which degrees, minutes, &c. 
diey write in the usual manner, thus, 126°.80'.64", &c. 

A French degree is therefore less than an English degree, in 
the ratio of 90 to 100, or of 9 to lO; a French minute is less 
than an English minute in the ratio of 90 X 60 to 100 x 100, or 
of 27 to 50; and a French second is less than an English second 
in the ratio of 90 x OO x 60 to 100 x 100 x 100 or of 8 1 to 250. 

Hence, if n=:any number of degrees, to turn English de- 

• , , lOw n 

grees into French, we have 9 : 10 : : w : — — =n -h •— , and to turn 

Q n n 

French degrees into English, 10 :9 ::n: — -= w— Yq. 

PROPOSITION I. 

t 

(S) To turn French degrees^ minutes y fiff. into English. 

Rule. Consider the degrees as a whole number, after which 
place the minutes and seconds f as decimals ; -r^ of this mixed 
decimal deducted from itself will give the English degrees cor- 
responding to the French. 

Example I. The latitude of Paris is 54®.26'.36" in the 



• Elements de CJcom^trie, par A. M. Legendre, 6th ed..page 328. Preface 
to Borda's Trigonometrical Tables f Paris, An. IX.), page 18, et seq. 

f The minutes and seconds if unaer 10, must have a cipher prefixed, thus 
»l\l\35^\ must be written 27^07';35% or 87^0735; 4dM8'.4'=45°.l«'.04*'=: 
-^5°.1804, &c. 

♦ French 
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French division of the circle, what is the corresponding lati- 
tude in the English division ? 

54*'.26'.3G"=54V2636 French degrees. 
^ = 5 -42636 



48 -83724 English degrees. 
60 



50 -23440 
60 



14 06400 

m 

Answer. 48°.50M4" English. 

2. What number of degrees, &c. in the English division of 
fhe circle will correspond to 74^4'. 8" in the French division. 

74^4'.8"=74°.04'.08"= 74**-0408 

7 -40408 



66 -63672 
60 

38 -20320 
' 60 

12 -19200 

Answer. 66*.38M2" English. 

PROPOSITION II. 

(T) To turn jpngluh degrees, minutes, Xc. into French, 

Rule. Reduce the minutes and seconds, &c. to the deci- 
mal of a degree, and annex it to the given number of degrees ; 
this mixed decimal increased by ^ of itself will give the French 
degrees corresponding to the English. 

Example. The latitude of Greenwich Observatory is 
Sl°.28'.40" N., according to the English division of the circle, 
what is the corresponding latitude by the French division? 

51^ 28'^0 = 51*-477777, &c. 
I = 5-719753, &c. 

57 •197530=57M9'.75".3. 



Answer. 57°.19'.75".3 North, by the French division of 
the circle. 

On 



3se 
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On the 32d March, 1813, the moon's distance from the sun, 
at midnight, will be 1 14>*. 1 3'.2 1" by the Nautical Almanac, what 
will be the distance according to the French division of the 
circle? 

IU*.1S'.21"= 114*»-2225 

= 12*691388 



9 



126 -913888= 126*.9I'.39". 



j4nswer. 126^9l'.39". 

(U) A table of arcs 'differing by 10 degrees according to 
the French division of the circle, or by 9 degrees by the English 
division, with the corresponding natural and logarithmical 



smes. 



French Division- 
tine lO^aBCOS 9(^* - 
sine 20® -cot 80*> - 
sine 30**=cof 70® - 
sine 40®= cos 60® . 
sine 50® -cos 50® - 
tina^ 60®»cos40P - 
line 70®= cos 30® - 
sine 80® « cos 30® - 
sine »0®=co8 10® - 
sine I00®=cos 0® - 



I^nglish Division. 
• sine S®=cos 81® 

- sine 18®-co8 72® 

- sine 27®= cos 63® 

- sine 36®= cos 54® 

- sine 45<!^— cos 45® 

- sine 54®= cos 36® 

- sine 63®=cos 27® 

- sine 72®= cos 18® 

- sine 81®=cos 9® 

- sine 90®=cos 0® 



Nat. sines. 

- '1564345 - • 

- -3090170 - - 

- -4539905 . - 

- -5877853 - - 

- -7071068 - - 

- -8090170 - - 

- -8910065 - - 9-9498809 

- -9510565 - - 9.978206S 

- -9876883 - - 9*9946199 

- 1-0000000 • - 10-0000000 



Lttg. sines. 
9*1943324 
9*4899824 
9 6570468 
9-7692187 
9 8494850 
9-9079576 



EXAMPLE. 

The latitudes of the Observatories of Paris and Pel^ are 
S4°.26'.36'' N. and 44.''.33'.'I3'' N., and their difference of Ion- 
gitude 126®.80'.56", according to the French division of the 
circle, what is their distance* r 

(W) SOLUTION BY THE FRENCH DIVISION OF THE CIRCLEf. 

Here we have two sides a and 6 of a spherical triangle given, 
and the included angle c, to find the third side c. ,^ 



By the formulas (U. 221.) tang ^= 



_ cos c . tang b 



cos b 
cos f 



rad 



, and cos c=s 



• mo/ ^s'f 



. cos (a-f) where a = (100•-54^26^36") = 45\T3'.64 



b = (lOO* - 44°.3S'.73") = 55^66'.27", and c - 1 S6^.80'.56"- 
log cos c=log cos 126®.80'.56"=: log cos 20(y*-.126°.80'.56"=: 
log cos 73M 9.44". 



* Legendre's Geometry, page 403. f By Borda's Tablet, Paris, An. IX.' 



Ids 
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logcos73Md'.44*=: 9*61 14SW 
log tang *=log tang 55\66\2Tsz 10O776713 

log tang f « • =: 9*^891071 The arc cor-' 

responding in the tables is 2S^.94'.23\ But because the cosine 
of C is negative (K. 94)> it is plain, by the formula above, that 
tang f is also negative, hence f= — 28^94^23'' and a-^^z; 
4S^.7S'.64'' ^-28^94^23'*=;74^67^87". 

log cos (a- ^)=log cos 74*'.67'.87"= 9-5880938 
log cos * =logcos55*,66'.27''= 9-8071949 

19-3952887 
log cos f =log cos 28^94^23"= 9-9534823 

log cose =3 9-4418064. The 

corresponding arc is 82*'.i6'.05" the distance between Paris and 
Pekin=:82l605 seconds, or 821*605 myriametres j a mvriametre 
being an arc of 10 minutes, and a metre an arc of -^ of a 
second *. 

(S) SOLUTION BY THE ENGLISH DIVISION OF THE CIRCLKf. 

Lat of Paris=54*.26'.36'' French= 48\50'.14" -064 English , 
^S. 324. )• 

Lat ofPekin=44*.33'.73'' French =:39'.54M 2" -852 English. 

Diff. Long = 126\80'.56'' French= 1 14'. 7'.30"- 144 English. 
Hence a = (90* - 48^50.14" -064 = ) 4i^9^46" -064; b =s 
(90*-39*.54M2"-852r=) 50*.5'.47" -148. 

andc=114°.T.30"l44. 

log cosc=logcos 114^7'.30"•144= 9-6114358 

log tang4=log tang 50^5'.47" -148= 10-0776713 

/ . 

log tang ^=log tang 26*.2'.53*=: 9*6891071 

Because tang f is negative, a-^=4r.9'.46''+26^2'.53''=as 
»7M2'.39". 



* According to die French matbematidanB ^ of the whole terrestrial mcri-^ 
dian (viz. 100 )'=5 1 30740 toises in length, the ten miUionth part of which is the , 
metre; therefore the metre^jl of a second » '5130740 toises » 3 '078444 French 
feet ; and because 107 French feet are equal to li4 £nglish feet nearly, the 
French metres 3 -28 English feet. If a French toise^s 6-3945 English ieet, a 
^etre will be =3*280852 English feet. 

t Tablet Portativet, par Callet, edition Stereotype, An. 3. 

log 
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log COS (tf- f) =log COS eT. 12^.39"= 9-5880938 
logcosi=logcos5Q% 5'.47"-i48= 9-8071949 

19-3952887 
logcos^=:logcos26o.2'.53"= 9-9534823 

log cos c=log cos 73^56'.40"= 9*4418064 

The length of a degree, by the trigonometrical survey of 
England and Wales, is 364950 feet ^; henc^, the distance be- 
tween Paris and Pekin is 26986025 English feet. 

73^56'.40" English = 82°. 16'.05" as above (T. 325.). 

PROPOSITION III. ("Plate IF. Fig. 7.) 

(Y) If from the sum of the three angles of any spherical 
triangle two right angles be deducted^ the remainder will be to 
two right angles y as the area of the triangle is to one-fourth 
of the surface of the sphere. 

Let ABC be the triangle; complete the circle abed, and pro- 
duce AC, BC to meet in the point f, cutting the circle abed in 
the points £ and d. 

Then because bd and cf are each of them a semicircle 
(C. 129.) BCi=DF and for the same reason ac=ef. 

The angle acb=/dce = zdfe (N. and Q. 131.) therefore 
the triangle abc is equal to the triangle def (D. 136.); let the 
surface of each of these triangles be represented by w, and let 
Wy Xy and^ represent the surfaces of the triangles in which they 
are situated. Now it is plain, that if any great circle of the 
sphere (as 1, 2, 3.) be divided into any nuinber of equal parts, 
and through the points of division (1 , 2, 3.) great circles be drawn 
so as to pass through the poles (b and d) of the divided great 
circle, the surface of the sphere will be divided into as many 
equal parts, or lunula, as there are parts in the divided great 
circle-f ; therefore, the whole circumference of the sphere, will be 
to any arc of this great circle, as the whole surface of the sphere, 
is to the surface of the lune comprehended between two great 
circles, whose greatest distance is measured by the aforesaid arc. 



♦ Vol. 11. part 11. page 113. 
f This may be farther illustrated by considering the manner in which the 
seyeral meridiansj On a terrestrial globe, divide the equator and the surface of 
the gIob«* 

Hence 
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Hence l^O"* : /.a :: i surface of the sphere : m+^. 
18tt° : /B : : 4^ surface of the sphere : m+w. 
180*^ : /.c iii surface of the sphere : vi+x. 

By Composition 
180° : z A+ ZB+ zc : : surface of the sphere : Sm+jz+w-^x^ 

and, by Division, ^ 

l80°:(ZA+zB + zc) — 180°: : 4- surface of the sphere : 2nu 
or, 180° :(ZA+zB+zc)- 180" ::^surfaceof the sphere : m. 
Consequently (za + zb+zc)- 180° : 180"* ::m: ^ surface of 
the sphere* q. e. d. 

(Z) CouoLLARY, The measure of the surface of a sphe- 
rical triangle is the difference between the sum of its three 
angles and two right angles. For if s=:|. of the surface of the 
sphere, ISO'^x m=sx(A + B+c- 180®). 

sx(a.+b4c-180'') s , , 

'•^ ^ = ~l85^— = -T8b^-(^+^+^)'-^- 

But the whole surface of the sphere is equal to four times the 
area of one of its great' cirdes *, and the area of a great circle = 
. -J- circumference x radius = 1 80"* x radius, if therefore radius = 1 ^ 
the surface of one fourth of the sphere may be expressed by 
ISO** J therefore w=(A+B-hc)- 180^. 

PROPOSITION IV. 

(A) The sum of the three angles of every spherical triangle 
being greater than 190* (W. 134.) the sum of the three ob- 
served angles of a triangle, on the surface of the earth f, ought 
to exceed 1 80°; which excess may be, found by the following 
rule. From the logarithm of the area of the triangle taken as 
a plane ofte, in feet, subtract the constant logarithm 9*3267737, 
and the remainder is the logarithm of the excess above 180° in 
seconds nearly \, 

Put 1^ of the surface of the sphere =s, then 

(ZA+ZB+zc)~ 180 = r^ (Z. 329.). But, by mensura- 

tion,|- of the surface of the sphere =rad*X 3'141 59, &c. there- 



• Simpson's Ffuxions, page 189. 
•f The sides of the triangles which connect the successive stations, of a tri- 
gonometrical survey, may be considered as formed by arcs of great circles, 
whose radii are equal to the radius of the sphere ; and each observed angle, being 
formed by the tangents of two of these arcs, will be the measure of the sphe- 
rical angle contained between them, at each successive station (R. 132.) 
\ Trigonometrical Survey of England and Wales, vol. I, page 136. 

u u fore 
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180* xw 

180^ 
Now 3-14159, &c. : -Ssrad : : 360° : 3.14159 &c> * 

length of a degree, supposing the earth to be a sphere, =: 

180° 
60859-1 X 6* feet, hence 3.14159 ^J " X 60859-1 x 6 = the 

earth's radius in feet '.• 

^ WX3'14159, &c. , 

(ZA+ZB+Zc)— 180 = - the excess of the 

^ 3651M-c?Xl80» 

three angles above two right angles, and if a, b and c be ex- 
pressed in seconds, the excess in seconds will be 

wx 3.14159x60x60 62 831853, &c. , . , 

1 "WiX- -r — ,that is, lOff of OT + 

3651 54-6 ^*X 180** 3 65154 6]^ ^ 

(log of $2-831853, &c.-log of 365 1 54.?|* = ^ 

log of w + 1-7981799 - 11-1249536 = log m - 9-3267737. 

Q. E. D. 

(6) EXAMPLE TO THE FOREGOING PROPOSITION (Trigono^ 

metrical Survey J. 

Names of the Stations, Observed angles. Distance 0/ Dunnosefrom 

t Butser-hill - - 76M2'.22" Butser-hill 1 40580-4 feet. 
Dean-hiU - . 48 . 4 .32-25 Dean-hill 183496-2 feet. 
Dunnose - - 55 .43, 7 



180. 0. 1-25 
Here we have two sides of a plane triangle, and the angle con- 
tained between them, given, to find the area, viz. 
a=140580 4 feet, i=183496-2 feet, and the contained Z.c= 
55° 43'.7". By the common rule of mensuration iaxbx na- 
tural sine of -^c=the area of the triangle. 

ia-=z 70290-2 log= 4-8468947 

* = 183496-2 log=5'263627l 

log sine zc=: log sine 55°.43'.7^'=9-9l7l279 

log of 7W = 1 0*0276497 
Deduct the constant log =: 9*3267737 

Log of the spherical excess = 0-7008760 the number cor- 



♦ Trigoriometrical Survey, vol. I. page 138, Faden's edition, 
t Philosophical Transactions 1803, page 428. Dr. Rees's New Cyclopedia, 
second series of triangles, .word degree. A variety of examples will be met 
with in the works here referred to, and in the Trigonometrical Survev, pub- 
lished by Mr. Faden. . 

responding 
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responding to which is 5".022 or 5". Hence, the error in the 
three observed angles above, is 5"— l"-25=3''*75. 

(C) By the assistance of this spherical excess the observer 
will be enabled to examine the accuracy of his observations; and^ 
having corrected the angles, the sides of the triangle, being arcs 
of great circles (supposing the earth to be a sphere) may be cal- 
culated by the rules of spherical trigonometry. 

Liegendre in his Geometry, page 416, has given die rule 
demonstrated in the following proposition for correcting the ob- 
served angles, and«though the method be only an approxima- 
tioBj it is sufficiently accurate and commodious for practice. 

PROPOSITION V. 

(D) ji Spherical triangle y whose sides are very small when ' 
compared with the radius of the sphere j being proposed; if from 
each of its angles you subtract one^third of the excess of the sum 
of its three angles above two right angles ^ the angles thus dt-- 
minished may be taken for the angles of a rectilinear triangle^ 
whose sides are equal in length to those ff the proposed spherical 
triangle. 

Let A, B and c represent the three angles of a plane triangle 
of which the opposite sides a, b and c are small relatively to Uie 
radius of the sphere* 

Then, 

a : b : : sine A : sine B (W. 43.). 
Let d be an arc indefinitely small, then considering the tri- 
angle to be spherical, sine a : sine b : : sine (a-|-^) : : sine(BH-<^) 
extremely near. But sine ( A+fi^) =(sine a .cos d) + (cos a . sine d) 
the radius beingz: 1 (D. 109) ; now d being very small, by sup- 
position, its sine is equal to the arc, and its cosine equal to the 
radius, therefore sine {A + d) = sine A -|-cos A • (/, and for the 
•same reason sine (b + d) =sine b + cos b . d; moreover it is shewn 
(C. 1^1.) 

that the sine of an arc z=g— - - ^ v sine a zia— — and 

sine bzzb—-^ the radius being 1 j hence 

a} b^ 

a — — : A— "g" : : sine A+cos A . rf : sine B+cos B • £?, 

but i : a : : sine B : sine A, and by compounding these propor- 
tions, we get 

1 -^-g- : 1 — "T : 3 (sine A . sine 'b) + (cos A . a . sine b; : 

(sine B , sine a) +{cos b . cf . sine a) but the antecedents :Qid 

u u 2 consequents 
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consequents of this proportion being nearly equal, by adding 

a* 

^ to the first and second terms, and deducting cosA*d. sine k 

from the third and fourth) the proportion becomes 

1 : 1+ — ^ — ::sineA.sineB:(sineB.sine A)+(cosB.£Z.sineA) 

— (cos A . d. sine b). 

But (cos B . sine a)— (cos A . sine b) . d=sine (a — b) . rf 
(D. 109.) 

%• 1:1 + , > , : : sine A . sine b : (sine A . sine b)+ 

sine (a— b) . rf. 

a*- 6* . . . 

Consequently 1 : — ^ — : : sine A • sine B : sine a— b . rf 

(Euclid V, and l7.) 

a* — A* 
and sine (a— b)'. rf=sine A . sine b • — g — . 

vBut since a: b :: sine A : sine B. 

By composition a+b : b :: sine a -(-sine b : sine b. 

And by division a^b : b : : sine A— sine b : sine B. 

By multiplying the corresponding terms, we obtain 

a^ — b^ : ^* : : sine* a — sine* b : sine* b, 

a sine A 
and because -r-ss . , if the two consequents be multiplied 

by these quantities, we get a* — A* : aA : : sine* A — sine* b : 
sine A ^ sine B. 

••• sine A . sine B . («*—**) =fl6 . (sine* A— sine* b) hence by 

substitution, sine (a—b) . rf— ^ • (sine* A— siije* b). 

But, sine ( A + b) . sine (A — b) =sine* A — sine^ b (D. 109.). 

ab 
Hence sine (a— tb) . rf="g" . sine (a+b) . sine (a — b), 

ab 
and rf="T- . sin.e (a+b). 

^ Now because the sum of two of the angles (a+b) of a recti- 
linear triangle, is equal to the supplement of the third angle (c), 
and anyarc and its supplement have the same sine,rf=^«i . since, 
or Sdszia . b . sine c. But the three angles of the spherical 
triangle are A+rf, B+rf, c+rf, and the three angles of the plane 
triangle are a, b, c; hence (i+rf)+(B+rf)+(«+rf)=: 

A+B+C+3rf. 

Or, (A+rf)+(B+rf)+(c+rf)- I80''=3rf=;i a.b. sine c, the 

area 
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area of a plane triangle whereof the two sides are a and i, and 
the contained angle c, or the three sides a, b and c, and the three 
angles A> B, and g; and since the three sides a, by c of the plane 
triangle differ insensibly from the three sides of the spherical tri- 
angle, the surface of the one may be taken for the sturface of the 
other without material error: but the surface of the spherical tri- 
angle is the difference between the sum of its three angles and two 
right angles (Z. S29«) therefore the truth of the proposition's 
evident*, q. e. d. 

(E) EJtAMPLS TO THE PRECEDING PROPOSITION, (TrtgO- 

nomttrical Survey). 

Names of stations. Observed angles. Distance of Hundred Acres from 

Hundred Acres - - 53^58'.35".75 

Hanger-hill tower 68 .24 .44 Hanger-hill 7 1 932*8 feet. 

St. AnnVhill - - - 57 .36 .39 . 5 St. Ann's hill 79209*7 feet. 



179 .59 .59 -25 
Here ^=71932-8, 4=79209-7 and c=53^58^35"-75. 

4.fl=35966-4 log=4-5558969 

* = 79209-7 log=4-8987783 

log sine of c=log sine of 53°.58'.35".75 =9-9078287 

log of the area of the triangle =19*3625039 
deduct the constant log=9*32677S7 

log of the spherical excess = '0357302 the number 
corresponding to which is 1*0857 seconds =3rf, hence d='S6" 
nearly. But the observed angles are spherical angles, hence c 
corrected becomes (5S^58/.35^*75— *36''=)53°.58'.35"*39with 
this as an included angle, and the two sides given aboVe, find 
the angles and the third side of a plane triangle. By the for- 

* 
mulae, page 128, tang ^ = — . rad, and ^ (a co B) = 

cot i c . tang {f — 45"*) 

Ugh^ 4-8987783 
loga^ 4*8569269 



0*0418514 
lograd»10' 

€aog9wlO04l8514 

Hence f= 47*».4y.23"-l 
9-4S°= 2*.45'.23*'-l 



tang(9-45°)=tang2^45'.23".l = 8 6825576 
cot jc =cot 26^59'.17".69.5 = 10*2930544 

sum (rejecting nd =sl0) =: 8*9756120 
Hence § (a w b) = 5°.84'.2^.327 
And |(a + b) s 63. 0.42-S 

Therefore b = 68 •34'-44'627 
And A =: 57 -86 •39-973 



* This demonstration, which is more . simple than Legendre's, is grounded 
oa the same principles as that given in page 492 of Mr. Leslie's Elements of 
€^eometry, a work of considerable ment, lately published. 

The, 
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The third side c may be found by the formula page 127, viz# 

sine c . a 
css-T-" ; by logarithms, 9^9078281 +4-8569269- 

9.9265646=4'8381904 log of r, hence c=68S95-43. 

This example is. solved exactly by the same rules as the cviith 
example, page. 417 of Legendre's Geometry, and by adding to 
each of the angles one-third of the spherical excess, a complete 
solution will be given to the spherical triangle. 

Angles of the spherical triangl*. Sides of the spherical triangle. 
C+rf=53°.58'.33".75 C = 6«895-43 

B + r/=68 .24.44 .99 b = 79209-7 

A+d=51 .36 .40 .33 a = 71932'8 



180. 0. 1 -07 



' (F) The arcs and angles which occur in a trigonometrical 
survey may be calculated by the exact rules of spherical trigo- 
nometry in the manner of Boscovich: or by the approximating 
rules of Legendre; or the observed angles may be reduced to 
the angles formed by the chords of arcs, and an arc of the me- 
ridian may be considered as formed by the chords of^ curves. 
This last method has been successfully practised by Delambre 
in France, and by Col. Mudge in the trigonometrical survey of 
England and Wales* 

PROPOSITION VI. 

(G) Given two sides of a spherical triangle, and the angle 
comprehended between them ; to find the angle contained between 
the chords of these sides, supposing the chords not to differ mO' 
teriallyfrom the arcs which they subtend. 

Let the three angles of the spheri- ^ ^^,,—7 

cal triangle be represented by a, b, c, ^^^^-'J' 

and their opposite sides by a, 6, C; and •^ ** ^ < 

let a', b\ c^ represent the chords of Xi^\ -^^ 

these sides, which chords are supposed """-^r^^ 

not to differ essentially from the arcs. ^ '*"--. 

Then cos a=(cos a . sine b . sine c) + (cos b . cos c) the radius 
being 1. (Equation IV. F. 213.) 

But cos flsas 1 - 2 sine* i a ; cos A = 1 — 2 sine* \ b ; and cos err 
1—2 sine* 4^ the radius being 1 (I. Ill), therefore by sub- 
stitution 

1-2 
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1—2 sine* ^ a = (cos A . sine b . sine c) + (1 - 2 sine* i b) . 
(1 — 2 sine^ i c). By transposition, &c. we obtain 
2sine^i3 + 2sine^ic-2sine'H=i(cosA sin€^.sinec)-|-4sineH^ 
. sine" i c. But a"^ z= c'' +■ b'' - (2 d b' . cos rectilinear Z. a') 5 
(N. 86.) and because a', ^', c' do not diflfer essentially from a, 
3, c (by hypothesis), and that small arcs are nearly equal to their 
sines, a'=2sine {-ay ^'=2 sine ^ ^; ^nd c'=2 sine ^ c; therefore 
by substitution 4 sine ^ it(=;(4 sine*if-f 4 sine* |-i) — 4sine4-c 
. 2 sine i 6 . cos rectilinear Z. a', or 2 sine" ^a=:{2 sine* i c+ 
2 sine*i ^)— 2 sine i c. 2 sine -i ^ . cos rectilinear /La' ; by 
substituting this value of 2 sine* i « in the spherical equation 
above, we get, 2sine ic. 2 sine i b . cos A'=r(cosA . sine b . sine^)-4- 
(4 sine* i b . sine^ i c). Hence, cos rectilinear Z.a'= 

(cos A . s ine b . sine c) f(4 sine* i b . sine* 4 c) 

2 sine ^ f . 2 sine :|^ ^ "~ 

sine ^ sine c 

'=°' * • 2 sine i * • 2 sine x c ^ ^"'"^ ^ * ' ''°® * '')• ^"* «"»« *= 

2 cos i ^ . sine i by and sine c =1 2 cos ^ c .-sine i c (Z. 104.) 
therefore by substitution, cos rectilinear Z.a'=; 
(cos A . cos i b . cos 4" <^) H-(sine 4: b . sine ^ c).j 

(H) Scholium. In the investigation of the preceding for- 
mula, the radius 1 has been used in order to lessen the number of 
characters or symbols, but formulae constructed for the radius 1, 
are easily converted into formulae which involve a radius = r, 

sine A cos a 
by substituting for sine AyCos a, &c., — "z — 9 — ' — 9 &c. 

Hence, the foregoing formula by the introduction of f be- 

comes cos A = "i [ (cos a . cos-|^^ . cos^^ c) + (r . sine^^ b . sine|^c)]. 

And this formula may be varied in the expression by auxiliary 
quantities as at S. 219, &c. 

(I) EXAMPLE. 

At Calais, the correct angle between Watten and Fiennes, 
was 66^.30'.36".875, the distance from Calais to Watten 15'. 59" 
of the earth's meridian; and from Calais to Fiennes 7'.26'', re- 
qui^d the angle formed by the 'chords of the3e arcs. 



Jog CO8 A=log cos 66° 30'.36".875 = 9-60054 1 1 
logcoe 4* = log cos r.SQ''. 5=9.9999988 
log cos i c ~ log cos X43" « 9.9999998 



9.6005197 



Reject the tens in the index, 
and subtract the resulting in- 
dex from 10, prefixing the 
sign minus to the remainder. 



The 
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The natural number answering to the conunon log— 1 '6005 197 
is •39858385. 



log sine t h^log sine 7'.59*.5=7.3659128 
log line I c* log sine SUS" =7 0338796 



4*3997924 



Nat. num. antwering to— 6*3997924 

isooooosai. 



Hence -39858385 + -00000251 ='39858636 the natural cosine 
of the rectilinear ^a', answering to 66^30'.36'^23. 

(K) The remainder of the calculation is performed by the 
rules of Plane Trigonometry, and the criterion of the accuraicy 
of the observations is at once determined; for the sum of the 
three angles formed by the chords, and deduced from the sphe- 
rical angles, will always be equal to two right angles^ if the 
spherical angles have been correctly observed. 

In all cases the rectilinear angle a' differs but little from the 
spherical angle A, and to enable the calculator to obtain the ne- 
cessary correction, with as little trouble as possible, M. De- 
lambre has investigated a formula, from which he has con- 
structed a set of tables for determining, in an easy manner, the 
angles formed by the chords from the spherical angles. 

PROPOSITION VII. 

(L) The angles of elevation of two distant objects on the 
surface of the earth being gtven^ together with the oblique angle 
contained between the objectSy to find the horizontal angU. 

Let sp and ob be two objects ele- 
vated above the surface of the earth; 
D the place of the observe, z his zenith, 
and s and o two points on the siurface 
of the earth. 

The observed ^ will be pdb, and 
the horizontal or required ^ will be 
spo, measured by the arc so. 

In the spherical triangle pzb ; PZ, Bz 
and PBare given to find the Z. pzb, 
the measure of which is the arc so = 

/, SDO. 

sinei./.PZB= / "ne 4 (pb + pz --bz) . sine ^(pb+zb - zp) 

^ sine PZ . sine bz 

(H. 214.) 

But PJB is the measure of the observed Z. pbB; Pz is the com- 
plement of the arc sp, which is the measure of the Z. pds; bz if 
the complement of the arc ob, which is the measure of the Z. bdo; 
and the difference between any two arcs Pz and bz is equal to 

the 
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the difference between their complements sp and ob« Therefore 
sine^ilSDOz: y sini(pDB4-PDs~BDo).sini(PDB-t-BDo-PDs) 

^ . cos PDS . cos PDO 

the same as M. Delambre^s formula already given at page 88^ 
which formula is there illustrated by an example. 

(M) hi a trigonometrical survey, where a formula of the;same 
nature as that given above is usually applied,, zp and zb do not 
materially differ from 90% or the altitudes or depressions ps and 
BO, do not exceed 2° or 3""; in such cases, the problem will admit 
of a convenient and useful approxiipition, such as that given by 
Ltegendre at page 413, of his Elements de G6om6trie, sixieme 
Edition, and also by other authors. 

Let PS and bo be represented by H and A, and let d be the 
observed angle bdp and x the correction, viz. let D+«^ be the 
required angle =obs^ for theZ.ODs will always be greater than 

cos pb -^ (cos Pz • cos Bz) 

the Z. 9DP (H. 85). Now cos zr: \ — ^""TCITI 

' ^ ' sme PZ • sme bz 

(F. 213.) the radius being 1, viz. cos d4- jr= 

cos D— (sin« H . sine A) H* h* 

COSH. cosA ,butthecosineof H=l - Y+23^^&c. 

A» A* 
andcosineof A=l— — +-j-r-\ — &c. (E. 122.) and in very 

small arcs, the sines do not differ essentially from the arcs, 

cos D— hA cos D — hA 

hence by substitution cos d+x= ^_^^^^ _^^, = ^_^^a_^^> 

rejecting all the power of h and A above the second, as being 
small; but cos d+^=(cos d .-cos x) — (sine d . sine x) the ra- 
dius being 1, (2d Equation D. 109) and as a: is very small, by 
supposition, cos jr=:l the rad, and sine .r=»r, 

COSD— hA 

V cos D-sine d . j:'=g ^_j^ a_jt^a =(cos d— hA) ^ 

. (1 +iH*+iA') nearly, viz. cos d — sine d . x=cos D+i cos D 
.(H^+A*) — hA, by rejecting the smaller terms after multipli<« 

, hA— 4 cos D . (H-+A*) 
cation, hence x=r '^^^ *« correction of the 

observed angle d, the same as Legendre^s formula. 

(N) The preceding formula may be simplified, by follow^ 

X X ing 
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ing method of Legendrej thus, let i (H+A)=p and i (h—- A) 
=q, then p^ — f^=znh, and p*+y*=| (h*+ A*) and jr= 

p* — y* (p^+y-) . cos D p^—{p* . cos d)) —g^H-Cg * • cos d) 
sine D sine B "~ sine d 

1— cos D 1+cos D 

P* • — rr:,TTr "" ?* • — rn^rrr by reduction. A&rain^ 
•'^ sine D ^ sine d -^ , o ' 

1 — cos D 
tang i D = — - t he radius being 1 (L. 1050> and cot ■|i>= 

1 + COSD 

'■ g^^g p ; therefore x= (p' . tang i d) - {y* . cot -^ d). In ap- 
plying this formula to practice^ p and q are genially given in 
seconds^ x should therefore be expressed in seconds^ hence if r 
be the number of seconds contained in the radius^ the number 

p^ y* 

of seconds contained in a:= — - • tang 4 d— — • cot i d. 



SCHOLIUM. 

(O) The five preceding propositions, viz. from the 3d to 
the 7th inclusive, comprehend the principal rules and formulse 
used in the calculation of a trigonometrical survey, considering 
the earth as a sphere. The spheroidical form of the e^th will 
occasion a small correction, and require formulx somewhat dif- 
ferent, though of no great difficulty, but they are here omitted 
because they do not properly belong to spherical trigonometry. 

SOLUTIONS OF THE DIFFERENT CASES OF RIGHT-ANGL£I> 

SPHERICAL TRIANGLES, 

The different cases both of right-angled 
spherical triangles and of oblique-angled 
spherical triangles, have been already solved 
by logarithms, hut the subject is here re- 
sumed for the express purpose of concen- 
trating some of the priiicipal formulae. 

The three angles of the triangle are re- 
presented by A, B, c, and their opposite 
sides by a, 3, c, as in the figure annexed; 
r ==radius zisine of 90°. 

Case I. Given the hypothenuse and an angle, to find the 
side adjacent to the given angle* 

Solution. 
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COS A . r COS A . tang b tang b . r 

Solution. Tang c=i ^^^. -= — "='"71^1 — • 

^^ ' cot ff T sec A 

cot b . r sec a . r eot ^ . sec a 

^^^~~ cos A *~ tang b "^ r 

cos c . r. cos c . tang b tang^ . r 

And, Tang a= rT~= T = • 

' ^ cot b r sec c 

cot b ,r sec c. r cot b . sec c 

Cot fl= =-- 1 = . 

cos c tang: b r 

Gase II. Given the hypothenuse and an angle, to find the 
side oppose to that given angle. 

sine A • sine b sine A . r sine b , r 

Sol ution. Sine a = = t- = -. 

I r eosec b cosec A 

cosec b . r c6sec b . cosec a cosec A .r 



Cosec fl=" 



And, Sine c= 



sine A r sine b 

sine c . sine b sine c . r sin ^ . r 



Cosec r= 



r cosec b cosec c' 

cosec i . r cosec ^ . cosec c cosec c . r 
sine c "" r "" sine b 



Case III. Given the hypothenuse and one angle, to find 

tixe other angle. 

^ • _ sec ^ . r sec i . cot A cot A . r 

Solution. Tang c=: = zz ^-7- . 

° tang A r cosb 

cos b,r cos b . tang a tang a . r ■ 
Cot C=; ■ n = ; — . 

cot A r sec ^ 

^ _ rr» sec b,r sec i . cot c cot c . r 

And, langA= = =1 7-. 

° tangc r cos^ 

cos b . r cos ^ . tang c tang c . r 



Cot A=: 



cot C ?" . sec b 



Case IV. Given the hypothenuse and a leg, to find the 

angle adjacent to that given leg. 

tang c . cot b tang c . r cot 3 . r 

Solution. Cos a=: ■ = ;; — = . 

r tang b cot c 

cotc.7' cotc.tang^ tang^.r 

Sec An 7- = = . 

coc b r tang c 

. , -, tang « . cot 5 tang a^r cot b.r' 

And, Cosc= — 2. _ — ^— r-= — I — • 

r tang b cot a 

X X 2 Sec c=i 
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_ cota^r cotfl.tangi tangi.r 

Sec c= r-= =—; --. 

cot 4 r tang a 

ysinc(^-c) ^ ^ /sine {b-a) 

sine {c + J) ^dt^«gTC=rV ^^^y 

Case V. Given the hypothenuse and a leg to find the angle 

opposite to that given leg. 

sine c • r sine c . cosec h cosec b . r 

Solution. Sinec= ^.^^ ^ = ;;: ="^^;^#- 

' cosec ^ . r sine b . r sine b . cosec r 

Cosec czz — ^ r~— — = • 

cosec 4 sinec r 

sinefl.T* sinefl.cosec^ cosec b . r 
And, SmeA=-^^-j-= ; = ^^^^^ • 

cosec a,r sine i . r sine b . cosec a 

Cosec A= —7-= — : — "*•= :;:: — ' • 

^ cosec b sine a r 



Also, tang (45°+4c) = db V^ tang J: (^ +g) . cot j {b-^c) 
And, tang (45** + ^a ) = ± V' tang^if a) .coti(^-a) 



Case VI. Given the hypothenuse and one side or leg, to 
find the other leg. 

_ cos b . r cos b . sec c sec c .r 

Solution. Cos a=: 



Sectf= 



cosc r secb 

cos c ,r cos c . sec J sec b . r 



cos i r sec r * 

^ , _ cos i . r cos ^ . sec A sec ii . r 

And, Cos c= = — = 7-. 

cos a r sec^ 

_ cos a . r cos /> . sec & sec i . r 

bee c= r"= = • 

cos b r sec a 

Also, tang i a =\/tang 4^ (^+0 • tang i (^— c). 
And, tang ^ r=V^tang 4 (^+fl) . tang ^ (6— fl). 



Case VII. Given a side of the right-angled spherical tri- 
angle, and the angle adjacent, or joining to it, to find the side 
opposite to the given angle. 

^ rr. sin {: . r tang a . sin c tang A . r 
Solution. Tang a= = — 2 — — § , 

cot A r cosec c 

^ ^ cotA.r cosec c.r cosec c. cot A 

Cot «= — : =5 -t , 

sine c tang A r 

And, 
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. , ^ sin^j.r tznec.sma tanpc.r 

And, Tangc= = — = — ^ ^ 

** cote r (osectf 

^ cot c . r cosec a . r cosec a . cot c 

CotC = — : ssn =s . 

Sine a tang c r 

Case VIII. Given a side of a right-angled spherical tri- 
angle, and its adjacent angle, to find the angle opposite to the 
given side. 

cos c . sin a cos c » r sin a • r 
Solution. Cos cas — 



Sec c= 



r cosec A sec c 
cosec A . r cosec a . sec c sec c . r 



And, , Cos A= 



cos c r sin a 

cos a « sine c cos a • r sine c . r 



« r cosec c sec ii 



^<io<iec c . r cosec c • sec a seca.r 
cos a ~~ r ~ sine c * 

Case IX. Given a side and its adjacent angle, to find the 
hypothenuse* 

^ " cos A . r cot c. cos a cot r . r 
Solution, Cot^= 



Tang i= 
And, Cot *= 



tang c r sec A 

tang c ..r sec A . r sec a . tang c 



cos A cot c r 

cos c • r cot a . cos c cot a . r 



tang /I r sec c 



^ . tane a . r sec c • r sec c . tan? a 
° cos c cot tf r 



Case X. Given a side of a right-angled spherical triangle, 
and its opposite angle, to find the side adjacent to that angle. 

^ «. tang a . cot A tane a ,r cot a . r 

Solution. Sine ^= — ^^ =: — = . 

r tang a cot a 

_ tanp A . r tang a . cot « cot ^ . r 

. Cosec c= — ^ = — 2 = . 

tang a r cot a^ 

■ , ^. tangriT.cotc tangc.r cot c . r 
And, Sine/i=— 2 _, — ^ — , 

r tang c cot c 

-, ^'^^% c . r tang c . cot c cot c . r 

tang c r cot c 

Also, 
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ysine (A+tf) 
- -. sine (A -a)- 

ysine (c+c) 
sine(c-c)* 



'^1- 



Case XI. Given a side of a right-angled spherical triangle, 
and its opposite angle to find the adjacent angle. 

cos A . r cos A • sec A secg. r 
Solution. Sine c=:-^^^= ;; =lirr- 

sec A . r sec A • cos tf cos a . r 
Cosec c=- 



And, Sine A = 



sec a T cos a 

cos c . r cos c . sec c sec c . r 

cos c ^' r sec c 



sec c . r sec c . cos c cose . r 

Cosec A= =--- =~7^^* 

sec c r cos c 



Also, Tang (45°+ic)=±\/cot \ (a+a) . cot i (a-a). 
And, Tang (45° + i a) = ± v^cot 4^ (c -fc) . cot t (c - c). 



Case XII. Given a side for right-angled spherical triangle, 
and its opposite angle, to find the hypothenuse. 

. sine a . f _sine<j.cosecA cosec A.r 
Solution. Sine ^= 



Cosec i= 



And, Sine b= 



sine A r cosec a 

sine A . r sine A • cosec a cosec j.r 



sine a r cosec a 

sine c . r sine c . cosec c cosec c.r 



Cosec i: 



sine c r cosec c 

sine c . r sine c . cosec c cosec c • r 



sine c r cosec c 

Also, tang (4.5°+i^)=:±v/tang \ (c+c) . cot \ (c~c) 
And, tang (45*+i^)=±V^ang i (a-j-a) . cot J (A-a) 



Case XIII. Given the two sides, or legs, of a right-angled 
ispherical triangle, to find an angle. 

^ ^ sine c . r sine r • cot cot a . r 

Solution. CotA=- = = . 

tang a r cosec c 

Tang 
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» 

tang a. r tangtf.cosecc cos6cc.r 
lang A== — : rz- 



Andy Cot c= 



sine c r cot/i 

sine /» . r sine /i . cot c cot c , r 
tang^: "" r ""cosec a 



tang c . r tang c . cosec /» cosecu . r 

Xan&f c= — : — - — n ■ ■ := — — . 

° sine a r cot c 



Gase XIV, Given the two sides, or legs, of a right-angled 
spherical triangle, to find the hypothenuse. 

« ^ f ^^5 ^ . cos c cos /I . r cos c • r 

Solution. Cos *= -=:^ = , 

r sec c " sec a 

^ , sec/3f.r sec a. sec c sec c.r 
Sec i= = 



And, Cos i= 



Seti= 



cos c r cos a 

cos f . cos a cos c . r cos a . r 

r "" sec £1 "" sec c 
sec g . r sec c ,. sec a sec at • r 

cos ii r cos c 



Case XV. Given two angles of right-angled spherical tri- 
angle, to find a side, or leg. 

-, ^ cos a . r cos A . cosec c cosec c . r 

Solution. Cos a =—. — — = = . 

sine c r . sec a 

^ sine c . r sine c . sec A sec a , r "» 

Sec azz = == . 

cos A r cosec c 

* J g^ cos c . r cos c . cosec A cosec a . r 

Andf Cos c^ -; ss ' =s 

sine A r sec c ' 

„ sine A . r sine A • sec C sec c . r 

j>ec c= — -— =x — '= 

cos c r cosec a' 

Also, tang icrr^y tang (-i^^ 45^) . cot f^—- + 45*»V 
And, tang ia=^tang(^-4S") . cot (^^+45°). 

Case XVI. Given two angles, of a right-angled spherical 
triangle, to find the hypothenuse. 

Solution. Cos i=2i£^S2Ll=S2itir=,^«_L; 

r tang c tang a 
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Andf 



tang c . r tang c .tang A tang a . r 

See bzz ' Zmm in • 

cot A r cot c 

_ . cot A . cot c cot c . r cot A . r 

Cos ^=— = =-T z" • 

r tang A tang c 

tang A . r tang a . tang c tang c . r 



.=/ 



cot c r cot A 



, —cos (a-|-c) 
JUso, tang i o=i^ TTT^rrr* 

' o * ^^ cos (A CO C) 

GENERAL OBSERVATIONS ON THE SPECIES AND AMBIGUITY OF 

THE CASES. 

(P) This subject has been already explained sufficiently to an- 
swer every possible case, at pages 171 and 1725 but the species 
of the sides and angles may be determined from the equations 
produced by Baron Napier*s Rules, or from the preceding for- 
mulae, by attending to the signs of the quantities which com- 
pose the equations or formuls. 

The sides which contain the right angle are each of the same 
species as their opposite angles, viz. a is of the same species 
with A, and i is of the same species with a. (R. .140.) 

It may be propei* to observe that where a quantity is to be 
determined by the sines only, and a side or angle opposite to 
the quantity sought does not enter into the equation, the case 
will be ambiguous, thus in the xiith case, where sine ^=3 

sine a , r ' ^ , _ . . 

. — : •, the hypothenuse o is ambiguous. 

suie A 

. . . , _ . , . sine A. sine* , . 
Again, m the iid case, where sine a=s ^thesme 

4pf a is evidently determinate, because it is of the same species 
Vrith A which is a given quantity. 

(Q) When an unknown quantity is to be determined by its 
cosine, tangent, or cotangent, the sign of this value will always 
determine its species; for, if its proper sign be -|-, the arc will 
be less than 90 ; if the proper sign be — , the arc will be greater 
than 90^ (K. 94.) 

(R) Again, in Case vith, where rad x cos 4=cos ex cos a, it is 
obvious that the three sides are each less than 90% or that two 
of them are greater than 90**, and the third less ; as nO other 
combination can render the sign of cos c X cos a like that of 
cos b as the equation requires *. 



* Legendre's Geometry, 6th edition^ pa^ 381. 

QUADRA NTIL 
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qUADRANTAL TRIANGLES. 

The nature of these triangles and the methods of solvmg the 
different cases that may occur have been given at page 131 
et seq. 

(S) Any spherical triangle of which A^ B,- €» are the angles, 
and Uy by c, the opposite sides^ may be changed into a spherical 
triangle of which the angles are supplements of the sides a, by c, 
and the sides supplements of the angles A, b, c, (X. 134.) viz. if 
we call a') b', c' the angles of the supplemental triangle, and 
a^^ b'p d the sides opposite to these angles we shall have 

al—uor-a-y b'=180**-*; c'=180^— c 
cl-l^OT-Ai *'=180^-^B; c—180°-C 

Hence it is plain, that if a spherical triangle, has a side b equal 
to a quadrant, the correspondent angle b' of the supplemental 
triaixgle will be a right angle, and since there are always three 
given parts in a triangle, the supplemental triangle will be a right-^ 
.angled triangle, having two parts given to find the rest ; conse- 
quently, by finding the required parts in the supplemental right- 
angled triangle, the different parts of the quadrantal triangle 
will be known. 

(T) Formulae might have been Inserted for solving the difer- 
ent cases of quadrantal triangles, but this would be making an 
increase of formulae to very little purpose, since all quadrantal 
triangles are easily turned into right-angled triangles* . 

SOLUTIONS OF THE DIFFERENT CASES OF OBLiqJfE-ANGUD 

SPHERIcAt TRIANGLES. 

Case I. Given two sides of an oblique-angled spherical tri- 
angle, and an angle opposite to one of them, to find the angle 
opposite to the other. 

SoLtJTioi^. 

sine B . sine a sine o . sine a 

sine A — : — ; == r— ^ 

sme b sme c 

sine A . sine b sine c . ^ine b- 
sine B= — 



sme a sme c 

sine A . sine c sine b . sine c- 

sine c=;- 1 — z = — ' — = — Z 

sme M. sine b 



YT 




Cass U. 
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Case IL Given two sides of an oblique-angled spherical tri- 
angle, and an angle opposite to one of theniy to find the angle 
contained between these sides. 

Solution. Find the angle opposite to the other given side 
by Case L 

siine iic-j-ty 
Then, Cot iA=5^^^^j. tang t(c«)B) 

^ sinei(c+«) 

^ sinei(a+^) ^ . 

cosr.tangB , . , . tangcsinea 
Also, I. Tang f = ^^~* then, sine (y+A)= -^ — . 

cosT.tangc ' tang ^r. sine f 

II* Tmg f =; ;J5 j then, sine (f +b)=: — ^^^ — . 

cos^.tanfi^A ^ tane^.sine^ 

VI Tang f= ^^j then, sine (p+c)» ^^^ . 



■^■^ 



Casb in. Given two sides of an oblique-angled spherical 
triangle, and ^an angle oppoisite to one of them to find tlie 
other side» 

Solution. Find the angle opposite to the other given side 
by Case I, 

sine i (c+b) 
Then, Tang i a =-^^-^J^^ . tang i (« » *) 

sinei(c+A) . . 

^=^2 * ^= sinei(c«iA) * *^g * ^"^'^ 

^ sine4-(A+B) 

Tang i c=-: -7 r . tang i(fl^b) 

° * sine i (a c« b) ^ ^ 

cos b . tang c ''•^ cos ^ • cos f 
Also, I. Tang p= -^ ; then, cos (^^)== ^T^-* 

cos c • tangtf V s ^°s c . cosf 
n. 'FShg,^=- :^ ; then, cos (*->)= ^5^7- 

cos A. tang ^ V cos g . cos f 
in. Tang ?= ■ yjjj — -i then, cos (c- 4}= ^^T^' 

'. CaseR! 

I 

I 

i 



\ 
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Cas^ TV* Given two angles of an oblique-angled spherical 

triangle, and ft side opposite to one of them, to find tbe oth^ 

opposite side. 

^ sine A • sine b sine A • sine c 

Solution. Sine 0=-**- 



itfBtaMrfBMMHhM.*. 



Sine B sine c 

. ' ^ sine B . sin6 a sine B . sine c 

Sme i« — -"I :± : ^■^*» 

sine A sine c 

sine c • sine « sine c • siae i 
sine A sine B 



Sine i:=' 



Case V. Given two angles of an oblique-angled spherical 
triangle, and a side opposite to one of them to find the side ad« 
jacent to these angles. ^ 

Solution. Find the side opposite to the othef given angle 
;by Case IV. 

^ ^ sine 4 (c 4- 6) .^ 

Then, Tang i ^=sine i (cc«b) • ^^S i (^ «^ « 

sinei(A + C> ^ . 

Tang i 0^-. — 7-;^ r . tanc ^{a^t) 

^ * sine i (ac»c) *« » v ' 

. sinei(A+B) 

Tang^ciztf "' ■ 7^ — r . tane 4- (^ co j>) 
^ ® * sine ^ (a c» b) «» ^^ ^ 

cose, tang ^ ^ sine ^* tang c 

Also, I. Tang P= ' nui ^ *^°' ^"*® (a-y)= " tang b " "' 

« .^ ^ cosA.tanjjc , sine ^. tang A 

II. Tang ^= jig-f^l then, sine (*- ?)= - ^^^g ^ ■ 

^ cosB.tangA , slne^.tftftgB 

HI. Tangf = — -^i ihen,sine(g--y)a 'tangA "~- 

■ I ■ ■ fci I , . ■ ^1 ■ ■■ > I ifc ■<!■■■ M ■ t il l! ^ h - !■ ■ ■■ 

Case VI. Given two angles of an oblique-angled spherical 
triangle, and a side opposite to one of them, to find the third 
angle. 

Solution. Find the sid« opposite to the other given angle 

by Case IV* 

^ sine i (r+ h) 

Cot i A=-r*— 77— -T7 . tancr 4- (c go b) 

^^ sinei(di+c} 

Cot i B= . ■ ■ ;") ^^ X . tang i (A co c) 

* sine i (/ICQ c) o » V ' 

^ iine 4 (^ +*) ^ 

YT 2 Also, 



j4S GENEKAL SOLUTIONS OF BoOK III. 

cosA.tangc . . ^ . cos b . sine f 

Also, I. Cot?= ^^ ;then,sine(A~^)= ^^^ ^ . 

cose, tang A , . / v cose, sine ^ 
II. Cot ^= ^^^'. then, sine (B-f )= ^^^ ^ • 

cos^i.tangB , , , . COS. A . sine f 

in. Cot?= — 'r'^d"^' *^"* ^'"^^ (p-?)= — ^^TS • 



Case Vll. Given two sides of an oblique-angled spherical 
t^angle, and the angle contained between them, tp find the 
other angles. 
Solution. /^^ , .. cos j {a^ b) 



z' cos -^{a^Xic) 

i Tang + (a+c)=^^T7^:j^j . cot i 

J ^ sine i(aJ^c) 

/ Tans: ^ (a QQ c)=-: — r; ; . cot i 



B 



cos i (C CO J) 

•=+"> =cosi(c+«) • "* ^ ^ 
sine -I (c CO i) 

CQQB)= > ^ , /^ j^A\ -cot i A 

. ' sinei(c+^; 

AkOf / (cot ^ • si'^c i) — (cos c . cos i) 

sine c . 
(cot b . sine «) — (cos c . cos a) 
sine c 




t 



/■ (cot c . sine «)— (cos B . cos m) 

I Cot cr:-^ ' — r— ^ 

\ sine B 

'^ (cot a • sine i:)— (cos B . cos c) 

(cot b . sine c)— (cos A . cos b) 



CotBs 

Sine A 

(cot c . sine ^)— (cos A . cos b) 
Cot CSS " ■ ' . — ^ 

sine A 

Case VIII. 
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Case VIII. Given two sides of an oblique-angled spherical 
triangle, ^nd the angle contained between them to find the 
third side. 

Solution. Find the other two angles by Case VII, and then 

find the third side by Case V. 

^ ^ cos A . tang c cos c ^, . 

Or, Tang ?= -^ } t|ien, cos «=^ -cos (4-?) 

^ cos B . tang a ^ ^ cos a ' ^ 

Tang ^= r""^^> then, cos 4= • cos (c—<p) 

^^ rad cos^- ^ ^ 

^ cos c . tang b . ^os h , . 

Tang^= J ; then, cos^:= . cos («— 0) 

^^ rad cos^ v r/ 

Or, ihe sides a, 4, ore respectively, maybe found hjthe/ourlk 
set of equations, page 213. 



Case IX. Given two angles of an oblique-angled spherical 
.triangle, and the side adjacent to both of them, to find a side 
opposite to one of the given angles. 

Solution./^ , ,, cos4(ac»b) 

\ Tang i (-+*)= cos i(A+B) '*^Sic 

_ , ,^ sine 4 (a ^b) 

, . COS i ( A C» C) 

Lang4(«xc)=^^— ^— . tangi* 

. COS i (C CO b) 

Tang i (c+^)= ,„3^(c^„) . tang la 

^ ^ . sine j- (c c/^ b) 

Tang Mc«: *)=-;j^^q-;j . tang 4 « 

Also, /"^ (cot A . sine b) f (cos b . cos c) 

* Cot a=: • : ^^ 

sme c 

(cot B . sine a) 4- (cos A . cos c) 
Cot p= 

sine c 

(cot c . sine a) f (cos A . cos B\ 

Cot c=^ r^-T ^ 

sme a 




^ (cot A . sine c)+(cos c . cos ^) 

Cot tf= : ^ ' ■ ' ■ 

sme^ 



Cot^s 
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(cot B • sine c)-f (cos c . cos a) 

Cot 6'^^- /—^ • 

sine a 

^ (cot c . sine B)+fcos b . cos a) 

Cot €=i' f-- 

Sine a 



Case X. Given two angles of «in obliaue-angled spherical 
tnangle, and the side adjacent to both of them^ to find the 
other angle. 

Solution. Find the other txro sides by Case IX> and then 
find the other angle by Case VI. 

_ _ cos tf . tane c , sine (b — f) 

Or^ Cot 0= — T-^ — } then, cos A=:cos c • : 

^ rad sine ? 

_ cos 3 . tancf a _ sine (c— a) 

Cot «= :; ; then, cos b=:cosa. :-^ 

^ rad sine f 

^ cos c . tanc: B , sine (A— 0) 

Cot «= ; — 2 — . then, cos c=cos b . r^ ^ 

rad sine p 

Or, the angles A, b, or c, respectiyely, may be found by the 
sivin set 01 equations, page 214. 

Case XI. Given the three sides of an oblique-angled sphcit- 
cal triangle, to find the angles. 

Solution. Leta+3+c=^, then 

* / sine ijs-b). sinews - c ) 

I. Dme4-A=radi^ : 7 — : — 

* ^ sine a . sine c 

,, ^ / sine i s . sine i (s-^a) 

* II. Cos i Asrrad^ 1 — 7 — : 

* ^ sine 9 . sine c 

/ sine (js-^ It) .sine {js^ 

in. TaBg 4- A=rad^ . -. — 7- r-" 

° * ^ sine i s . sine {i s—a) 

i\r n ^ , J / sinei5.sine(i^-fl> 

Iv. Cot i A=rad^ -1 — 77- — t: — : — 77- — -t 

* ^ sine(4-5— ^). sine (1^5-- c) 

/sine {j s-a) . sine(i^-^> 
I. Sine i B=rad4^ : r — 

* ^^^ sine a . fiinp c 



IT rr , J / sine -J: . y. sine (i^-^) 
IL Cos -i B=radi^ •: ■ ■ ■ ' 

* '^^ sine a ^ sine r 



m. Tug 



N 



i 
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TTT rr . J / sine (jJf-g) .sine {js-c) 

HI. Tang 4 Basradi^ —. 7-- — : — 77- — tt- 

*^ ^ $ine i 5 . sine (^5— *) 

™ . ^ . / sine i s . sine (+ s— b) 

IV. Cot i Bizrad^y -: — tt r-^^n-^\ 

"^ ^ sipe(i5— /j).sine(i*— ^) 

• e- , J /sine (i5--^) . sine {\s-'a) 
L Sine 4. cs=ra(W ^^: ^—^ — 7 — ' — 



n. Cos i c=rady^55II55i5^ 



sine (i^~^), sine (i^-fl) 
sine i s . sine {is—c) 

IV. Cot^c=rady3^Iiif32pE 
^ ^ sine (i^ — ^} • sine {is—c) 

Or, the angles A^'b, or c, respectively, may be found by the 
formulas C. 212. 



* "" * . *» >■ 



Case XIL Given the three angles of an oblique-angled 
spherical triangle, to find the sides. 

Solution. Let a-|-b4-c=s, then 



/ cos JS.COS (i-S-A). 

L Sine i <i=:nid^ — ^ 



sine B , sme c 



n Cos ' a-radV''°'^^'"'^''°'^^'^ 



sme B . sine c 



___. / cos i s . cos (t s — a) 

in. Tang i a^x^AiJ ji 7: 71 7 

^* ^ cos(is — c) .cos(| s— b) 

^, ^ , /cos (i s— c) . cos (t s— b) 
IV. Cot i tf=radV — ^V— ^ TT^ — r^ 

* ^ cos i- S . cos (is — A) 



/ COSiS.COS(iS~B) 

I. Sme -f. 6=:rad^ — 



sme A • sme c 



IT r. , 1 J /cos(is-A).cos(is-c) 
II. Cos|.3=:rad^ : — : — : — 



sine A • sme c 



m. Tang 
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III. Tang 



IV. Cot 4 




yCOS t S . COS (f s — c) 
sine A . sine B 



/cOS(t9-A).CQS(f S-b) 

II. Cos i csaradi^ - " ^ 



.^m^»— .-m 



Sine A • sine B 



TTT T- X.^ A I C OSiS.COs(tS-c) 

III. Tang f czrrad^ -rr ; 77-- — -r 

°* ^ cos(ts — a) .cos(t s — c/ 

TTr n . -L J / cos (fs- a). C OS (js-p) 

IV. Cot f c=rad^ 1 rr \^ 

* ^ cos t s . cos (f s — c) 

. Or, the sides a^ hj or c, respectively, may be found by the 
formulae in xhejlfth set of equations, page 214. 

- OF THE AMBIGUITY OF THE BiFFERENT CASES. 

(U) When two sides, and an angle opposite to one of them^ 
are given to find the rest (see Case ist, iid, and Hid) the values 
of these required parts are sometimes ambiguous. * 

(W) Rules for determining whether the quantities sought 
are acute, obtuse, or ambiguous, have already been given in 
the solutions of the di£ferent cases. 

l^he two following tables are the same as those given bj 
Legendre at pages 400 and 401 of the 6th edition of his Geo- 
metry, and are deduced from Prop, xvii, page 145> and Prop, 
xviii, page 146 of this treatise. 

Table I. Let a, a and b be the given parts. Then, 

1 A .^Ckrfi k,^a/\<* i ^"3^ one solution. 

{acrt two solutions. 

o A P-ono A— ,on« ( tf +*-a 180° one solution. 
J. Acryu,£^-3yu j^^.^j-|8o^ ^^^ solutions. 

3. A-:.90-, *c-90°^+*"='!^^^^° solutions. 
^ \a+icri8Qf^ one solution. 

4v A-^ 90% b-n90-h'^i ^^^ solutions. . 
' ( acb one solution. 

If A=90% fl=ft, or fl-f ^=180, the cases will not be ambi- 
guous, but if i = 90**, there will be two solutions. 



A"^ B two solutions. 
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When two angles^ and a side opposite to one of thenij are 
given to find the rest (see Case ivth, vth, and vith), the values 
of the required parts are subject to ambiguity; this triangle be- 
ing supplemental to that wherein two sides and an angle op* 
posite to one of them are given. 

Table II. Let a, b, and a be the given parts. Then, 

.,» f A c-B one solution. 

«> ^-^QO^ Q^(A+Bir-180^ one solution. 

' {A + B-a 180 one solution. 

' ■( A"3B one solution. 

If a=90®, A=B, or A + B = 180% there will be but one solu* 
don, but if b=90% there will be two solutions. 

(X) We may likewise remark, that, since any side or angle of 
a spherical triangle is less than 18Q% the half of any angle, or half 
the difference between any two sides, or half the difference be- 
tween any two angles must be acute. 

Hence in the equation, where cot f c . cos f (« — i)=tang -J 
(a+b) . cos f (a+b) (0.218) it is plain that cot i c and cos f 
(a—f) are both po3itive (K. 94), aad therefore tang J- (a -f b) and 
cos i (a+b) must be both positive; consequently, half the sum 
of any two sides of a spherical triangle is of the same species as 
haff the sum of their opposite angles. This rule has been ap- 
pUed in the practical solutions of the different cases, 'and wilL 
frequently remove the ambiguity which would otherwise arise^ 
lirhere a quantity nought is to be determined by means of a sine. 
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BOOK IV. 
THE THEORY OF NAVIGATION, 



CHAPTER h 

DEFINITIONS AND PLANE SAILING- 

(A) NAVIGATION is the art of finding the latitude and 
longitude of a ship at sea, and her course and distance fron; 
that place to any other given place. 

(B) The Earth is considered as a perfect sphere or globes 
revolving on an imaginary line called its axis, from west to east, 
in twenty-four hours. This rotation towards the east causes aH 
the heavenly bodies to have an apparent motion from east to 
west. 

(C) The equator y generally called the line by seamen, & 
vides the globe into two equal parts, called the northern and 
southern hemispheres. 

(D) ]kferidia7is are great circles cutting the equator at right 
angles, and passing through its poles. Every point upon tfie 
suriface of the earth is supposed to have a meridian passing 
through it. That meridian passing through Greenwich is called 
the^rst^ meridian. 

(E) Longitude of places on the earth, is reckoned on the 
equator from the Jirst meridian. If they be situated eastward 
of the first meridian, they are said to be in east longitude; if i 
westward, they are in west longitude. The greatest longitude j 
on the earth is ISO degrees. 

(F) The difference of longitude between two places, is an 
arc of the equator, contained between the two meridians pass-r 
ing through these places. 

(G) The latitude of a place on the earth, is reckoned from 
the equator, upon a meridian passing through the place. The 
greatest latitude a place can have is 90 degrees. 



* It is'necessary for the purposes of Ckography and Navigation, tt.eaU tM 
meridiaii ef some remarkable place, the^rff meridian, and to estim^taietap) 
gitudes of all other places from that meridian. And» as all the taSlbindjI 
Nautical Almanac, and other £nglish astronomical tables, are adapted to fit 
meridian passing through the Royal Observatory at Greenwich, our seaneB 
always reckon t&ir longitude from that meridian. 

(H) PmUck 
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. • (H) Parallels of latitude are small circles parallel to the 
aquator. Every place upon the surface of the earth is supposed 
to have a parallel of latitude passiiig through it^ 

(I) The d^erence qf latitude between two places, is an arc 
of a meridian contained between the parallels of latitude which 
pass through these places* 

(K) Meridionai distance is the dlstsince between the meri^ 
dian sailed from^ and that arrived at, and is reckoned on that 
parallel of latitude which the ship is in. 

(Ii) The viariner^s compass is a representatioti of the ho* 
rizon; and is divided into 32 points, each point II**. 1 5'. 

(M) The variation of the compass is the deviation of its 
points from the correspondent points of the horizon. When 
the north point of the compass is to the east of the true north 
point of the horizon, the variation is east ; if it be to the westj 
the variation is west. 

(N) If a ship be steered due north, or due south, her di* 
stance sailed is equal to her difference of latitude; and her track 
will be on some meridian. 

(O) If a ship be steered due east or west, her track will bci 
either on the equator, or some parallel of latitude; and the 
distance sailed wUl be equal to her departure, or meridionai 
distance. 

(P) If a ship be steered towards any point of the JiorizdH 
between the north and east, north and west, sonth and east^ 
or south and west; the track she describes will be a Rhumb 
line* 

(Q) A Rhumb line Is a curve upon the surface of the sphere^ 
cutting all the meridians in equal angles. 

(R) The anirse of a ship is the angle in which the track 
die describes cuts the meridians. 

(S) The bearing between two places on the same parallel of 
latitude is east and west, on the same meridian north and south; 
in all other situations it is a rhumb lin^, continually approaching 
the pole. 

(T) The departure is the whole easting, or westing, the 
ship makes in any single course* 

i»ROPosiTiON I. f Plate HI. Fig. 2.) 

,. (U) In sailing upon a Rhumb line the differences of Uttu 
''4lmes are proportional to the distances sailed. 

'^ > liCt P represent the pole, wo^ a portion of the equator^ 
iActeuiA a rhumb line, or the track described by a ship sailing 
from A to I*; AP} dtyfv^ gi^t j^p, &c. meridiims; ii^ hcykz^ &o 

z z 2 parallels 



-^ 
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parallels of latitude; and let the elementary triangles aUj ihc^ 
ckzj zte, ficc. be conceived so iftdefinitely small as to difier in-*^ 
sensibly from plane or rectilinear triangles. 

Then, the angles lAbj hbe, kcZy &e. are equal (Q. S55) ; and 
the angles Alb, Mc, ckz, &c. are right angles, for the parallels 
of latitude cut the meridians at right angles. I'herefore all the 
elementary triangles Aii, bhc, ckz, Zte, &c* are equiangular and 
similar. 

Hence, kb : Ai ::bc: bh ::cz : ck iiiex it, &c. (EucHd. VIr 
and 4.) Therefore, Ab : At :: A^+k-f cz + ze, &c. : AI+M+ 
€k+zt, &c. (Euclid. V. and 12). That is, 

Ab : Ai : : AL : a/; where a^ and al are distances^ and At 
and a/ correspondent differences of latitude, q. e. d. 

PROPOSITION II. C Plate IIL Fig. 2.) 

fW) In sailing upon a rhumb line, the departure correspond 
dent to any course and distance, is equal to the sum of ail the 
intermediate departures. . 

-For, as in the preceding proposition, 

Ab lib wbcinc I'.cz ikz ii ze : te, &c. (Euclid. VI. and 
4.) Therefore, a* : ib ii Ab^- be ^ci+ze, &c. : ib-\-hc-\-kz'\- 
te, &c. (Euclid V. and 12.) Btit the whole distance al is 
equal to the sum of all the intermediate distances kb+bc^ 
cz, tec. ; hence, Ab : ib : : al : ib-^hc-{'kz-\-te, Sec. q^ e. d. 

(X) Scholium. Hence it appears that the meridional di* 
stance, departure, and d^'ereiue of longitude, are essentially 
different. Let a ship sail from a to l, when she arrives at L 
her meridional distance will be il, her departure ^+Ai:+A:z+ 
te, &c. and her difference of longitu^le \vr£. But the meridional 
distance is evidently less than the departure (which is equal ta 
the sum of all the arcs ib'\-hc+kz, &c.); because the several 
meridians converge towards the. pole; and for the same reason 
the difference of longitude we is greater than the departure. 
Again, let the ship return front l to a along the rhumb line 
isA, her meridional distance will then be Aa, and her departure 
xu-\-'We-\-qz-^gc, &c. the same as before; for the elementary 
triangles are equal, an equal portion of the ship's track being 
the diagonal of each. Here the meridional distance Aa is 
greater than the departure ; hence in the same course, or track, 
backward and forward, the departure and difference of kaigi-| 
tude remain the same^ but the meridional distance is varkbkt 

(Y) While the course remains the same, it has been shewnl 
that the departure is greater than the meridionaL distance liJ 
and less than the meridional distance Aa ; yet it is v^ry nesfflf I 
•qu8^ to the meridional distance mn, in the middle latitude, be*' 

tweea. 
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tween the latitude sailed from, and the latitude arrived at.- 
This was probably a casual discovery; and when the places are' 
near the equator, or when their parallels of latitude are not very 
far distant from each other; the nautical conclusions, drawn 
from a supposition that the departure is equal to the meridional 
distance, in the middle latitude, between the latitude sailed 
from, and the latitude arrived at, are very nearly the same as 
the conclusions derived from Mercaior^s sailing. But in high 
latitudes, or in a long run, when the course is not near some of 
the four cardinal points, this method is not sufficiently accurate- 
And, if a ship sail upon several courses, she makes a less de- 
parture near the pole, and a greater departure near the equator, 
from one place to another, than if she were to sail in a direct 
course ; yet in such small distances, as a day's run, the differ* 
«nce is almost insensible. > 

PROPOSITION III. f Plate III. Fig. 2.) 

(Z) Straight lines eqiud in length to the distance ruUf differ*, 
tnce of latitude f and departure^ form a right^ngled plane tri^ 
an^k; having the angle opposite to the departure equal to the 
sh%p*s course^ 

VoT it is shewn (U. 355.) ttat, 

Kb : Ai : : al : kly or kb > al ." : Ai : kl\ and by W. 356. we ' 
have A& : AL : : ti : ib + hc^kz-^-te^ &c. therefore kii d : : ib : 
ib + he -\-kz + te, &c. But the small elementary triangle is con- 
sidered as straight lined, and. is right-angled at a ; therefore the 
triangle to which it is similar,^ may be considered as straight 
lined; al will be the hypothenus^, a/ the difference of latitude, 
and the departure H-^-hcy kz, te, &c. 

(A) All problems solved by the preceding propositions are 
said to be in plane sailing; because the very same conclusions 
would be drawn, if the earth were a plane, and all the meridians 
parallel to each other. Hence it appears that plane sailing is 
true, so far as course, distance, difference of latitude, and de- 
parture, are concerned. ' 

(B) Scholium. Since, from the third 
proposition, the distance run, difference 
of latitude, and departure form a plane 
triangle; let ca in the annexed figure 
represent the distance, cb the difference 
of latitude, ab the departure, and the 
angle Acb the course (S. 42.), then will 
CAB be the complement of the course. 
Hence are deduced the following pro- 
portions for solving all the cases that can 
occur in the practice of plane sailing. 

1. Radius 
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1. Radius. 
I distance; 
: : sine of the course, 
: departure. 

3. Cosine of course, 
: diff^. of latitude f 
: : radius, 
: distance^ 

5. Distance, 
radius ; 

: difference of latitude ; 
cosine of course. 

7. Sine of course, 
: departure, 
: : radius, 
: distance. 



2. Radius, 
: distance; 

: : row'wtf ^ /A^ ceurse^ 
: difference of latitude* 

4. Cosine of course, 
: rfz]^. of latitude i 
: : jmd o/" course J 
i departure. 

6. Distance, 
: radius; 
i : departure, 
\sine of course. 

, 8. «yme of course J 
: departure-, 
: : co«n^ of course, 
: difference qfhtitudc^ 



9. Difference of latitude^ 
: radius } 
: : /Ae departure, 
: tangent of the course. 



For, 

1. Rad r AC : : sine of c : AB 

2. Rad : AC : : sine of Ascos c 

3. Cos c : Bc : : rad : Ac 

4. Cos c : BC : : sine c : AB. 

5. AC : rad : : BC : cos c 

6. AC : rad : : ab : sine of c 

7. Sine of c : ab : : rad : AC 
%. Sine of c : AB : : cos c : BC 
i fic : rad : : ab : tang c 



(From the 2i/ 
{\stand2d.) 
(2rf inverted^) 
{1st inverted.} 
(From the first.) 
(1st and 2a.) 
(Y. 3S.) 



CHAPTER 



( 359 ) 



CHAPTER IL 



PARALLEL ANP MIDDLE LATITUDE SAILINC. 

(C) When a ship sails directly east or west, upon any pa-» 
rallel of latitude, the method of finding her difference of lon- 
gitude, distance, &c. is called parallel sailing. 

(D) Middle latitude sailing is founded on a supposition^, 
that the meridional distance, halfway between the latitude sail- 
ed from, and that bound to, is equal to the departure which the 
ship makes in sailing from the one latitude to the other. It is 
9 compound of plane^ and parallel sailing. 

PROPOSITION I, (Plate III, Fig, 2.) 

(E) In sailing upon any parallel of latitude ^ or directly east 
or west ; the cosine of the latitude, is to radius, as the distance 
run, is to the diff'erence of longitude. 

Let c be the centre of the sphere, P the north pole, woqe 
an arc of the equator; pww, pno, meridians; mn the dis- 
tance run on the parallel wws, and wo the difference of lon- 
gitude. 

In the plane of the parallel mns, draw mr, nr, meeting Pc 
the axis of the sphere in r ; and in the plane of the equator 
woQB, draw wc, oc, meeting the axis of the sphere in 
c: then the angle mm is equal to the angle wco (R. 132.); 
therefore the arcs mn, ^nd wo are similar. {Stp7ie*s Euclid. VL 
and 33d, corol.) Hence, 

mn : parallel of lat. : : wo : equator. 
Or, mn : wo : : par^lel of lat. : equator. 

But the circumferences of circles are as their radii {Simpson^ % 
QeQmetry VIII. and 4th); therefore 

vir : wc 2 : parallel of lat. : equator. 
Consequently *?2r : wc : : mn : wo. 

But mr is the sine of the ^c pm, or the cosine of the lati- 
tude wwi, and wc is the radius of the sphere. 

Therefore, cosine lat. : radius : : dist. : ditf. long. Q. e. n. 

(F) Corollary I. Radius, is to the cosine of the latitude; 
0^ t/ie 4^erence of longitude is to the distance run, 

(G) Corol- 
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(G) Corollary II. The distance betweeii any two merU 
dianSj on one parallel of latitMey is to the distance between the 
same two meridiayis on any other parallel^ as the cosine of t/ie 
latitude of the first parallel, is tq.t he cosine of the latitude of the 
second. 

(H) Scholium. Thb proposition and Corollary I. will solve 
all the cases that can occur in parallel sailing. Examples ex^ 
jercising these cases have been given already ^t page^l. 

« 

PROPOSITION ir. ^Plate III. Fig. 2.) 

(I) Cosine of the middle latitude (viz. the latitude halfway 
between the latitude sailed from ^ and tliat bound to J, is to ra» 
dius^ as the d^parturcy is to the difference of longitude (nearly). 

Let A./fl represent the parallel of latitude sailed from, /l that 
Jjound to, mAz^n the middle latitude between these parallels, 
and hbczeui^ the rhumb line, or track of the ship, in sailing 
from A to L. 

Now whether the ship sail frpm A to L, or from L to A, it 
has been shewn in the scholium', X. S,56. that the departure 
will be ih-i-hc^kz-VtCy &c. and (Y.»S56.) this departure is 
nearly equal to the meridional distance m^zjn. But, 
Cosine wm : radius : : mAtz^n : woqe. (E. 359.) 

Viz. Cosine mid. lat. : rad. : : departure : diff. long, (nearly.) 

^. E.'P. 

PROPOSITION III. (Plate III. Fig. 2.) 

(K) Difference of latitude, is to the difference of longitude; 
as the "cosine of middle latitude, is to the tangent of the course 
(nearly). 

For, diff. lat. : radius : : dep. : tang, course (B. 357.) 

And cos. mid. lat* * radius : : dep. : diff; long. (I. 360*) 

Hence, diff. lat. x tang. course=:radiusx dep. 
^ And, COS. mid. lat. X diff. long»==radius x dep. 

Consequently, diff. lat. x tang, course = cos. mid. lat. >^ diff. 
long. 

••• Diff. lat. : diff. long. : : cos. mid. lat. : tang, course. a.E.D, 

(L) Corollary. Cosine mid. lat. : tang, course : : diff. la(. 
: dff. long, (nearly.) 

PROPOSITION IV. (Plate III. Fig. Q.) 

(M) . Distance sailed, is to the difference of longitude, as co* 
sine of the middle latittule, is to sine of the course (nearly). 
For, radius : distance : : sine of course : dep. (B. 357.) 
Andi cos* mid. lat. : Tadius^ : : dep. : diff. long. (I. 360.) 

Hencei 



\ 
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Hence, radius x dep.=:distance x sine of course. 

And radius x dep.=:cos. mid. lat. x diff. long. 

Consequently, distance X sine of course=cos. mid* lat. x diff. 
long. 

*•' Distance : diff. long. : : cos. mid. lat. : sine of course. q.e.d« 

(N) Scholium, llie second, third, and fourth, propo- 
sitions, include all the cases that can occur in the practice of 
middle latitude sailing; the several proportions, for the sake of 
uniformity, are here collected. 



1. Radius^ 

: difference of longitude : 
: : cosine of middle latitudey 
: departUKe. 

8, Difference of latiitukf 
: difference of longitude; 
: : cosine of middle latitude y 
tangent of the course. 

5. Cosineqf middle latitude, 
: sine of the course; 
: : distance f • 
: d^etence of longitude. • 
See pages 261 and 262. 



2. Cosine of middle latitude, 
•.departure; 
: : radius, 
: difference of longitude. 

4. Cosine qf middle latitude, 
: tangent of the course; 
: : dmerence qf latitude, 
: difference of longitude* 



CHAPTER in. 



iuercator's sailing. 



(O) Mercator^s sailing is the art of finding on a plane 
^rface, the motion of a ship upop any assigned course by the 
compass, which shall be true in latitude, longitude, and distance 
sailed*. - ' 

(P) In a Mercator's chart, from which tins method of sail* 
ing is derived, the degrees of longitude are every where equal, 
the degrees of latitude increase as you approach the poles, and 
the rhumb line, or track the ship describes, is represented by % 
straight line. 

(Q) On the globe the degrees of latitude zre everywhere 
equal, and the degrees of longitude decrease as you approach 
the poles: that is, the distance between any two 'meridians in 



t* Thif includes the whole theory and practice of navigatioB, and if any me- 
thod could be devised for measuring a ship's connc and £itaiice truly, nothing 
Aiore wo\|ld be wanted to complete the art. 

S A any 
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any latitude, is to the difference ef longitude between these me* 
ricUans, as the cosine of that latitudes is to the radius. (F. S59.} 
Bat» on a Mercator's charts the cUstance between any two meri- 
dians is made equal to their difference of longitude, and conse* 
qitently the paratltls of btitude ave enlarged^ in the ratio of the 
cosine of the latitude to the radius: now, in order that the angle 
which the rhumb line makes with the several meridians on the 
duurtji may coirespond with the same an^Ie on the globe, it 
will be necessary to increase the meridians m the same ratio^ by 
which the parallels of latitude are increased, viz. as the cosine of 
the latitude is to the radium, or which is the same thing, as the 
radius b to the secant of the latitude. Hence the degrees of 
the meridians on a Mercator's chart increase towards the poles, 
as the secant of the latitude increase ; likewise all the parallels 
of latitude, and every part of them, are larger than they are 
on the globe in the ratio of the radius to the secant of the Iati« 
tude. Hence, though the latitudes, longitudes, and bearings of 
places are truly represented on a Mercator^s chart, the distances 
are distorted in vai^ious proportions. To render these observa- 
tions more clear, let us suppose wel/ {Plate FI. Fig. 24.) a 
Mercator's chart, constructed to represent the spherical sur&ce 
wel/ {Plate III. F'^.S). Then vfl\ 10,10; 20,20; &c are 
meridians; ABczeuL a rhumb line; iB, BC, Jcz, Ttf, tu, &c. pa- 
rallels of latitude, each straight line on the chart representing 
its corresponding arc on the spherical surface. 

The meridians in this projection being parallel to each other, 
IB is equal to w, 10; hence IB is the difierence of longitude on 
the chart, corresponding with ib on the sphere. Therefore 
COS. Vfi : radius : : a& : iB (E. 359.). 

Now to make the elementary triangle aib on the chart, equi- 
angular with A,ib on the sphere, the difference of latitude u 
must be increased in the same ratio with the departure t'^; hence 
cosine wi : radius : : AZ ; ai. But the cosine of any arc is to the 
radius, as the radius is to the secant; therefore radius : secant of 
9ri : : a« : ai. 

(R) But A^* is an. indefinitely small portion of the sphere, 
which is increased to ai on the chart. Let us suppose the ra* 
dius of the sphere an unit,, and the difference of latitude At 
1 minute*; then the last proportion will be 1 : secant wi :; 
I' : Ai ; consequently ia this case, the increasied minute will be 
eqnal to the secant of tha latitude. 

(S); H'ence it follows that the natural secant of any lati- 

^' 1% b tfHdent that if Ai w«re to refiraient a. smaller portion of die meridiJD 

thiii.ao0.|tuiuitt, db»cooditi«iaBt«derived^£r9m svch a^uppoaitioa would be more 
acoinite. 

tud(?> 
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tucftr, will be equal to the increase, of ihe next mintite oh the 
chart, nearly. 

(T) The meridional line an a Mercator^s chart {construeted 
on the above principles J is equal in length to the sum of all the 
natural secants of every minute of latitude contained in it. 

Thus suppose the dliference of latitude a/ on the sphere to 
be 6 minutes, then the enlarged meridian a/ on the chart is 
equal to Ai + BH+CK-fzT+eY + u, 50; and these arethe se- 
cants of wa; 10, b; 20, c; 30, sb; &c. 

Hence is derived Mr. Wright's method of constructing a 
table of meridional parts* 

(U) The difference of latitude (in geographical miks) be- 
tween two places on the globe, is generally called the proper 
difierence of latitude, to distinguish it from the difference of 
latitude (in geographical miles) on the chart, which is called the 
xneridional difference of latitude. 

(W) A plane right-angled tricmgU formed by the ship^s 
course, distance, difference ^ latitude j and departure (Z.357.), 
will be similar to a plane triangle formed upon a Mercator'^s 
chart, by the enlarged distance, meridional difference of latittuie^ 
and difference oflmgitude. 

For all the elementary right-angled triangles on the sphere^ 
/'Plate III. Fig*2»)mz. kibi bhc, ckz, zte. Ice are equiaii«- 
gular and similar (U* 355.); and from the very nature of the 
chart, the elementary triangles f Plate VI. Fig. 24.) aib, bhc^ 
CKZ, zTt?, &c. are likewise equiangular and similar, not only to 
each other, but to the elementary triangles Ai<6, hhc, &c. on the 
q>here. , 

Now the elementary triangles (»i the sphere, may be truly re^* 
presented by a plane triangle (Z. 357.); therefore the elemen- 
tary triangles on the chart nuiy likewise be truly represented by 
a plane triangle; equiangular and similar. 

<X^ I. Mr. WmcHT^s method of constructing a table of 
meridional parts. 

Meridionalpartsof l'=NaturaI secant of V 
M. P. of 2'=:Nat. secAnts of l'+2' 
M. P. of 3'=:Nat. secants of l'+2'+ 3' 
M. P. of 4'=Nat. secants of l'+2'+S'+4 
M. P. of 5'=:Nat. secants of l'+2'+3'+4'+5', ttc. 
Henee by a table of natural secants, as Sherwin's Tables, or 
Dr* Hutlon's. 

M. P. of I'—IOOOOOOO, Nat. sec. I'=?r0000000. 
M. P. of 2' =^0000002, Nat. sec. 9'= 10000002. 
M. P. of 3'= 3*0000006, Nat. sec. 3'= 1-0000004. 
M. P. of 4' =:4-©00001 3, Nat. sec. 4'= 1 .0000007. 
M. P. of 5'=5'0000024, Nat. sec. 5'= 1.000001 l,&c. 

3 A 2 And 
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Aud by adding together the natural secants of a few pagesj in 

either of the above mentioned books, you will find 

The meridional parts of 1 degree = 60-0031231, 

M. P. of 2 degrees = 120-0246423. 
M. P. of S degrees = 180*0829505. 
M. P. of 4 degrees=240-1963752. 
M. P. of 5 degrees=300-3833699, 

(Y) In this manner (by a continual addition of the secants) 
Mr. Edward Wright formed the first table of meridional parts 
which is contained in his celebrated work intitkd. Certain 
Errors in Navigation Detected and Corrected. This book was 
first published in 1599. Mr. William Oughtred was the next 
who constructed a table of meridional parts, by the continual 
addition of the intermediate secants of ^5 1t» 24^, &c. minutes; 
and these tables were again corrected, and extended, by Sir 
Jonas Moor. 

(Z) It must be admitted that Wright^s method of construct- 
ing a table of meridional parts is not strictly geometrical; for 
the cosines of any two parallels of latitude are not precisely the 
same) even if you suppose the common difference between these 
parallels, to be less than one minute of a degree, and the secants 
of such parallels do not increase in any regular ratio. A table 
constructed on Wrighfs principles, in high latittides, will exceed 
the truth, a small matter. This, the learned author was sut 
ficiently aware of; for he says he rejected some of the decimal 
parts of the secants in making hi§ t^ble, *^ Because that indeed, 
** at every point of latitude, a minute of the meridian in this 
^* nautical planisphaere [3/(ffr^a/or'^cAflrO hath somewhat lessc 
** proportion to a minute of the parallel adjoyning towards the 
^* JKquin^ctial^ then the secans of that parallels latitude hath to 
•* the whole sine. But in this table it was thought sufficient to 
*' use such exactness as that thereby (in drawing the lineaments 
^^ of the nautical planisphaere) sensiUe error might be avoided. 
'' He that listeth to be more precise may make the' like tsdbles 
*' to decades or tennes of seconds^ out of loachimus Rhaticus 
** his Canon magnus triangulorum. Notwithstanding the Geo- 
** metrician that desireth earact truth, cannot be so satisfied 
" neither." 

(A) II. Another Method of constructing a table of meri- 
dional parts from the secant of an arc. 

It is shewn (G. 123.) that if a=: the length of any arQ^ the 
xadius being 1, the secant will be 



CmAP. III. MckcATOR's SAILING. S€S 

^ '^T"*""24 "*■ 720 "^ 8064 ^3628800 ■*" 95800320 "''^^^'* 

multiplied by a, the fluxion of the arc^ will produce 

•, fl*a 5a*a eia^i 277fl'a 5052lfl'°a , « . 

^l^+"^+"^72Q"+"806r+ 3628800 ^ ^"- *^ ^'^^^^'^^f 
the sum of the secants in the arc a, the fluent of which is 
a^ a^ 6la7 ^lla^ 50521a" ^ , ^ , 

secants contained in a» 

EXAMPLE. 

Let it be required to find the meridional parts correspondent 
to 5 degrees. The length of the arc of one minute feeing 
-000290888208665, &c. *, supposing the radius an unit. 

First, S^'x 60 X 00029088820866. ;=:-087266462399, &c.= 
u the length of ^n are of 5 degrees. 

<r= +'087266462599 

|a»= + 110762019 

^5=- 4. 210875^ 

f ■— 

Hence a+itf'+^^' +1417^^% &c.= -087S77435959 

This result, divided by -000290888208665, &c. the length of 
tlie arc of V will give the meridional parts of 5^=300-381498, 
true to the last place of decimals. 

By a similar process you will find the meridional parts of 10* 
to be 603*0695795. Proceed in the same manner to find the 
meridional parts of any other degree of latitude. ' 

(B) III. The method of constructing a table of meridional 
parts ^ by 41 table of logarithmical tangents. 

PROPOSITION I. (Plate VL Fig. 25.) 

If the logarithmical tangent of half the complement of anv 
degrep of latitude be siibtrdctedfrom 10, and tlie re^nainder oe 
multiplied by 7915*7044679, &c.; the product will give the me^ 
ndional parts (in minutes) , con^respondent to that latitude. 



* GsErdiner's Edition of Sherwin's Logarithms, page 44 (1742.). Traite de 
T/igonometrie, par Cagnoli (Talile AA), page 474. 

Demon- 
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Demonstration. Let p be the pole, Ea a portion. of the 
equator; QV the btitude, ov its sine and os^ twits cosine; 
and Ev the radius of the sphere. 

Put x=qvthe latitude, m=the length of QW, on a Mercator's 
chart, called the meridional parts ; j/=oZ'=E»; the sine of the 
latitude, andr 3= EV the radius of the sphere. Then will eo= 

wv=± \/ r^ — ,J/% and because the degrees of latitude on a Merca- 

ior's chart increase as the cosine of latitude is to radius, we have 

* 

v^r*-y : r : : i : w, hence w=^7=-^ 

But, S/T'^y^ \r \\y \ xy conseq. *= •-j— 7 

For ic write its value, then w, =— — : the fluent of which if 

T '-yr 

f»=rx2-3025S509299404, &c. Xixlofir. ^+ the correc- 

• ° r — y 

tion,z=r X 2*302585, &c. X log. /Lty+the correction. 

But by Plane Trigonometry, in the triangle iws, 
n)W : rad : *. w% : tang aws, or co-tang w^v. 

r+v /r+y r + v 

= r X ^ liJ: the cotangent of a?sv, measured by half the arc 

Fv, the complemait of the latitude. Hence we have mzz 

-«^ « , co-tane.icomp.lat. - 
rx 2*302585, &c.x log. 2 !: |-the correction. 

But when m=o the co-tangent of half the complement of 

latitude=r (L. 31.) ; and hence the correction is nothing, there- 

r ^^^«,.rt^o 1 co-tang, icomp.lat. 
fore m=rx 2*302585, &c. xlog. ^_l — -i = 

T 

r X 2'S025; &c. X log. ■■ ' ^ r— % for, the co-tangent of 

tang. -J- comp. lat* 

an arc divided by the radius, is equal to the radius divided \rf 
the tangent (Z. 97.). 

But the tables of meridional parts are generally expressed in 
geographical miles, therefore we must express the radius of the 
sphere in geographical miles. If the diameter of the earth. be. I, 
t he circumference will be 3'141 592653589, &c., hence 

3*141592653589 
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^•141593653589 : i i: SSO^'xGO : 3437-74677, 8cc. conse- 
quently m = 2-3025, &c. )^ 3437-74671, &c. x log. 

^ -21 — =791 5-7044679 xloff. 1^ ; — . Q.E.D. 

tang«4^omp.lat. ° tang.^compaat. 

Note* It would be improper to make the value of r in the 
latter part of the expression =3437 7467, &c., unless the table 
0f logarithmical tangents was calculated to the same radius. 

EXAMPLE. 

• Let it be required to find the meridional parts correspondent 
to 5 degrees. 

90* 



3 I 85 



Log. radius = 10* 



Half tomp.lat.42'30 the tang, by Ukcq's tables, = ==9-96205246 17 

•0379475383 
this multiplied by 7915-7044679 produces 30038 149846, &c. 
exactly agreeing with the answer before found by the secants. 

In the same manner you will find the meridional parts of 10* 
to be 603-069579, &c., the logarithmical tangent of 40** being 
9-9238135302. 

(C) The following table comprehends the meridional parts 
answering to every five degrees of latitude- The first column 
contains the degrees, the second the meridional parts copied 
from Wrighfs original treatise, and the third the meridional 
parts truly calculated by this problem.— As our tables of meri- 
dional parts are seldom carried to decimals, the reader will readily 
perceive that fVrigh^^ tables may be used without sensible error 



I 



5 
40 
^5 
20 
95 
SO 



Mr. 
fTrighes 
MeridPts. 



Trve 
Mend. 
Parts. 



, 300-3694 300-3S15 
60S'0475 603-06961 
910-4325 910-4606 

1225-1292 12S5-1390 



1549-9878 
ISSS'S^aS 



1549-9952 
1888S754 



oi 

n 



Mr. 
Wrighth 
MeridPts. 



35 

40 
45 
50 
55 
60 



True 

Merid. 

Parts. 



2244-3047 
2622-7559 
3030-1271 
3474-6045 
3968-1879 
4527-7106 



2244-2868 
2622-6902 
3029*9392 
3474-4720 
3967-9661 
452T3677 






65 
70 
75 
80 
85 
89 



Mr. 

Wright*s 

Merid; Pts. 



5179-3079 
596C-6811 
6971-5485 
8377-3416 
10769-6200 
16317-5324 



True 
Merid . 
Parts. 



5178-8081 
5965-9179 
6970-3390 
8375-linO 
10764-6210 
16299-5563 



(D) A table of meridional parts being formed, by any of 
the preceding methods, to every degree and minute of the 

2uadrant, a Mercator^s charts may be readily constructed there- 
'ora. 
ExAMPLS. liet it be required to construct a Mercator's chart . 



con- 
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containing 60 degrees of east longitude^ and extending from the 
equator to 40 degrees of north latiti|de? 

L Draw we to represent the equator f Plate VI. Fig. 24.)> 
on which set off WE=S600 miles (the number of miles con- 
tained in 60 degrees, the extent of the chart,) from any scale of 
equal parts. 

II. Divide the line we into 6 equal parts in the points 10, 
20, SO, 40, &c., each part containing 10 degrees; and each of 
th^e parts may be subdivided into single degrees, half degrees, 
&c* if necessary. -Then straight lines drayvn through the points 
w, 10, 20, 30, &c. perpendicular to we, will represent the 
meridians passing through every 10 degrees. ^ 

III. From the same scale of equal parts take 2622-7 (the me- 
ridional parts answering to 40 degrees) and set them off from 
w to / and from E to l, and join L^ which will represent the 
parallel of 40 degrees of latitude, and determine the extent of 
the chart northward. 

IV. From the scale of equal parts take 603 the meridional 
parts answering to 10 degrees and set them oi from w to a, 
and from £ to 10, and join A, 10, this will represent the parallel 
of 10 degrees. In the same manner w, 20, =1225; and w, 
30,= 1888 ; and draw the parallels of latitude ; or make A, 20, 
:;?1225-605; 20, 30, =1888- 1225; &c. 

If the chart does not begin at the equator, it is evident that 
the meridional parts correspondent to the least latitude contained 
in it, must be subtracted from the meridional parts of each point 
of greater latitude. ^ 

PROPOSITION II. 

(E) Radius^ is to the tangent of the course; as the meridional 
difference of latitude ^ is to the^iffisr^ce of longitude^ 

In the annexed figure bc is the proper dif- 
ference of latitude, do the meridional difference 
of latitude, the angle acb the course, AC the 
distance sailed, ab the departure, and ED the 
difference of longitude. Then edc is a right- 
angled triangle, and similar to abc (W. 363). 

Now DC : radius : : ED : tangent of acb ; 
therefore radius : tangent of acb < : dc : ed. 

PROPOSITION III. 

(F) The number -00012633114, &c. 
Is to the natural tangent of the course; 

As the differe^xce between the logarithmical tangents ^f'hdf 
the comple7nents of the latitudes sailed from^ and bound to. 

Is 




Chap. IIL mercator's sailinct . • SCfl* 

Is to the difference of longitudes between these placesyihg^^ 
graphical miles. 

Let the less latitude be represented by If and the greater by 
Lj then the meridional parts correspondent to /= 

jog. -^ y X 7915-7044, &c. (B. 365.) and by thd 

* *=* tang, i comp* /. ^ v / / 

same rule the meridional fiarts correspondent to l = 

T 

log.— X 7915*7044, &o« The difference betweeh 

. ° tang. ^ comp. l* 

these quantities is 

(log. ^zr^ log. -^^^S X 7915^044, &c. 

tang f comp. /. ® tang. 4 comp. L. 

the meridional difference of latitude in miles. Now (by E. 368^) 

rad. : tangr. course :: (loe. — • • -co lo?.- ; J 

° ^ ^ ° tang* 4- comp. /. ° tang* -J comp. L*/ 

X 7915-7044, &c. : diff. longitude. 

T T 

But, log. rcoloff. — '■ ; r- IS evidently 

° tang. ^ comp. L ° tang, i comp. L- ' 

=log- tang. 4 comp. /.oo log. tang. \ comp. l; hence 
rad. : tang, course : : (log. tang. |- comp. /.co log. tang. 4 comp, L.) 
X 7915-7044, &c. : diff. longitude. 
Divide the antecedents by 7915*7044, &c. then 

rad. , * t 

7915-7044, &c. " *^S' ^^"^^^ • • (log. tang. i-comp./.co log. tang 

A 1 

-Icomp.L.): diff.longitude.but -~ = — '- — 5 — =r=- — -r^— - 

^ ^ ^ 5 > 7915-7044, &c. 7915'7044,&c. 

= •000126331143874, &c., hence it follows that 

•O0O12633U43874, &c. 1 tang, course : ; (log. tang. \ dbmp. /. 

CO log. tang. \ comp, l) : diff. longitude. 

(G) Corollary. Find the logariihmical tangent of half 

the complement of the latitude sailed from ^ the logarithmical 

tangent of half the complement of the latitude bound tOy multiply 

their difference by 10000, and find the common logarithm of th^ 

product. 

Then, 
The logarithmical tangent of the angle 5r*38'.9".14''''=: 

10-1015103, 

Is to the hgarithmfimnd above; 

As the logarithm tangent of the course^ 

Is to the logarithm of the difference of longitudt in milesi 

For, -00012633114, &c. : the natural tang, course :: (log. 

tang, i comp. /co log; tang, i comp. l,) r diff. longitude in miles. 
Multiply the antecedents by 10000, then 
1 '2633 114, &c. : the natural tang.course : : (log. tang. ^ comp. ^ 

ii^ log, tang, ^comp.L.) x 10000 : diff. longitude, but 1 -26331 14, 

3 » ^ &c. 
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Sec. is the natural tangent of 51«.38'.9''.14''', the logOTthm of 
which is 10*1015103; hence by taking the logarithms of all the 
terms in the last proportion, we deduce the above rule. 

(H) SCHOLIUM. 

The second proposition (£. 368.) and the following, which is 
immediately deduced therefrom, (viz. Meridional difference 
of latitude, is to difference of longitude; as radius is to^lie tan* 

Snt of the course,} will solve all the cases that can occur in 
ercatoPs sailing by the help of a table of meridional parts* 
And the coroUarv (G. 369.) will solve the whole with the asdst- 
ance of a table of logarithmical tangents (independent of a table 
of meridional parts) by varying the proportion. 
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TABLES. 



» 



I. A table of the Logarithms of Numbers^ from an unit to 
ten thousand. 

IL A table of natural' sines to every degree and minute of 
the quadrant. 

III. A table ©f Logarithmical sines and tangents to every 
degree and minute of the quadrant. ♦ 

IV. A table of the Refraction in altitude, of the heavenly 
J)odies. 

V. A table of the depression, or dip, of the horizon of the 
sea. 

VI. A table of the sun's parallax in altitude. 

VII. A table of the augmentation of the moon's semi«dia« 
meter. 

VIII. A table of the right siscensions and declinations of 
thirty-six principal fixed stars, corrected to the beginning of 
the year 1813. 



TABLE I. LOGARITHMS OF NUMBERS FROM I TO 10,000. 



No. 1 


Log. IlNo. 1 Log. 1 


[No. 1 Log. 1 


No. 1 


I^g. II 


No. 1 


^og. 


I 


OOUOO 


21 


52222 


41 


61278 


61 


78533 H 


"81 


90849 


2 


30103 


22 


34242 


42 


62S25 


62 


79239 


82 


91381 


3 


4771^ 


23, 


36173 


43 


63347 


63 


79934 


83 


91908 


4 


6n206 


24 


38021 


44 


64345 


64 


80618 


84 


92428 


5 


69897 


25 


39794 


45 


65321 


65 


81291 


85 


92942 


6 


77815 


26 


41497 


46 


66276 


66 


81954^ 


86 


93450 


7 


84510- 


27 


43136 


47 


67210 


67 


82607 


87 


da952 


8 


90' 09 


28 


44716 


48 


68124 


68 


83251 


88 


94448 


r 


95424 


29 


46240 


49 


69020 ; 


69 


83885 


89 


94939 


10 


00000 


30 


47712 1 


50 


69897 ' 


70 


84510 


90 1 95424 1 


11 


04139 


31 


49136 


5) 


70757 


7J 


85126 


91 


95904 


12 


07918 


32 


50515 


52 


71600 


72 


85733 


92 


96379 


13 


11394 


33 


51851 


53 


72428 


73 


•86332 


93 


96848 


14 


14613 


34 


53148 


54 


73239 


74 


86923 


94 


97313 


15 


17609 


35 


54407 


55 


74036 


75 


87506 


95 


97772 


16 


20412 


86 


55630 


56 


74819 


76 


88081 


96 


98227 


17 


23045 


37 


56820 


57 


75587 


77 


8$64t 


97 


98677 


18 


25527 


38 


5^978 


58 


76343 


78 


8^209 


98 


99123 


19 


27875 


39 


59106 


59 


77085 


79 


8!^'t63 


99 


99564 


20 


30103 I 


40 1 60206 i 


60 1 7'7eV6 1 


80 


90309 


100 


00000 



372 



TABLE I. LOGARITHMS OF NUMBERS. 



Noj0|l|2|3|4|5 6|7|8.|9| 




lUO OOOUO 0D043 100087 |00130 100175 i00'217 00260 |00303 ,00346 \{ 


J038y 




101 0432 


0475 0518 1 


0561 


0604 0647 


0689 


0732 1 0775 


0817 




102 . 08GO 


0903 


09.45 


0988 


1030 


1072 


1115 


1157: 1199 


1242 




103 1284 


J 326 


1368 


1410 


14^2 


1494 


1536 


1578 : 1620 


1662 




104 


1703 


1745 


1787 


1828 


1870 


1912 


1953 


1995 


2036 


2078 




105 


2119 


2160 


2202 


2243 


2284 


2325 


2366 


2407 


2449 


2490 




106 


253'1 


2572 


2612 


2653 


2694 


2735 


2776 


2316 


2857 


2898 




107 


2938 


2979 


3019 


3060 


3100 


3141 


3181 


3222 


32o2 


3302 




108 


3342 


3383 


3423 


3463 


3J03 5543 


3583 


3623 


3663 


3703 




109 


3743 


3782 


3822 3862 


3902 3941 


3981 


4021 


40bO 


4100 




110 ( 


04139 


04179 


04218 


04258 


04297. 


04336 


04376 04415 |< 


[)4454 


1)4493 




111 


4532 


4571 


461D 


4650 


4689 


4727 


4766 


4805 


4844 


4883 




112 


4922 


4961 


4999 


5038 


5077 


5115 


5154 


5192 


5231 


5269 




113 


5308 


5346 


5385 


5423 


5461 


5500 


5538 


5576 


5614 


5658 




114 


56?0 


5729 


5767 


5805 


5843 


5881 


5918 


5956 


5994 


6032 




^115 


6070 


6108 


6145 


6183 


6221 


6258 


6296 


6333 


6371 


6408 




116 


6446 


6483 


6521 


6558 


6595 


6633 


6670 


6707 


6744 


6781 




111 


$819 


6856 


6893 


6930 


6967 


7004 


7041 


7078 


7115 


7151 




118 


7188 


7225 


7262 


72^8 


7335 


7372 


7408 


7445 7482 


7518 




119 


7555 


7391 


7628 7664 


7700 


7737 


7773 


7o09 7846 


7882 




120 


07918 


07954 


07990 


08027 08063 08099 ,08135 | 


08171 


08207 


08243 




121 


8279 


8314 


8350 


8386 


8422 


8438 


8493 


8529 


8565 


8600 




122 


8636- 


8672 


8707 


8743 


8778 


8814 


8849 


8884 


8920 


8955 




123 


8991 


9026 


9061 


9096 


9132 


9167 


9202 


9237 


9272 


9307 




124 


9342 


9377 


9412 


9447 


9482 


9517 


9552 


9587 


9621 


9656 




125 


9691 


9726 


9760 


9795 


9830 


^9864 


9899 


9934 


9968 


10003 




126 


10037 


10072 


10106 


10140 


10175 


10209 


10243 


10278 


10312 


0346 




127 


0380 


0415 


0449 


0483 


0517 


0551 


0585 


0619 


0653 


0687 




128 


0721 


0755 


0789 


0823 


0857 


C890 


0924 


.0958 


0992 


1025 




129 


1059 


1093 


1126 » 1160 


1193 


1227 


1261 1294 i 


1327 


1361 




130 


11394111428111461 111494 |11528 111561 


11594 111628 


11661 


11694 




131 


1727 


1760 


1793 1826 1860 


1893 


19^6 


1959 


1992 


3034| 


132 


2057 


2090 


2123 


2156 


2189 


2222 


2554 


2287 


2320 


2352| 


133 


2385 


2418 


2450 


2483 


2516 


2548 


2581 


2613 


2646 


26781 


134 


2710 


2743 


2775 


2808 


2840 


2872 


29*05 


2937 


2969 


3001 




135 


3033 


3066 


3098 


3130 


3162 


3194 


3226 


3258 


3290 


3322 




136 


3354 


3386 


3418 


3450 


3481 


3513 


3545 


3577 


3609 


3640 




137 


3672' 


3704 


3735 


3767 


3799 


3830 


3862 


3893 


3925 


3956 




138 


3988 


4019 


4051 


4082 


4114 


4145 


4176 


4208 


4239 


4270 




139 


4301. 


4333 


4C64. 


4395 


4426 


4457 


4489 


4520 


4551 


4582 


. 


140 


14613 


14644 


14675 


14706 


14737 


14768 


14799 


14829 


14860 


14891 




141 


4922 


4953 


4983 


5014 


5045 


5076 


5106 


5137 


5168 


5198 




142 


5229 


5259 


5290 


5320 


5351 


5381 


5412 


5442 


5473 


5503 




143 


5534 


5564 


5594. 


5625 


5655 


5685 


5715 


5746 


5776 


5806 




144 


5836 


5866 


5897 


5927 


5957 


5987 


6017 


6047 


6077 


6107 




145 


6137 


6167 


6197 


6227 


6256 


628$ 


6316 


6346 


6376 


6406 




146 


6435 


6465 


6495 


6524 


6554 


65S4 


6613 


6643 


6673 


6702 




147 


6732 


6761 


6791 


6820 


6850 


6879 


6909 


6938 


6967 


6997 




148 


7026 


7056 


7085 


7114 


7143 


7173 


7202 


7231 


7260 


7289 




149 


7319 


7348 


7377 


7406 


7435 ' 7464 


7493 


7522 


7551 1 7580 




150,17609 


17638 


17667 


17696 


17723 


17754 


17782 


17811 


17840 


17369 




151 


7898 


7926 


7955 


7984 


8013 


8041 


8070 


8099 


8127 


8156 




152 


tl84 


8213 


8241 


8270 


8298 


8327 


8355 


8384 


S412 


8441 




153 


8469 


8498 


8526 


8554 


8583 


861 r 


8639 


8667 


8696 


8724 




154 


8752 


8780 


8808 


8837 


8865 


8893 


8921 


8949 


8977 


9005 




155 


9033 


9061 


9089 


9117 


9145 


9173 


9201 


9229 


9257 


9285 




156 


•93 J 2 


9340 


9368 


9396 


9424 


9451 


9479 


9507 


9535 


9562 




157 


9590 


9018 


9645 


9673 


9700 


9728 


9756 


9783 


9811 


9838 




158 


9866 


9893 


.9921 


9948 


9976 


20003 


20030 


20058 


20085 


20112 




159 20140 


2016T 


(20194 


20222 


20249 


0276 


0303 


0330 


0358 


0385 












■ 


. 






"*"*■"■■■■ 




1 
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No. I I 1 I 2 j 3 I 4 I 5 



6 I 



I 8 I 9 



160 
161 
162 
163 
164 
165 
166 
167 
168 
169 



£04 12 
0683 
0952 
1219 
1484 
1748 
2011 
2272 
2531 
2789 



20439 


20466 


0710 


0737 


0978 


1005 


1245 


1279 


1511 


1537 


1775 


1801 


2037 


2063 


2298 


2324 


2551 


2583 


2814 


2840' 



204^3 
0763 
1032 
1299 
1564 
1827 
2089 
2350 
2608 
2866 



20520 
0790 
1059 
1325 
1590 
1854 
2115 
2376 
2634 
2891 



20548 
0817 
1085 
1352 
1617 
1880 
2141 
2401 
2660 
2917 



20575 
0844 
1112 
1378 
1643 
1906 
2167 
2427 
2686 
2943 



20602 
0871 
1139 
1405 
1669 
1932 
2194 
2i53 
2712 
2968 



20629 
0898 
1105 
1431 
1696 
1958 
2220 
2479 
2737 
2994 



20656 
0925 
1192 
1458 
1722 
1985 
2246 
2505 
2763 
3019 



170 23045 



171 

172 

173 

174 

175 

176 

177 

178 

179 



3300 
3553 
3305 
4055 
4304 
4551 
4797 
5042 
5285 



23070 
3325 
3578 
3830 
4080 
4329 
4576 
4822 
5066 
5310 



23096 
3350 
3603 
3855 
4105 
4353 
4601 
4846 
5091 
5334 



23121 
3376 
3629 
3880 
4130 
4378 
4625 
4871 
5115 
5358 



23147 
3401 
3654 
3905 
4155 
4403 
4650 
4895 
5139 
5382 



23172 
3426 
3679 
3930 
4180 
4428 
4674 
4920 
5164 
5406 



23198 
3452 
3704 
3955 
4204 
4452 
4699 
4944 
5188 

I 5431 



23223 
3477 
3729 
3980 
4229 
4477 
4724 
4969 
5212 
5455 



23249 
3502 
3754 
4005 
4254 
4502 
4748 
4993 
5237 
.5479 



23274 
3528 
3779 
4030 
4279 
4527 
4773 
5018 
5261 
5503 



180 125527 



182 
183 
184 
185 
186 
1.87 
188 
189 






2555) 125575 



5768 


5792 


5816 


6007 


6031 


6055 


6245 


6269 


6293 


6482 


6505 


6529 


6717 


6741 


6764 


6951 


6975 


6998 


7184 


7207 


7231 


7416 


7439 


7462 


7646 


7669 


7692 



25600 
5840 
6079 
6316 
6553 
6788 
7021 
7254 
7485 
7715 



25624 
5864 
6102 
6340 
6576 
6811 
7045 
7277 
7508 

1 7738 



25648 
5888 
6126 
6364 
6600 
6834 
7068 
7300 
7531 
7761 



25672 
5912 
6150 
6387 
6623 
6858 
7091 
7323 
7554 
7784 



25696 
5935 
6174 
6411 
6647 
6881 
7114 
7346 
7577 
7807 



25720 
5959 
6198 
6435 
6670 
6905 
7138 
7370 
7600 
7830 



25744 
5983 
622] 
6458 
6694 
6928 
7161 
7393 
7623 
7852 



190 
191 
192 
193 
194 
195 
196 
197 
198 
199 



127875 
810? 
8330 
8556 
8780 
90O3 
9226 
9447 
9667 
9885 



27898 127921 ]27944 

8126 8149 8171 

8353 8375 8398 

8578 8601 8623 

8803 8825 8847 

9026 9048 9070 

9248 9270 9292 

9469 9491 9513 

9688 9710 9732 

9907 9929 9951 



27967 


27989 - 


8194 


8217 


8421 


8443 


8646 


8668 


8870 


8892 


9092 


9115 


9314 


9336. 


9535 


9557 


9754 


9776 


9973 


9994 



28012 
8240 
8466 
8691 
8914 
9137 
9358 
9579 
9798 

30016 



28035 
8262 
8488 
8713 
8937 
9159 
9380 
9601 
9820 

130038 



28058 
8285 
8511 
8735 
8959 
9181 
9403 
9623 
9842 

30060 



28081 
8307 
8533 
8758 
8981 
9203 
94«5 
9645 
9863 

30081 



200 

201 
202 
203 
204 
205 
206 
207 
208 
209 



30103 
0320 
0535 
0750 
0963 
1175 
1387 
1597 
1806 
2015 



30125 
0341 
0557 
0771 
0984 
1197 
1408 
1618 
1827 
2035 



30146130168 
0384 



036o 
0578 
0792 
10C6 
1218 
1429 
1639 
1848 
2056 



0600 
0814 
1027 
1239 
1450 
1660 
1869 
2077 



30190 
0406 
0621 
0835 
1048 
1260 
1471 
1681 
1890 
2098 



30211 
0428 
0643 
0856 
1069 
1281 
1492 
1702 
1911 
2118 



30233 
0449 
0664 
0878 
1091 
1302 
1513 
1723^ 
1931 
2139 



30255 
0471 
0685 
0899 
1112 
1323 
1534 
1744 
1952 
2160 



30276 
0492 
0707 
0920 
1133 
1345 
1555 
1765 
1973 
2181 



30298 
0514 
0728 
0942 
1154 
1366 
1576 
1785 
1994 
2201 



210 
211 
212 
213 
214 
215 
216 
217 
218 
219 



32222 
2428 
2634 
2838 
3041 
3244 
3445 
3646 
3846 
4044 



32243 \32263 |; 


2449 


2469 


2654 


2675 


2858 


2879 


3062 


3082 


3264 


3284 


3465 


3486 


3666 


3686 


3866 


3885 


4064 


4084 



32284 
2490 
2695 
2899 
3102 
3304 
3506 
3706 
3905 
4104 



32305 
2510 
2715 
2919 
3122 
3325 
3586 
3726 
3925 
4124 



32325 
2531 
2736 
2940 
3143 
3345 
3546 
3746 
3945 
4143 
BESS 



32346 
2552 
2756 
2960 
3163 
3365 
3566 
3766 
3965 
4163 



32366 
2572 
2777 
2980 
3183 
3385 
3586 
3786 
3985 
4183 



32387 
2593 
2797 
3001 
3203 
8405 
3606 
3806 
4005 
4203 



32408 
26l3 
2818 
3021 
3224 
3425 
3626 
5826 
4025 
4223 



374 



TABLE I. LOeA&ITHMS OF MUMBB&S. 



No. 





HH 


2 


3 


4 


"T" 


6 1 7 


1 ^ 


1 » 


22<^ 


3^242 


34262 


34282 


34301 


34321 


34341 


34361 


34380 


34400 


34420 


221 


439 


459 


479 


498 


- 518 


537 


557 


577 


596 


616 


222 


635 


6bb 


674 


' 694 


713 


733 


753 


77^8 


792 


811 


223 


830 


850 


869 


889 


908 


928 


947 


967 


986 


35005 


224 


35025 


35044 


35064 


35083 


35102 


35122 


35141 


J5160 


35180 


199 


225 


218 


238 


257 


276 


295 


315 


334 


353 


372 


S92 


226 


411 


430 


449 


468 


488 


507 


526 


545 


564 


583 

774 


227 


603 


622 


641 


6QO 


679 


698 


717 


736 


755 


228 


793 


813 


td2 


t5i 


870 


889 


908 


927 


946 


965 


229 


984 


36003 


36021 


36040 


36059 


J6078 


36097 


36116 


36135 


36154 


230 


36173 


192 


211 


2t9 


248 


267 


286 


305 


324 


342 


231 


361 


380 


399 


418 


436 


455 


474 


493 


511 


530 


232 


549 


568 


586 


60.^ 


624 


642 


661 


680 


698 


717 


233 


736 


754 


773 


791 


810 


829 


847 


866 


S84 


903 


234 


922 


940 


959 


977 


996 


37014 


37033 


37051 


37070 


37088 


235 


37107 


37125 


37144 


37162 


37181 


199 


218 


236 


254 


273 


236 


291 


310 


328 


346 


365 


383 


401 


420 


438 


457 


237 


475 


493 


511 


530 


548 


5m 


' 585 


603 


621 


639 


238 


656 


676 


694 


712 


731 


749 


767 


785 


803 


822 


239 


^ 840 


658 


876 


894 


912 


931 


949 


967 


985 


38003 


240 


38021 


3.^039 


38057 


38075 


38093 


38112 


38130 


38148 


38166 


184 


241 


202 


220 


238 


256 


274 


292 


310 


328 


346 


364 


242 


382 


399 


417 


435 


453 


471 


489 


507 


525 


543 


243 


561 


57H 


596 


614 


632 


650 


668 


686 


703 


721 


244 


739 


757 


775 


792 


810 


828 


846 


863 


881 


899 


245 


917 


934 


952 


970 


987 


39005 


39«23 


39041 


39058 


39076 


246 


39094 


39111 


39129 


39146 


39164 


182 


199 


217 


235 


252 


247 


270 


287 


305 


322 


340 


358 


375 


393 


410 


428 


248 


445 


463 


480. 


498 


515 


533 


550 


568 


585 


602 


249 


620 


637 


655 


672 


690 


707 


724 


742 


759 


777 


250 


794 


811 


829 


846 


863 


881 


898 


915 


933 


950 


251 


967 


985 


40002 


40019 


40037 


40054 


40071 


40088 


40106 


40123 


252 


40140 


40157 


175 


192 


209 


226 


243 


261 


278 


295 


253 


312 


329 


346 


364 


38] 


398 


415 


432 


449 


466 


.254 


483 


500 


518 


535 


552 


569 


586 


603 


620 


637 


2.>5 


654 


671 


688 


705 


722 


739 


756 


773 


790 


807 


256 


824 


841 


858 


875 


892 


909 


926 


943 


960 


976 


257 


993 


41010 


41027 


41044 


41061 


41078 


41095 


41111 


41128 


41145 


258 


41162 


179 


196 


212 


229 


246 


263 


280 


296 


313 


259 


330 


347 


363 ^ 380 


397 


414 


430' 


447 


464 


481 


260 


497 


514 


531 


547 


564 


581 


597 


614 


631 


647 


261 


664 


681 


697 


714 


731 


747 


764 


780 


797 


814 


'262 


83(/ 


847 


863 


880 


896 


913 


929 


946 


963 


979 


2^i3 


996 


42012 


42029 


42045 


42062 


42078 


42095 


42111 


42127 


42144 


264 


42160 


177 


19^3 


210 


226 


243 


259 


275 


292 


308 


265 


325 


341 


357 


374 


390 


406 


493 


439 


455 


472 


266 


488 


504 


521 


537 


553 


570 


586 


602 


619 


635 


267 


651 


667 


684 


700 


716 


732 


749 


765 


781 


797 


268 


813 


830 


846 


862 


878 


894 


911 


927 


943 


959 


269 


975 


991 I4f?008 1 


43024 


43040 


4_3056 


43072 


43088 


43104 


43,120 


270 


43136 


43152, 169 


185 


201 


217 


233 


249 


265 


281 
441 


271 


297 


313 . 329 


345 


361 


377 


393 


409 


425 


272 


457 


473 ' 489 


505 


521 


537 


553 


569 


584 


600 


273 


616 


632 1 648 


664 


680 


696 


7^2 


727 


743 


759 


274 


775 


791 807 


823 


838 


854 


870 


886 


902 


917 


275 


933 


949 965 


981 


996 


44012 


44028 


44044 


44059 


44075 


276 


44091 


44107 44122 


44138 


44154 


170 


185 


201 


217 


239 


277 


248 


264 i 279 


295 


311 


326 


342 


358 


373 


389 


278 


404 


420 > 436 


451 


467 


483 


498 


514 


529 


545 


279 


560 


.. b^l^ ' 592 


607 » 623 


638 


654 


669 


685 


^QOfl 



V 



TABLE U LOGARITHMS OF NUMBERS. 



,S75 







^^^^^ 














iNo. 


1 1 1 


2 1 3 1 4 1 5 1 6 1 7 1 8 1 9 1 


280 


44716 


44731 


44747 


44*762 


44778 


44793 


44809 


44824 


44840 


44855 


281 


871 


886 


902 


917 


932 


948 


963 


979 


994 


45010 


282 


45025 


45040 


45056 
^209 


45071 


45086 


45102 


45117 


45133 


45148 


163 


283 


179 


194 


225 


240 


255 


271 


286 


301 


317 


284 


332 


347 


362 


378 


393 


408 


423 


439 


454 


469 


285 


484 


500 


515 


530 


545 


561 


576 


591 


606 


621 


286 


637 


652 


667 


682 


697 


712 


728 


743 


758 


773 


287 


788 


803 


818 


834 


849 


864 


879 


894 


909 


924 


288 


939 


954 


969 


984 


46000 


46015 


46030 


46045 


46060 


46075 


289 46090 ] 


46105 


46120 


46135 


150 


165 


180 


195 


210 


225 


290 


240 


255 


270 


285 


300 


'315 


330 


345 


359 


374 


291 


389 


404 


419 


434 


449 


464 


479 


494 


509 


523 


292 


538 


553 


568 


583 


598 


613 


627 


642 


657 


672 


293 


687 


702 


716 


731 


746 


761 


776 


790 


805 


820 


294 


835 


85(3 


864 


879 


894 


909 


923 


938 


953 


967 


295 


982 


997 


47012 


47026 


47041 


47056 


47070 


47085 


47100 


47114 


296 47129 


47144 


159 


173 


188 


' 202 


217 


232 


246 


261 


297 


276 


290 


305 


319 


334 


349 


363 


378 


392 


407 


298 


422 


436 


451 


465 


480 


494 


509 


524 


538 


553 


299 


567 


592 


596 611 


625 


.640 


654 


669 


683 698| 


300 


712 


727 


741 


756 


770 


784 


799 


813 


828 


842 


301 


857 


871 


885 


900 


914 


929 


943 


958 


972 


986 


302 


48001 


48015 


;8029 


48044 


48058 


4B073 


48087 


48101 


48116 


48130 


303 


144 


159 


173 


187 


202 


216 


230 


244 


259 


273 


304 


287 


302 


316 


330 


344 


359 


373 


387 


401 


416 


305 


430 


444 


458 


473 


487 


501 


515 


530 


544 


558 


306 


572 


586 


601 


615 


629 


643 


657 


671 


686 


700 


307 


714 


728 


742 


756 


770 


785 


799 


813 


• 827 


841 


308 


855 


869 


883 


8^7 


911 


926 


' 940 


954 


968 


98<2 


309 


996 


49010 


49024 


49038 


49052 


49066 49080 ' 


49094 


49108 


49122 


310 


49136 


150 


164 


178 


192 


20*6 


220 


234 


248 


262 


311 


276 


290 


304 


318 


332 


346 


360 


374 


388 


402 


312 


415 


429 


443 


457 


471 


'485 


499 


513 


527 


541 


313 


554 


568 


582 


596 


610 


624 


638 


651 


665 


679 


314 


693 


"707 


721 


734 


748 


762 


776 


790 


803 


817 


315 


831 


845 


859 


872 


886 


900 


914 


927 


941 


955 


316 


969 


982 


996 


50010 


50024 


50037 


50051 500651 


50079 


50092 


317 


50106 


50120 


50133 


147 


161 


174 


188 


20(2 


215 


229 


318 


243 


256 


270 


284 


297 


311. 


325 


338 


352 


365 


319 


379 


393 


406 


420 


433 


447 


461 


474 


488 


501 


320 


515 


529 


542 


556 


569 


583 


596 


610 


623 


637 


321 


. 651 


664 


678 


691 


705 


718 


732 


745 


759 


772 


322 


786 


799 


813 


826 


840 


853 


866 


880 


893 


907 


323 


920 


934 


947 


961 


974 


987 


51001 


51014 


54028 


51041 


324 


51055 


51068 


51081 


51095 


51108 


51121 


135 


148 


162 


175 


325 


188 


202 


215 


228 


842 


255 


268 


282 


295 


308 


326 


322 


335 


' 348 


362 


375 


388 


402 


415 


428 


441 


327 


455 


468 


481 


495 


508 


521 


534 


548 


561 


574 


328 


587 


601 


614 


627 


640 


654 


667 


680 


693 


706 


329 120 


733 


746 


759 


772 


786' 799 


812' 895 I 838 1 


330 


851 


865 


878 


891 


904 


917 


930 


943 


957 


970 


331 


983 


996 


52009 


52022 


52035 


52048 


52061 


52075 


52088 


52101 


332 


52114 


52127 


140 


153 


166 


179 


. 192 


205 


218 


231 


333 


244 


257 


270 


284 


297 


310 


323 


336 


349 


362 


334 


375 


388 


401 


414 


427 


440 


453 


466 


479 


492 


935 


504 


517 


530 


543 


556 


569 


582 


595 


608 


621 


336 


634 


647 


660 


673 


686 


699 


711 


724 


737 


750 


337 


763 


776 


789 


802 


815 


827 


840 


853 


866 


879 


338 


892 


905 


917 


930 


943 


956 


969 


982 


994 


53007 


1 339 


>3(i20 153033 153046 153058 (53071 


53084 


53097 'j31 10 


53122' 135 



i 



J7B 



TABLE I. L0'GA11ITHM3 6T MUMBl^kl^. 



.Va,|0|l|2|3|4|5|6|7|8| 



340 
341 
342 
343 
344 
345 
346 
347 
348 
349 



53148 
875 
403 
529 
656 
782 
908 

54033 
158 
283 



53161 

288 
415 
542 
668 
794 
920 
54045 
170 
295 



53173 
301 
428 
555 
681 
807 
933 

54058 
183 
307 



53186 
314 
441 
567 
694 
820 
945 

54070 
195 
320 



53199 
326 
453 
580 
706 
832 
958 

54083 
208 
332 



53212 

339 
466 
593 
719 
845 
970 
54(»5 
220 
345 



53224 
352 
479 
605 
732 

. 857 
983 

541 OB 
233 
357 



53237 
364 
491 
618 
744 
870 
995 

54120 
245 
370 



153250 
377 
504 
631 
757 
882 

54008 
133 
258 
382 



53263 
390 
517 
643 
769 
895 

54020 
145 
270 
394 



350 


407 


419 


432 


444 


456 


469 


4S1 


494 


506 


351 


531 


543 


555 


'568 


580 


593 


605 


617 


630 


352- 


654 


667 


679 


691 


704 


716 


728 


741 


753 


353 


777 


790 


802 


814 


827 


839 


851 


864 


876 


354 


900 


913 


925 


937 


949 


962 


974 


986 


998 


355 


55023 


55035 


55047 


55060 


55072 


55084 


55096 


55108 


55121 


356 


145 


157 


169 


182" 


194 


206 


218 


230 


242 


357 


267 


279 


291 


303 


315 


328 


340 


352 


364 


358 


3S8 


400 


413 


425 


437 


449 


461 


473 


435 


359 


509 


52? 


534 


546 


558 


^70 


582 


594 


"606 



5181 

642 
765 
888 
55011' 
133. 
255! 
376 
4971 
618 



360 
361 
362 
363 
364 
365 
366 
367 
368 
369 



630 


642 


654 


666 


678 


691 


703 


715 


727 


751 


763 


775 


787 


799 


811 


823 


835 


' 847 


871 


883 


895 


907 


919 


931 


943 


955 


967 


991 


56003 


56015 


56027 


56038 


5605O 


56062 


56074 


56086 


56110 


122 


13i 


146 


158 


170 


182 


194 


205 


229 


241 


253 


265 


277 


289 


301 


512 


324 


348 


360 


372 


384 


396 


407 


419 


431 


443 


467 


478 


490 


502 


514 


526 


538 


549 


56] 


585 


597 


608 


620 


632 


644 


656 


667 


679 


703 


714 


726 


738 


750 


761 


773 


785 


797 



739 
859 
979 
56098 
217 
336 
455 
573 
691 
808 



370 
371 

372 
373 
374 
375 
376 
377 
378 
379 



820 
937 
57054 
171 
287 
403 
519 
634 
749 
864 



852 
949 

57066 
183 
299 
415 
530 

, 646 
761 
875 



844 
961 
57078 
194 
310 
4-26 
542 
657 
772 
887 



855 
972 
57089 
206 
322 
438 
553 
669 
784 
898 



867 
9S4 
57101 
217 
334 
449 
565 
680 
795 
910 



879 
996 
57113 
229 
345 
461 
576 
692 
807 
921 



891 
57008 
124 
241 
357 
473 
588 
' 703 
818 
933 



902 
57019 
136 
252 
368 
484 
600 
715 
830 
944 



914 

57031 

148 

. 264 

380 

496 

.611 

726 

841 

955 



926 
[57043 
159 
276 
39"^ 
50 
623) 
738] 
852 
967 



380 
381 
382 
383 
384 
385 
386 
387 
388 
389 



978 
58092 
206 
320 
433 
546 
659 
771 
883 
995 



990 
58104 
218 
331 
444 
557 
670 
782 
894 
59006 



390 
391 
392 
393 
394 
395 
396 
397 
393 
399 



59106 
218 
329 
439 
550 
660 
770 
879 
938 

60097 



118 
229 
340 
450 
561 
671 
780 
890 
999 
60103 



58(101 
115 
229 
343 
456 
569 
681 
794 
906 

59017 



58013 


58024 


58035 58047 | 


58058 


58070 1 


127 


138 


149 


161 


172 


184 


240 


252 


263 


274 


286 


297 


354 


365 


377 


388 


399 


410 


467 


478 


490 


501 


512 


524 


580 


591 


602 


614 


625 


636 


.692 


704 


715 


726 


737 


749 


805 


816 


827 


838 


850 


861 


917 


928 


939 


95*0 


961 


973 


59028 


59040 


59051 


r59062 


59073 


59084 



58081 
195 
309 
422 
535 
647 
760 
■872 
984 

59095 



129 


140 


151 


162 


173 


184 


,195 


240 


251 


262 


273 


284 


295 


306 


351 


362 


373 


384 


395 


. 406 


417 


461 


472 


483 


494 


506 


, 517 


528 


, 572 


583 


594 


605 


616 


627 


638 


682 


693 


704 


715 


726 


737 


748 


791 


802 


813 


824 


835 


846 


857 


901 


912 


923 


934 


945 


95C 


966 


60010 


60021 


60032 


60043 


60054 


60065 


60076 


119 


130 


141 


152 


163 


173 


184 



207 
318 
428 
539 
649 
759 
868 
977 
60086 
. 191 









TABLE 1. 


LOGARITHMS OF NUMBERS 


• 


ST 




No. 1 \ 1 1 2 1 3 1 4 1 5 1 6 1 7 | 8 


9 


400 


60206 


60217 


60228 


60239 


60249 


60260 


60271 


60282 


60293 


60304 


401 


314 


325 


335 


347 


3^8 


369 


379 


390 


401 


412 


402 


423 


433 


444 


455 


466 


477 


487 


498 


509 


520 


403 


531 


541 


552 


563 


574 


584 


595 


606 


617 


627 


404 


638 


649 


660 


670 


681 


692 


703 


713 


724 


735 


405 


746 


756 


.767 


778 


788 


799 


810 


821 


831 


842 




406 


853 


663 


874 


885 


895 


906 


917 


927 


938 


949 




407 


959 


970 


981 


991 


61002 


61013 


61023 


61034 


61045 


61055 




408 


61066 


61077 


61097 


61098 


109 


119 


130 


140 


151 


162 




409 1 172 


183 < 194 i 204 


21^ 


225 


236 


247 


257 


268 




410 


278 


289 


300 


310 


321 


331 


342 


352 


363 


374 




411 


384 


395 


405 


416 


426 


437 


448 


458 


469 


479 




412 


490 


500 


5ir 


521 


532 


542 


553 


563 


574 


584 




413 


595 


606 


616 


627 


637 


648 


658 


669 


679 


690 




414 


700 


711 


721 


731 


742 


752 


763 


773 


784 


794 




415 


805 


815 


826 


836 


847 


857 


868 


878 


888 


899 


416 


909 


920 


930 


941 


951 


962 


972 


&82 


993 


62003 


417 


62014 


62024 


62034 


62045 


62055 


62066 


62076 


62086 


62097 


107 


418 


118 


128 


138 


149 


159 


170 


180 


190 


201 


211 


419 


221 


232 


242 


252 


263 


273 


*284 


294 


304 


315 


420 


325 


335 


346 


356 


366 


377 


387 


397 


408 


418 


421 


428 


439 


449 


459 


469 


480 


490 


500 


511 


521 


422 


531 


542 


552 


562 


572 


583 


593 


603 


613 


624 


423 


634 


644 


655 


665 


675 


6S5 


696 


706 


716 


726 




424 


737 


747 


757 


767 


778 


788 


798 


808 


818 


829 




425 


839 


849 


859 


870 


880 


890 


900 


910 


921 


931 




426 


941 


951 


961 


972 


982 


992 


63002 


63012 


63022 


63033 


427 


63043 


63053 


63063 


63073 


63083 


63094 


104 


114 


124 


134 


428 


144 


155 


165 175 


185 


195 


205 215 


225 


236 


429 


246 


256 


266 276 


286 


296 


306 317 327 1 337 1 


430 


347 


357 


367 


377 


387 


397 


407 


417 


428 


438 


431 


448 


458 


468 


478 


488 


498 


508 


. 518 


528 


538 


432 


548 


558 


568 


579 


589 


599 


609 


619 


629 


639 


433 


649 


659 


669 


679 


689 


'699 


709 


719 


729 


739 


434 


749 


759 


769 


779 


789 


799 


809 


819 


829 


839 


435 


849 


859 


869 


879 


889 


899 


909 


919 


929 


939 


436 


949 


959 


969 


979 


988 


998 


64008 


64018 


64028 


64038 


437 


64048 


64058 


64068 


64078 


64088 


64098 


103 


118 


128 


137 


438 


147 


157 


167 


177 


187 


197 


207 


217 


227 , 237 1 
3261 335 1 




439 1 


246 


256 


2^6 


276 


286 


296 


306 


316 


440 1 


345 355 1 


365 


■375 


385 


395 


404 


414 


424 


434 


441 


.444 


454 


464 


473 


483 


493 


503 


513 


523 


532 


442 


542 


552 


562 


572 


582, 


591 


601 


611 


621 


651 


44S 


640 


650 


660 


670 


680 


689 


699 


709 


719 


729 


444 


738 


748 


758 


768 


777 


787 


797 


807 


816 


826 


445 


836 


846 


856 


865 


875 


885 


895 


904 


914 


924 


446 


933 


943 


953 


963 


972 


982 


992 


65002 


65011 


65021 


447 


65031 


65040 


65050 


65060 


65070 


65079 


65089 


099 


108 


lis 


448 


128 


137 


147 


157 


167 


176 


186 


196 


205 


215 




4491 


225 


234 


244 


254 


263 


273 


283 


292 


302 


312 


4501 


321 


331 


341 


350 


360 


369 


379 


389 


398 


408 


451 


418 


427 


437 


447 


456 


466 


475 


485 


495 


504 


453 


514 


523 


533 


543 


552 


562 


571 


581 


591 


600 


453 


610 


'619 


629 


639 


648 


658 


667 


677 


686 


696 


454 


706 


715 


725 


734 


744 


753 


763 


772 


782 


792 


455 


801 


811 


820 


830 


839 


849 


858 


868 


877 


8fe7 


456 


896 


906 


916 


925 


935 


944 


954 


963 


973 


982 


457 


992 


66001 


66011 


66020 


66030 


66039 


66049 


66058 


66068 


66077 


458 


66087 


096 


106l 


115 


124 


134 


143 


>53 


162 


172 


459 


181 


191 


200 


210 219 1 


229 


238 


247 


257 266|| 



3 c 



378 



TABLE I. LOGARITHMS OF NUMBERS; 



N'n. 


1 


1 1 


2 


1 3 


1 4 


5 


1 6 


• 


1 « 1 


1 ^ 


.00 


6627h 


o6285 


66295 


66304 


66314 


66323 


66332 


66342 


66351 


66361 


461 


370 


380 


389 


398 


408 


417 


427 


436 


445 


455 


462 


464 


474 


483 


492 


502 


511 


521 


530 


539 


549 


463 


558 


567 


577 


586 


596 


605 


614 


624 


633 


642 


464 


652 


6G1 


671 


680 


W9 


699 


708 


717 


727 


736 


465 


745 


75.'i 


764 


773 


783 


792 


801 


811 


820 


829 


466 


639 


^4S 


8.7 


867 


876 


885 


894 


904 


913 


922 


467 


932 


941 


950 


960 


969 


978 


987 


997 


67006 


67015 


468 


67025 


67034 


ri7043 


67052 


67062 


67071 


67080 


67089 


099 


108 


469 


117 


127 


ru> 


145 


154 


164 


173 


182 


191 


201 


470 


210 


219 


228 


237 


247 


256 


265 


274 


2b4 


293 


471 


302 


311 


321 


330 


339 


348 


357 


367 


376 


385 


472 


394 


403 


413 


422 


431 


440 


'449 


459 


468 


477 


473 


436 


495 


504 


514 


523 


532 


541 


550 


560 


569 


474 


578 


587 


596 


603 


614 


624 


633 


642 


651 


660 


475 


669 


679 


688 


697 


706 


715 


724 


733 


742 


752 


476 


761 


770 


779 


788 


797 


806 


815 


825 


834 


843 


477 


852 


861 


870 


879 


888 


897 


906 


916 


925 


934 


478 


943 


952 


961 


970 


979 


98S 


997 


68006 


68015 


68024 


479 


68034 


68043 


68052 


68061 


68070 


68079 


68088 


097 


106 


115 


4S0 


124 


133 


142 


151 


160 


169 


178 


187 


196 


205 


481 


215 


224 


233 


242 


251 


260 


269 


278 


287 


296 


482 


305 


314 


323 


332 


341 


350 


359 


368 


377 


386 


483 


395 


404 


413 


422 


431 


440 


449 


458 


467 


476 


484 


485 


494 


502 


5J1 


520 


529 


538 


547 


556 


565 


485 


574 


583 


592 


601 


610 


619 


628 


637 


646 


655 


486 


664 


673 


681 


690 


699 


708 


717 


726 


735 


744 


487 


753 


762 


771 


780 


789 


797 


706 


815 


824 


833 


488 


842 


851 


860 


869 


878 


886 


895 


904 


913 


922 


489 


931 


940 


949 


958 


966 


975 


984 


993 


69002 


69011 


4yo 


r.9O20 


69028 


69037 


69046 


69055 


69064 


69073 


69082 


090 


099 


491 


108 


317 


12€ 


135 


144 


152 


161 


1^70 


179 


188 


492 


197 


205 


214 


223 


232 


241 


249 


258 


267 


276 


493 


285 


294 


302 


311 


320 


329 


338 


346 


355 


364 


494 


373 


381 


.390 


399 


408 


417 


425 


434 


443 


452 


495 


461 


469 


478 


487 


496 


504 


513 


522 


531 


539 


49b 


548 


557 


566 


574 


583 


592 


601 


609 


618 


627 


497 


63o 


64 i 


653 


662 


671 


679 


688 


697 


705 


714 


498 


723 


732 


740 


749 


758 


767 


[ 775 


784 


- 793 


801 


499 


810 


819 


827 


836 


845 


. 854 


862 


871 


880 


888 


500 


897 


906 


914 


923 


932 


940 


949 


958 


966 


975 


501 


984 


992 


70001 


70010 


70018 


70027 


70036 


70044 


70053 


70062 


502 


70070 


70079 


088 


096 


105 


114 


122 


131 


140 


148 


503 


157 


165 


174 


183 


191 


200 


209 


217 


296 


234 


504 


243 


252 


260 


269 


278 


286 


295 


303 


312 


321 


505 


329 


338 


346 


355 


364 


372 


381 


389 


398 


406 


506 


415 


424 


432 


441 


449 


458 


467 


475 


484 


492 


507 


501 


509 


518 


526 


535 


544 


552 


561 


569 


578 


5(>8 


586 


595 


603 


612 


621 


629 


638 


646 


655 


663 


509 


672 


680 


689 


697 


706 


714 


723 


731 


740 


749 


510 


l3l 


'166 


774 


783 


791 


800 


808 


817 


825 


834 


511 


842 


851 


859 


868 


876 


885 


893 


902 


910 


919 


512 


927 


935 


944 


952 


961 


969 


978 


986 


995 


71003 


513 


71012 


71020 


71029 


71037 


71046 


71054 


71063 


71071 


71079 


088 


514 


096 


105 


113 


122 


130 


139 


147 


155 


164 


17S 


515 


181 


189 


198 


206 


214 


223 


. 231 


240 


248 


857 


516 


265 


273 


282 


290 


299 


307 


315 


324 


332 


341 


517 


349 


357 


366 


374 


383 


391 


399 


408 


416 


495 


518 


433 


441 


450 


458 


466 


475 


483 


492 


500 


508 


\ 519 


517 


525 


533 


542 


550 


559 


567 


. 575 


584 


3»92 



TABti:. I. L0G4IUTHMS OF NUMBERS* 



yi9 



NoT 



11 



I 1 I 2 I TT^ 4 I 



991 

5 



j? 



6 I 7 I 8 I 9 



520 

522 
523 
524 
525 
526 
527 
528 
529 



71600 
684 
767 
850 
933 

72016 
099 
181 
263 
'^46 



71609 
692 
775 
858 
941 

72024 
107 
189 
272 
354 



71617 
700 
784 
867 
950 

72032 
115 
198 
280 
362 



71625 
709 
792 
875 
958 

72041 
123 
206 
283 
370 



71634 
717 
800 
883 
966 
2049 
132 
214 
296 
378 



TO 



71642 
725 
809 
892 
97.^ 

72L-5'. 
i4( 
22 
304 
38; 



71650 
734 
817 
900 
983 
.'.066 
148 
230 
313 
395 



71659 
742 
82') 
908 
991 

7207-1 
\5i 
23'- 
32. 
403 



11661 
750 
834 
917 
999 

72082 
165 
247 
329 
411 



71675 
759 
842 
925 

72008 
090 
173 
255 
337 
419 



j3u 


42{$ 


531 


' 509 


532 


591 


533 


673 


534 


754 


535 


835 


536 


916 


537 


997 


538 


73078 


5Si'> 


159 



43<. 


444 


452 


460 


469 


477 


485 


51b 


526 


534 


. 542 


550 


558 


567 


5&9 


607 


616 


62. 


632 


640 


648 


681 


689 


697 


705 


713 


722 


73(j 


762 


- 770 


779 


787 


795 


800 


811 


843 


852 


860 


S68 


876 


884 


892 


925 


93 


v41 


949 


957 


965 


973 


73006 


73014 


73022 


73030 


73038 


73046 


73054 


086 


094 


102 


111 


119 


127 


135 


167 


175 


18'. 


1*^1 


199 


207 


215 



49v3 
575 
65h 
738 
819 
900 
98 i 
73062 
143 
223 



501 
583 
665 
746 
827 
908 
989 

73070 
151 

, 231 



a40 

54 i 
542 
543 
544 
5,45 
546 
547 
548 
549 



■2:v- 

32-:: 

40r 

480 

56f 

64(^ 

7U 

791 

sni 

95" 



2+"-/ 
328 
408 
♦ 88 
568 
648 
727 
807 
886 
9h5 



'Zjd 


263 


272 


336 


344 


352 


416 


424 


432 


496 


504 


512 


576 


584 


592 


656 


664 


672 


735 


743 


751 


815 


823 


830 


894 


902 


910 


973 


9^1 


989 



280 
360 
440 
520 
600 
679 
759 
838 
918 
997 



288 
568 
448 
528 
608 
687 
767 
846 
926 
74005 



296 
376 
456 
536 
616 
695 
775 
854 
933 
74013 



304 
384 
464 
544 
624 
703 
783 
862 
941 
74O20 



312 
•392 
472 
552 
632 
711 
791 
870 
949 
7402« 



55 

551 

552 

553 

554 

555 

556 

557 

558 

5^9 



'<4oJi' 
115 
194 
273 
351 

• 429 
507 
586 
663 
741 



40^-* 


.4052 


l^Vl) 


123 


131 


139 


202 


210 


218 


280 


288 


296 


359 


367 


374 


437 


445 


453 


515 


523 


531 


593 


601 


609 


671 


679 


687 


749 


757 


764 



74; 6h 
147 
225 
30t 
382 
461 
539 
617 
695 
772 



74076 
155 
233 
312 
390 
468 
547 
624 
702 
7»0 



0K4 
162 
241 
320 
398 
476 
554 
632 
710 
788 



092 
170 
249 
327 
406 
484 
562 
640 
718 
796 



099 
178 
257 
335 
414 
492 
570 
64a 
726 
80;^ 



107 
186 
265 
343 
421 
500 
578 
. 656 
733 
811 



560 


819 


827 


834 8^2 


iir,{) 


85S 


865 


873 


881 


561 


81-6 


904 


912 


920 


927 


93. 


943 


950 


958 


562 


974. 


981 


989 


' 997 


75005 


75012 


75020 


75028 


75035 


563 


75051 


75059 


75066 


75074 


082 


089 


097 


105 


113 


564 


128 


136 


143 


151 


159 


166 


174 


182 


189 


565 


205 


213 


220 


228 


236 


243 


251 


259 


266 


566 


282 


289 


297 


305 


312 


320 


328 


335 


343 


567 


358 


366 


374 


381 


389 


39"; 


404 


412 


420 


568 


435 


442 


450 


458 


465 


47:^ 


481 


488 


496 


569 


511 


519 


526 


534 


542 


549 


557 


565 


572 



889 
966 
75043 
120 
197 
274 
351 
427 
504 
580 



570 

571 

572 

573 

574 

575 

576 

577 

578 

579 



587 1 595 
664 - 671 



740 
815 
891 
967 
76042 
118 
193 



747 
823 
899 
974 
76050 
I 125 
200 



268 I 275 



603 
679 
755 
831 
906 
982 
76057 
133 
208 
283 



610 
686 
762 
838 
914 
989 
76065 
140 
215 
290 



618 
694 
770 
846 
921 
997 
'76072 
148 
223 
298 



626 
702 
778 
853 
929 

76005 
080 
155 

»^ 230 
305 



63) 
709 
785 
861 
937 
76012 
087 
163 
238 
313 



641 
i\1 
793 
868 
944 
76020 
095 
170 
245 
320 



648 
724 
800 
876 
952 
76027 
103 
178 
253 
328 



656 
732 
808 
884 

959 
76035 
110 
185 
260 
335 



380 



TABLE I. LOCARlTHlkls O^ NUilB&RS. 



No. 


1 


1 ^ 


2 


1 3 


1 4 


5 


e 


1 r 


1 ^ 


1 • ^ 




580 


76343 


76350 


76358 


76365 


76373 


763bO 


76388 


76395 


76403 


76410 




581 


•418 


425 


433 


440 


448 


455 


462 


470 


477 


485 




582 


492 


500 


507 


515 


522 


530 


537 


545 


552 


559 




583 


567 


574 


582 


589 


597 


604 


612 


619 


626 


634 




584 


641 


649 


656 


664 


671 


678 


686 


693 


701 


708 




585 


716 


723 


730 


738 


745 


753 


760 


763 


775 


782 




586 


790 


797 


805 


812 


819 


827 


834 


842 


849 


856 




587 


864 


871 


879 


886 


893 


901 


908 


916 


923 


930 




588 


938 


945 


953 


960 


967 


975 


982 


939 


997 


77004 




589 


77012 


77019 


77026 


77034 


77041 


77048 


77056 


77063 


7707O 


078 




590 


085 


093 


100- 


107 


115 


122 


129 


'137 


144 


151 




591 


159 


166 


173 


181 


188 


195 


203 


210 


217 


225 




592 


232 


240 


247 


254 


262 


269 


276 


283 


291 


298 




593 


305 


513 


320 


327 


335 


342 


349 


357 


364 


371 




594 


379 


386 


393 


401 


408 


415 


422 


430 


437 


444 




595 


452 


459 


466 


474 


481 


488 


495 


503 


510 


517 




596 


525 


532 


539 


546 


554 


561 


568 


576 


583 


590 


• 


597 


597 


605 


612 


619 


627 


634 


641 


648 


656 


663 




598 


670 


677 


685 


692 


.699 


706 


714 


721 


728 


735 




599 


743 


750 


757 


764 


772 


779 


786 


793 


801 


808 




600 


815 


822 


830 


837 


844 


851 


859 


866 


873 


880 




601 


887 


895 


902 


909 


916 


924 


931 


938 


945 


952 




602 


960 


967 


974 


981 


988 


996 


78003 


78010 


78017 


78025 




603 


78032 


78039 


78046 


78053 


78061 


78068 


075 


082 


089 


097 




604 


104 


111 


118 


125 


132 


140 


147 


154 


161 


168 




605 


176 


183 


190 


197 


204 


211 


219 


226 


233 


240 




606 


247 


254 


262 


269 


a76 


283 


290 


297 


305 


312 




607 


319 


326 


333 


340 


347 


355 


362 


369 


376 


383 




608 


390 


398 


405 


412 


419 


426 


433 


440 


447 


455 




€09 


462 


469 


476 


483 


490 


497 


504 


512 


519 


526 




610 


533 


540 


547 


554 


561 


569 


576 


583 


590 


597 


611 


604 


611 


618 


625 


633 


640 


647 


654 


661 


668 




612 


675 


682 


689 


696 


704 


711 


718 


725 


732 


739 




613 


746 


753 


760 


767 


774 


781 


789 


796 


803 


810 




614 


817 


824 


831 


838 


845 


852 


859 


866 


873 


880 




615 


888 


895 


902 


909 


916 


923 


930 


937 


944 


.951 


1 


616 


958 


965 


972 


979 


986 


993 


79000 


79007 


79014 


79021 




617 


79029 


79036 


79043 


79050 


79057 


79064 


071 


078 


085 


092 




618 


099 


106 


113 


120 


127 


134 


141 


148 


155 


162 


1 


619 


169 


176 


183 


190 


197 


204 


211 


218 


225 


232 


1 


620 


239 


246 


253 


260 


267 


274 


281 


288 


295 


302 


621 


309 


316 


323 


330 


337 


344 


351 


358 


365. 


372 




622 


379 


386 


393 


400 


407 


414 


421 


428 


435 


442 




623 


449 


456 


463 


470 


477 


484 


491 


498 


505 


511 




624 


518 


525 


532 


539 


546 


553 


560 


567 


574 


581 




625 


588 


595 


602 


609 


616 


623 


630 


637 


644 


650 




626 


657 


664 


671 


678 


685 


692 


699 


706 


713 


720 




627 


727 


734 


741 


748 


754 


761 


768 


775 


782 


7891 


628 


796 


803 


810 


817 


824 


831 


837 


844 


851 


8581 


629 


865 


872 


879 


886 


893 


900 


906 


913 


920 


927 




630 


'934 


941 


948 


955 


962 


969 


975 


982 


80058 


996 


631 


80003 


80010 


80017 


80024 


80030 


80037 


80044 


80051- 


800651 i 


632 


072 


079 


085 


092 


099 


106 


113 


120 


127 


134 




633 


140 


147 


154 


161 


168 


175 


182 


188 


195 


202 




634 


209 


216 


223 


229 


236 


243 


250 


257 


264 


271 




635 


277 


284 


291 


298 


305 


312 


318 


325 


332 




636 


346 


353 


359 


366 


373 


380 


387 


393 


400 


407| 


637 


414 


421 


428 


434 


441 


448 


455 


462 


468 


475| 


_ 

638 


482 


489 


496 


502 


509 


516 


523 


530 


536 




639 


550 


557 


564 


570 


577 


584 


591 


598 


604 


6n| 


1 






^^■M^H 






^^^laBi 


BBBBBB 


SBBBBi 






i^HMliP 


1 



1^BL£ r. lOGARlTHMS OF NUMBERS. 



381 



80625 
693 
760 
828 
895 
963 

81030 
097 
164 
231 




80632 
699 
767 
835 
902 
969 

81037 
104 
171 
238 



291 


298 


358 


365 


425 


431 


491 


498 


558 


564 


624 


631 


690 


697 


757 


763 


823 


829 


889 


895 



7 1 


8 


9 


80665 


80676 


80679 


733 


740 


747 


801 


808 


814 


868 


875 


882 


936 


943 


949 


81003 


81010 


81017 


.070 


077 


084 


137 


144 


151 


204 


211 


218 


271 


278 


285 



338 
405 
471 
538 
604 
671 
737 
803 
869 
935 



660 


954 


961 


968 


974 


981 


987 


994 


661 


82020 


82027 


82033 


82040 


82046 


82053 


82060 


662 


086 


092 


099 


105 


112 


119 


125 


663 


151 


158 


164 


171 


178 


184 


191 


664 


217 


223 


230 


236 


243 


249 


256 


665 


282 


289 


295 


302 


308 


315 


321 


666 


347 


354 


360 


367 


373 


380 


387 


667 


413 


419 


426 


432 


439 


445 


452 


668 


478 


484 


491 


497 


504 1 510 


517 


669 


543 


549 


556 


562 


569 


575 


582 



182000 
066 
132 
197 
263 
328 
393 
458 
523 
588 



670 
671 
672 
673 
674 
675 
676 
677 
678 
679 



607 
672 
737 
802 
866 
930 
995 
83059 
123 
187 



345 
411 
478 
544 
611 
677 
743 
809 
875 
941 



351 
418 
485 
551 
617 
684 
750 
816 
882 
948 



82007 
073 
138 
204 
269 
334 
400 
465 
530 
595 



614 
679 
743 
808 
872 
937 
83001 
065 
129 
193 



620 
685 
750 
814 
879 
943 
83008 
072 
136 
200 



627 
692 
756 
821 
885' 
950 
83014 
078 
142 
206 



633 
693 
763 
827 
892 
956 
83020 
085 
149" 
213 



640 
705 
769 
834 
898 
963 
83027 
091 
155 
219 



646 
711 
776 
840 
905 
969 
83033 
' 097 
161 
225 



653 
718 
'782 
847 
911 
975 
83040 
104 
168 
232 



659 
724 
789 
853 
918 
982 
83046 
110 
174 
238 



680 
681 
682 
683 
684 
685 
686 
6«7 
688 
689 



251 
315 
378 
442 
506 
569 
632 
696 
759 
822 



257 
321 
385 
448 
512 
575 
639 
702 
765 
828 



264 
327 
391 
455 
518 
582 
645 



771 
835 



82014 
079 
145 
210 
276 
341 
406 
471 
536 
601 

666 
730 
7951 
860 
924 
988 
83052 
117 
181 
245 



270 
334 
398 
461 
525 
588 
651 
715 
778 
841 



276 
340 
404 
467 
531 
594 
6j8 
721 
784 
847 



283 
347 
410 
474 
537 
601 
664 
727 
790 
853 



289 
353 
417 
480 
544 
607 
670 
734 
797 
860 



}l 



690 


885 


691 


948 


692 


84011 


693 


073 


694 


136 


695 


198 


696 


261 


697 


323 


698 


386 


699 


448 



891 
954 
84017 
080 
142 
205 
267 
330 
392 
454 



897 
960 
f84023 
086 
148 
211 
273 
336 
39,8 
460 



904 
967 
84029 
092 
155 
217 
280 
342 
404 
466 



910 
973 
84036 
098 
161 
223 
286 
348 
410 
473 



916 
979 
84042 
105 
167 
230 
292 
354 
417 
479 



923 
985 
84048 
111 
173 
236 
298 
361 
423 
485 



296 


302 


359 


366 


423 


429 


487 


493 


550 


556 


613 


620 


677 


683 


740 


746 


803 


809 


866 


872 



308 
372 
436 
499 
563 
626 
689 
753 
816 
879 



929 
992 
84055 
117 
180 
242 
305 
367 
429 
491 



935 
998 
84061 
123 
186 
248 
311 
373 
435 
497 



942 
84004 
067 
130 
192 
255 
317 
379 
442 
504, 



UBS 



TABLE I. LOGAKITHUS OF MOMBE&S. 



Ko. 1 1 1 2 1 3 1 4 1 5 1 


' 6 L 7 1 


B 1 


9 


700 845J0 18451(5 |8452V. tS4528t84535 1 \ 


54541 8+547 jt 


>4553 84559 |l 


^4566 


701 


572 578 1 


584 590 1 597 | 


603 


609 


615 


621 


628 


702 


634 


'640 


646 


652 


658 


665 


671 


677 


683 


689 


703 


696 


703 


708 


714 


720 


726 


733 


739 


745 


751 


704 


757 


763 


770 


776 


782 


788 


794 


800 


807 


813 


705 


819 


825 


831 


837 


844 


850 


856 


862 


868 


874 


706 


880 


887 


893' 


899 


905 


911 


917 


924 


930 


936 


707 


942 


948 


954 


960 


967 


973 


979 


985 


d9l 


997 


' 708 1 


35003 j 


55009 i 


J50ie S5022 8502.- 1 


35034 i 


55040 85046 85052 ! 


35058 


709 


0^5 071 1 


077 1 083 0K9 


095 


10] 107 114 


120 


710 


126 


132 138 1 


144 


150 


156 


163 


169 


175 1811 


711 


187 


193 


199 


205 


211 


217 


224 


230 


236 242] 


712 


248 


254 


260 


266 


272 


2:8 


285 


291 


297 


303 


713 


309 


315 


321 


327 


333 


339 


345 


352 


358 


364 


714 


370 


376 


382 


388 


394 


400 


406 


412 


418 


4^5 


715 


431 


437 


443 


449 


455 


461 


467 


473 


479 


485 


716 


491 


497 


503 


509 


516 


522 


528 


534 


540 


546 


717 


552 


558 


564 


570 


576 


582 


588 


594 


600 


606 


718 


612 


618 


625 


631 637 


643 


649 


655 


661 


667 


719 


673 


i579 


685 


691 697 


703 


709 


715 


^21 


727, 


720 


733 


739 


745 


751 


757 


763 


769 


775 


781 


788 


721 


794 


800 


806 


812 


818 


824 


830 


836 


842 


848 


722 


854 


860 


866 


872 


878 


884 


890 


896 


902 


908 


#23 


914 


920 


926 


932 


938 


944 


950 


956 


962 


968 


72l 


974 


980 


986 


992 


998 


86004 


86010 


S6016 


86022 


86028 


725 


86034 


86040 


86046 


8605-2 


86058 


064 


070 


076 


082 


088 


726 


094 


100 


106 


112 


118 


124 


130 


136 


141 


147, 


727 


153 


159 


165 


171 


177 


183 


.189 


195 


201 


207 


728 


213 


219 225 


231 


237 243 


249 


255 


261 


267 


729 1 273 


279 285 


291 


297 303 


308 


314 


320 


326 


730 


332 


338 


344 


350 


356 


362 


368 


374 


380 


386 


731^ 


392 


398 


404 


410 


415 


421 


427 


433 


439 


445 


732 


451 


457 


463 


469 


475 


481 


487 


493 


499 


504 


733 


510 


516 


522 


528 


534 


540 


546 


552 


558 


564 


734 


570 


576 


581 


587 


593 


599 


605 


611 


617 


623 


735 


629 


635 


641 


646 


652 


658 


664 


670 


676 


682 


736 


688 


694 


700 


705 


711 


717 


723 


729 


735 


741! 


737 


747 


753 


759 


764 


770 


776 


782 


788 


794 


800> 


738 


806 


812 


817 


823 


829 


835 


841 


8i7 


853 


859 


739 


864 ' 870 


876 


882 ^ 888 


894 


900 


906 


911 


917 


740 


923 


929 


935 


941 


947 


953 


958 


964 


970 


976i 


741 


982 


988 


994 


999 


87005 


87011 


87017 


8702:J 


87t>29 


87035 


742 


87040 


87046 


87052 


87058 


064 


070 


075 


081 


087 


0«3 


743 


099 


105 


111 


116 


122 


128 


134 


140 


^46 


151 


744 


157 


163 


169 


175 


181 


186 


192 


198 


204 


210' 


745 


216 


221 


227 


233 


239 


245 


251 


256 


262 


268 


746 


274 


280 


286 


291 


297 


303 


309 


315 


520 


326 


747 


332 


338 


344 


349 


355 


361 


367 


375 


379 


384 


748 


390 396 


402 


408 


413 


419 


4'-i5 


,*31 


437 


442 


749 


448 454 


460! 466 


471 


477 


483 


489 


495 


500 


750 


506 


512 


518 


523 


529 


535 


541 


547 


. 552 


558 


751 


564 


570 


576 


581 


587 


593 


599 


604 


610 


6)6 


. 752 


622 


628 


633 


639 


645 


651 


656 


662 


668 


674 


753 


679 


6S5 


691 


697 


703 


708 


714 


720 


726 


731 


754 


737 


743 


749 


7i4 


760 


766 


772 


777 


783 


789 


755 


795 


800 


806 


812 


818 


823 


829 


835 


841 


846 


756 


852 


858 


864 


869 


875 


881 


887 


892 


898 


904 


757 


910 


915 


- 921 


927 


933 


938 


944 


950 


955 


961 


758 


967 


973 


978 


984 


990 


996 


88001 


88007 


88013 


88018 


I 759 188024 188030 '8S036 188041 


88047 188053 


058 


064 » 070 


076 



TABLE I. LOGARITHMS OV N0MBE1L5. 



S8T 



1 


No. 


"o™i 


1 'l 


1 2' 


3 1 


s 


5 


6 1 


^ 1 


8 1 


9 




760 


88081 


B8087 


88093 


89098 


88104 


88110 


881 16 


88121 


88127 


88133 




761 


138 < 


V 144 


150 


156 


161 


167 


173 


178 


184 


190 

347 




762 


195 


201 


207 


213 


218 


224 


230 


235 


341 




763 


252 


258 


364 


270 


275 


281 


387 


292 


898 


304 




.764 


309 


315 


321 


326 


332 


338 


343 


349 


355 


360 




765 


366 


372 


377 


383 


389 


395 


400 


406 


413 


417 




766 


423 


429 


434 


440 


446 


451 


457 


463 


468 


474 


^ 


767 


480 


485 


491 


497 


502 


508 


513 


519 


585 


530 




768 


536 


542 


547 


553 


bb^ 


564 


570 


576 


581 


587 




769 


593 


598 


604 


610 


615 


621 


627 


632 


638 


643 




770 


649 


^Sb 


660 


666 


672 


677 


683 


689 


694 


700 




771 


705 


711 


717 


722 


728 


734 


739 


745 


750 


756 


1 


772 


762 


767 


773 


779 


7S4 


790 


795 


801 


807 


812 


J 


773 


818 


824 


829 


835 


840 


846 


852 


857 


863 


868 




1 774 


874 


880 


885 


891 


897 


902 


908 


913 


919 


925 




1 773 


930 


936 


941 


947 


953 


958 


964 


969 


975 


981 




1 776 


986 


992 


997 


89003 


89009 


89014 


89030 


89025 


89031 


89037 




1 777 


89042 


89048 


89053 


059 


064 


070 


076 


081 


087 


093 




1 *^*^^ 


098 


104 


109 


115 


120 


126 


131 


137 


143 


148 


\ 


1 '''^ 


154 


159 


165 


170 


176 


182 


187 


193 


198 


204 




780 


209 


215 


221 


226 


232 


237 


243 


348 


354 


360 




781 


265 


271 


276 


282 


287 


293 


298 


304 


310 


315 




782 


321 


326 


332 


337 


343 


348 


354 


360 


365 


371 




783 


376 


382 


387 


393 


398 


404 


409 


415 


481 


486 




784 


432 


437 


443 


448 


454 


459 


465 


470 


476 


481 




785 


487 


492 


498 


504 


509 


515 


520 


526 


531 


537 




786 


542 


548 


553 


559 


564 


570 


575 


581 


586 


598 




787 


597 


603 


609 


614 


620 


625 


631 


636 


642 


647 




788 


^b^ 


658 


664 


669 


675 


680 


686 


691 


697 


702 




789 


768 


713 


719 


724 


730 


735 


741 


746 


752 


757 




790 


763 


768 


774 


779 


785 


790 


796 


801 


807 


812 




791 


818 


• 823 


829 


834 


840 


845 


851 


856 


862 


867 




792 


873 


878 


• 883 


889 


894 


900 


905 


911 


916 


922 




793 


927 


933 


938 


944 


949 


955 


960 


966 


971 


977 




794 


982 


988 


993 


998 


90004 


90009 


90015 


90020 


90026 


90031 




795 


90037 


90042 


90048 


90053 


059 


064 


069 


075 


080 


086 




796 


091 


097 


102 


108 


113 


119 


124 


129 


135 


140 




797 


146 


151 


157 


162 


168 


173 


179 


184 


189 


195 




798 


200 


!206 


211 


217 


222 


227 


233 


238 


244 


249 




799 


^$5 


260 


266 


271 


276 


282 


287 


293 


298 


304 




800 


309 


314 


320 


325 


331 


336 


342 


347 


352 


35g 




801 


363 


369 


374 


380 


385 


390 


396 


401 


407 


412 




802 


417 


423 


428 


434 


439 


445 


450 


455 


461 


466 




803 


472 


477 


482 


488 


493 


499 


504 


509 


515 


520 




804 


526 


531 


536 


542 


547 


553 


558 


563 


569 


574 




805 


580 


585 


590 


596 


601 


. 607 


612 


617 


623 


628 




806 


634 


639 


644 


650 


655 


660 


^%% 


671 


677 


682 




807 


687 


693 


698 


703 


709 


714 


720 


725 


730 


736 




808 


741 


747 


752 


757 


763 


768 


773 


779 


784 


789 




809 


795 


800 


806 


811 


816 


822 


827 


832 


838 


843 




810 


• 849 


854 


859 


865 


870 


875 


881 


886 


891 


897 




811 


902 


907 


913 


918 


924 


929 


934 


940 


945 


950 




812 


956 


961 


966 


972 


977 


982 


988 


993 


998 


91004 




813 


91009 


91014 


91020 


91025 


91030 


91036 


91041 


91046 


91052 


057 




814 


062 


068 


073 


078 


084 


08^ 


094 


100 


105 


110 




815 


116 


121 


126 


132 


137 


14^ 


148 


153 


158 


164 




816 


169 


174, 


180 


185 


190 


196 


201 


206 


212 


817 




B17 


222 


228 


233 


238 


243 


249 


254 


259 


265 


370 




818 


275 


281 


286 


291 


297 


302 


307 


312 


318 


323 




819 


328 


334 


339 


344 


350 


355 


360 


365 


371 


376 



TABLE I. LOGARITHUS OF NUMBERS. 



No. 


. ■ 1 . , 5 1 . 1 . 1 . 1 , 1 . 


_ 


-8^ 


sum 




91393 




J1403 


91.WB 


91413 


91418 


91424 




sai 


434 


440 


445 


450 


455 


461 


466 


471 






833 


487 


493 


498 


503 


508 


514 


519 


534 


529 




B23 


540 


545 


551 


556 


561 


566 


572 


571 


533 




834 


593 


598 


603 


609 


614 


619 


624 


630 






B35 


6i5 


651 


656 


661 


666 


672 


677 


683 


687 




B36 


698 




709 


714 


719 


724 




735 


740 




es7 


751 


756 


761 


766 


773 


777 


182 


787 


193 




sag 


803 


80g 


814 


819 




839 


834 


840 


845 




829 


855 


S6I 


666 


871 


876 


683 




892 






*830' 


"SOS 


913 


918 


934 




934 


~9W 


944 


95o' 




B31 


960 


965 


971 


976 




986 


991 


997 


92002 


92 


833 


9S0I2 


S30I8 


93083 


93038 


93033 


92038 


92044 


93049 


054 




S33 


065 


070 


075 


080 


085 


091 


096 


101 


106 




834 


in 


l»j 


127 


132 


137 






15? 


153 




335 


169 


17* 


179 


184 


IBS 


195 




205 


210 




836 


331 


336 


231 


233 


241 


247 


253 


257 


262 




851 


373 


378 


2B3 


288 


293 


398 


304 


309 


314 




838 


33* 


330 


335 


'340 


345 


350 


355 


S61 


36S 




839 




381 


387 


392 


397 


403 


407 




41B 


840 




433 


43B 


443 


449 


454 


459 


4C4 


469 




841 


480 


485 


490 


495 


500 


505 


511 




531 




842 


531 


536 


542 


547 


553 


557 


563 


567 


573 




843 


583 


ssa 


593 


598 


603 




614 


619 


63* 




844 


634 


639 


645 


650 


655 


660 


665 


670 


673 




84S 


686 


691 


696 


701 


706 


711 


716 


733 






8*6 


737 


742 






75B 


763 


768 


773 






847 




793 








814 


819 


82+ 








840 


843 


850 


855 


860 


865 


870 


875 


831 




849 


891 


896 


901 


905 


911 


916 


921 


931 


932 




■sSo 


942 


947 


952 


957 


962 


967 


""973" 


978 


9»3 




85\ 


993 


998 


93003 


93008 


93013 


93018 


93024 


93039 


[1303* 


W 


851 


93044 


93049 


054 


059 


064 






080 


085 




853 


005 


100 


105 


110 


115 


120 






136 




854 


146 




156 


161 


166 


171 




181 


1 86 




95S 


197 


303 


207 


312 


217 


333 




232 


237 




856 


347 


352 


35S 


363 


26S 


213 


373 


393 


338 




857 


399 




308 


313 


318 


323 


338 


33i 


339 




858 


349 


354 


359 


364 


369 


374 


379 


334 


389 




839 


399 


401 


409 


414 


430 


425 


430 


455 


*40 




"SM 


450 


455 


460 


465 




475 


4U0 


485 


490 




BSl 


500 


SOS 


510 


515 


530 


536 


531 


556 


541 




863 


551 


556 


561 


566 


574 


576 


531 


586 


591 




863 


601 


606 


611 




621 


626 


631 


636 


6*1 


m 


B64 


651 


656 


661 


666 




676 


682 


687 


692 


691 


865 


102 


707 


113 


717 




137 


133 


737 


7*2 


7*1 


866 


753 


757 


763 


767 


773 






187 


792 


797 


867 




807 


813 


817 


823 


837 


832 




8*2 


847 


S6S 


853 


857 




867 


873 


B77 




887 


893 


697 


B69 




907 


912 


917 


932 


927 


933 


937 


943 


9*7 


870 


953 




962 


967 


973 


977" 


9S3 


981 




997 


811 


94003 


94U07 


94013 


94017 


94023 


94027 


94032 


9*037 


940*2 


MOW 


873 


053 




063 


067 


072 


077 


082 


086 


091 


096 


873 
874 


101 
151 


106 
158 


161 


,466 


131 
171 


13b 
176 


131 


136 
186 


191 


196 


875 


301 


206 


311 








331 


236 


340 




876 


350 


255 


2ftl 


263 


870 




280 


385 


390 




877 


300 


305 


310 


315 




335 


330 


335 


340 




878 


349 


354 


359 


364 


369 


374 


379 








879 


399 


404 


409 


414 


419 


424 


429 


433 


*3S 


449 



TABLE I* LOGARITHMS OP NUMBERS. 



Sis 



l^o. 





n= 


2 


P3 


|4 


5 


6 


1 '' 


8 


9 


880 


94448 


94453 


94458 


94463 


94468 


94473 


94478 


94483 


94488 


94493 


881 


498 


503 


507 


512 


517 


522 


527 


532 


537 


542 


883 


547 


552 


557 


562 


567 


571 


576 


581 


586 


591 


883 


596 


601 


606 


611 


616 


621 


626 


630 


635 


' 640 


884 


645 


650 


655 


660 


665 


670 


675 


680 


685 


, 689 


885 


694 


699 


704 


709 


714 


719 


724 


729 


734 


738 


886 


743 


748 


753 


758 


763 


768 


773 


778 


783 


787 


887 


792 


797 


802 


807 


812 


817 


822 


827 


832 


836 


888 
889 


841 
890 


846 
895 


851 
900 


856 
905 


861 
910 


866 
915 


871 
919 


876 
924 


880 
929 


885 
934 


890 


939 


944 


949 


954 


959 


963 


968 


973 


978 


983 


«9l 


988 


993 


998 


95002 


95007 


95012 


95017 


95022 


95027 


95032 


892 


95036 


95041 


95046 


051 


056 


061 


066 


071 


075 


080 


893 


085 


090 


095 


100 


105 


109 


114 


119 


124 


129 


894 


134 


139 


143 


148 


153 


158 


163 


168 


173 


177 


895 


182 


187 


192 


197 


202 


207 


211 


216 


221 


226 


«96 


231 


236 


240 


245 


250 


255 


260 


265 


270 


274 


897 


279 


284 


289 


294 


299 


303 


308 


313 


318 


323 


898 


328 


332 


337 


342 


347 


352 


357 


361 


366 


371 


899 


376 


381 


386 


390 


395 


400 


405 


410 


415 


419 


900 


424 


429 


434 


439 


444 


448 


453 


458 


463 


468 


901 


472- 


477 


482 


487 


492 


497 


501 


506 


511 


516 


902 


521 


•525 


530 


535 


540 


545 


550 


554 


559 


564 


903 


569 


574 


578 


583 


588 


593 


598 


602 


607 


612 


904 


617 


622 


626 


631 


636 


641 


646 


650 


655 


660 


905 


665 


670 


674 


679 


684 


689 


694 


698 


703 


708 


906 


713 


718 


722 


727 


732 


737 


742 


746 


751 


756 


907 


761 


766 


770 


775 


780 


785 


789 


794 


799 


804 


908 


809 


813 


818 


823 


828 


832 


837 


842 


847 


852 


909 


856 


861 


866 


871 


875 


880 


885 


890 


895 


899 


910 


904 


909 


914 


918 


923 


928 


933 


938 


942 


947 


911 


952 


957 


961 


966 


971 


976 


980 


985 


990 


995 


912 


999 


96004 


96009 


96014 


96019 


96023 


96028 


96033 


96038 


96042 


913 


96047 


052 


057 


061 


066 


071 


076 


080 


085 


090 


914 


095 


099 


104 


109 


114 


118 


123 


128 


133 


137 


915 


142 


147 


152 


156 


161 


166 


171 


175 


180 


185 


916 


190 


194 


199 


204 


209 


213 


218 


S23 


227 


232 


917 


237 


242 


246 


251 


256 


261 


265 


270 


275 


280 


918 


284 


289 


294 


298 


303 


308 


313 


317 


322 


327 


919 


332 


336 


341 


346 


350 


355 


360 


365 


369 


374 


920 


379 


^84 


388 


393 


398 


402 


407 


412 


417 


421 


921 


426 


431 


435 


440 


445 


450 


454 


459 


464 


468 


922 


473 


478 


483 


487 


492 


497 


501 


506 


511 


515 


923 


520 


525 


530 


534 


539 


544 


548 


553 


558 


562 


924 


567 


572 


577 


581' 


5S6 


591 


595 


600 


605 


609 


925 


614 


6W 


624 


628 


633 


638 


642 


647 


652 


656 


926 


661 


666 


670 


675 


680 


685 


689 


694 


699 


703 


927 


708 


713 


717 


722 


727 


731 


736 


741 


745 


750 


928 


755 


759 


764 


. 769 


774 


778 


783 


788 


792 


797 


929 


*802 


806 


811 


816 


820 


825^ 


830 


834 


839 


8^4 


1 930 


848 


853 


858 


862 


867 


872 


876 


881 


886 


890 


1 931 


895 


. 900 


904 


909 


914 


918 


923 


928 


932 


937 


932 


942 


946 


951 


956 


960 


965 


970 


974 


979 


984 


933 


988 


993 


997 


97002 


97007 


97011 


97016 


97021 


97025 


97030 


934 


97035 


97039 


97044 


049 


053 


058 


063 


067 


072 


077 


935 


081 


086 


090 


095 


too 


104 


109 


114 


118 


123 


936 


128 


132 


137 


142 


146 
192 


151 


155 


160 


165 


169 


937 


174 


179 


183 


188 


197 


202 


206 


211 


316 


938 


220 


225 


230 


234 


239 


243 


248 


253 


257 


262 


939 


267 


271 


276 


280 


285 


290 


294 


299 


304 


308 



a» 



us 



TABLE f. XOCMUTHUS OV 



3ofT 


"o""T 


TT^ 


2\ 


TT 


4^ 


sT 


TT 


tT 


?T"^ 


940 97313 197317 1973«2 197327 ;9733l 197336 |97340 197345 i97350 \97354| 


941 


359 


364 


368 


373 


377 


382 


387 


391 


396 


41)0 


942 


405 


410 


414 


419 


424 


428 


433 


437 


442 


447 


943 


451 


456 


460 


465 


470 


474 


479 


483 


4B8 


4^0 


944 


497 


502 


506 


511 


516 


520 


525 


529 


534 


5.>H 


945 


543 


548 


552 


557 


562 


566 


571 


575 


580 


585 


946 


589 


594 


598 


603 


607 


612 


617 


621 


626 


63(1 


947 


635 


640 


644 


649 


653 


658 


663 


667 


672 


67b 


948 


681 


685 
7311 


690 


6951 


699 


704 


708 


713 


717 7281 


9491 


727 


736 


7401 


745 


749 


754 


759 


763 


768 


950 


772 


777 


7821 


786 


791 


795 


800 


804 


809 


813 


951 


818 


823 


827 


832 


836 


841 


845 


850 


855 


859 


952 


864 


868 


873 


877 


882 


886 


891 


896 


900 


905 


953 


909 


914 


918 


923 


928 


932 


937 


941 


946 


950 


954 


^55 


959 


964 


968 


973 


978 


982 


987 


991 


996 


955 


98000 


98005 


98009 


98014 


98019 


98023 


98028 


9804^2 


98037 


98041 


956 


046 


050 


055 


059 


064 


068 


073 


078 


082 


0I< 


, 957 


091 


096 


100 


105 


109 


114 


118 


123 


127 


15:^ 


958 


137 


141 


146 


150 


155 


159 


164 


168 


173 


177 


959 


182 


186 


191 


1951 


200 


204 


209 


214 


218 


223 


960 


227 


232 
277 


236 


241 


245 


250 


254 


259 


2t>3 


268 


961 


272 


281 


286 


290 


295 


299 


304 


308 


313 


962 


318 


322 


327 


331 


336 


340 


345 


349 


354 


358 


963 


363 


367 


372 


376 


381 


385 


390 


394 


S9D 


403 


964 


408 


412 


417 


421 


426 


430 


435 


439 


444 


443 


965 


453 


457 


462 


466 


471 


475. 


480 


484 


489 


499 


966 


498 


502 


507 


511 


516 


520 


525 


529 


534 


538 


967 


543 


547 


552 


556 


561 


565 


570 


574 


579 


589 


968 


586 


592 


597 
641 


601 
646 


605 


610 


61% 


-619 


623 


628 


969 


632 


637 


6.^0 


655 


659 


664 


668 


673 
717 


970 


677 


682 


686 


691 


695 


700 


704 


709 


713 


971 


722 


726 


731 


735 


740 


744 


749 


753 


758 


76S 


972 


767 


771 


776 


780 


784 


789 


793 


798 


802 


801 


973 


811 


816 


820 


825 


829 


834 


838 


843 


847 


351 


974 


856 


860 


865 


869 


874 


878 


883 


887 


892 


896 


975 


900 


905 


909 


914 


918 


'923 


927 


932 


936 


941 


976 


945 


949 


954 


958 


963 


967 


972 


976 


981 


985 


977 


989 


994 


998 


99003 


99007 


99012 


99016 


99021 


99035 


990?! 


978 


99034 


99038 


99043 


047 


052 


056 


061 


065 


069 


(M 


979 


078 


083 


087 


092 


096 


100 


105 


109 


114 


lei 


980 


123 


127 


131 


136 


140 


145 


149 


154 


158 


981 


167 


171 


176 


180 


185 


189 


193 


198 


902 


207 


982 


211 


216 


220 


224 


229 


233 


238 


242 


947 


251 


983 


255 


260 


264 


269 


273 


277 


282 


286 


291 


295 


984 


300 


304 


308 


313 


317 


322 


326 


350 


335 


339 


985 


344 


348 


352 


357 


G6I 


366 


370 


374 


379 


383 


986 


388 


392 


396 


401 


405 


410 


414 


419 


423 


421 


987 


432 


436 


441 


445 


449 


454 


458 


463 


467 


471 


988 


476 


480 


484 


489 


493 


498 


502 


506 


511 


5U 


989 


520 


524 


' 528 


533 


537 


542 


546 


550 


555 


5SS 


990 


564 


568 


572 


577 


581 


585 


590 


594 
638 


599 


"Toi 


991 


607 


612 


616 


621 


625 


629 


634 


642 


647 


992 


651 


656 


660 


664 


669 


673 


67 ^■ 


682 


686 


691 


993 


695 


699 


704 


708 


712 


717 


7'il 


726 


730 


7341 


994 


739 


743 


747 


752 


756 


760 


765 


769 


774 


71jl 


995 


782 


787 


791 


795 


800 


804 


80S 


813 


817 


88j 


996 


826 


830 


835 


839 


843 


848 


85^2 


856 


861 


86jl 


997 


870 


874 


878 


883 


887 


891 


896 


900 


904 


^ 


998 


913 


9n 


' 922 


926 


930 


935 


939 


944 


948 


^ 


999 


957 


961 


i 965 


970 


y 974 


978 


983 


987 


991 


J3 



t \ 



TABLK n. VATtnUL StNlS. 



387 



O Degrees. [ 1 Degree. | g Degreet. | 3 Degrees. | 4 Degrees. 
|M jN.sinel N.cos. ;'N.sijie|N. cos |N.8ine|N.co8.jN.sme}N.cos.|N.sine|N.co6.' ^ 




1-00000 
OUOOO 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 



io 



11 

13 

u 

15 
16 
17 
18 
19 



.» * . 



01745 
774 
803 
832 
862 
891 
920 
949 
918 

1 02007 



99985 
84 
84 
83 
83 
82 
82 
.81 
80 
80 



03490 
519 
548 
577 
606 
635 
664 
695 
723 
752 



99999 
938 
937 
936 
935 
934 
933 
932 
931 
930 



f0^234l99863 



d63 
292 
321 

350 
379 
408 
437 
466 
495 



61 

60 
58 
57 

54 
52 
5i 
49 



06976 
07005 
034 
063 
092 
121 
150 
179 
208 
237 



[99756 
54 
52 
50 
48 
46 
44 
4« 
40 
38 



|M 

60 
5P 
58 
57 
56 
55 
54 
53 
52 
51 



00291 
320 
349 
378 
407 
436 
465 
495 
524 
553 



1-00000 
•99999 
999 
999 
'S99 
999 
999 
999 
999 
998 



036 
065 
094 
123 
152 
181 
211 
240 
2>f9 
298 



99979 


781 


99929 


d24 


99847 


266 


99736 


79 


810 


927 


SibZ 


46 


295 


34 


78 


839 


926 


582 


44 


324 


tJl 


77 


868 


925 


611 


42 


353 


29 


77 


897 


924 


640 


41, 


382 


28 


76 


926 


923 


^m 


39 


411 


25, 


76 


955 


922 


698 


38 


440 


23 


75 


984 


921 


727 


36 


469 


«1 


74 


04013 


919 


756 


34 


498 


19 


74 


042 


918j 


785 


331 


07527 


1 16 



50 

49 
48 
47 
46 
45 
44 
43 
42 
41 



20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



00582 


99998 


611 


998 


640 


998 


669 


998 


698 


998 


727 


997 


756 


997 


785 


997 


814 


997 


844 


996 



02327 
356 
385 
414 
445 
472 
501 
530 
560 
589 



99973 


071 


72 


100 


72 


129 


71 


159 


70 


188 


69 


217 


69 


246 


68 


275 


67 


304 


66 


333 



99917 
916 
915 
1)13 

^ 912 
911 
910 
909 
907 
906 



814 
844 
873 
902 
931 
960 
989 
106018 
047 
076 



99831 
29 
27 
26 
24 
22 
21 
19 
17 
15 



556 

585 

614 

643 

672 

701 

730 

759 

788 

817 



99714 
12 
10 
08 
05 
03 
01 

99699 
96 
94 



40 

|39 

38 

37 

36 

35 

34 

33 

32| 

311 



30 
31 
32 
33 
34 
85 
36 
37 
38 
39 



00873 


99996 


618 


99966 


362 


902 


996 


647 


^b 


391 


931 


996 


676 


64 


420 


960 


995 


705 


63 


449 


989 


995 


734 


63 


478 


01018 


995 


763 


62 


507 


047 


995 


792 


61 


536 


076 


99A 


821 


60 


565 


105 


994 


850 


59 


594 


134 


994 


879 


59 


623 



99905 
904 
902 
901 
900 
898 
897 
896 
894 
893 



105 
134 
163 
192 
221 
250 
279 
308 
337 
366 



99813 
12 
10 
08 
06 
<A 
03 
01 

[99799 
97 



846 


92 


875 


89 


904 


87 


933 


85 


962 


83 


991 


80 


08020 


78 


049 


76 


078 


73 


107 


71 



30 
29 
28 
27 
26 
25 
24 
23 

21 



40 


01164 


99993 


908 


99958 


04653 


99892 


395 


95 


136 


99668 


41 


193 


993 


938 


57 


682 


890 


424 


93 


165 


^ 


42 


222 


993 


967 


56 


711 


889 


453 


92 


194 


64 


43 
44 


231 


992 


996 


bb 


740 


888 


482 


90 


223 


61 


280 


992 


03025 


54 


769 


886 


511 


88 


252 


59 


45 


309 


991 


054 


53 


798 


885 


540 


86 


281 


57 


46 


338 


991 


083 


52 


827 


883 


569 


84 


310 


54 


47 


367 


991 


112 


52 


856 


882 


598 


82 


339 


59 


48 


396 


990 


141 


51 


885 


881 


627 


80 


368 


49 


49 


425 


990 


170 


50 


914 


879 


06656 


78 


397 


47 



51 
52 
$3 
54 
55 
56 
57 
S8 
59 
60 



101454 
483 
513 
542 
571 
600 
629 
658 
687 
716 

\ 745 



99989 
989 
989 
986 
988 
987 
987 
986 
986 
985 
985 



199 
238 
257 
286 
316 
345 
374 
403 
432 
461 
490 



99949 
46 

, 47 
46 
45 
44 
43 
42 
41 
40 
39 



04943 
972 

05001 
030 
059 
0B8 
117 
146 
175 
205 
334 



99878 
876 
875 
873 
872 
870 
869 
867 
866 
864 
863 



89 Degrees. 



685 
714 
743 
773 
802 
131 
660 
889 
918 
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74 
72 
70 
68 
^^ 
64 
62 
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5a 
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542 
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716 
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42 
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37 
35 
32 
30 
97 
25 
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59 
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14 
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46 


45 
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019 
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58 
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12 
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43 


74 


244 


14004 
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755 57| 
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09 


569 


40 
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56 
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07 
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37 


31 
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55 
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04 
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34 


60 


253 
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54 
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02 
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31 


89 
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53 
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226 
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52 
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222 177 1 
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51 
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94 
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?8723 


50 
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91 


771 


18 
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718 


49 


12 063 


88 
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15 


33 
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263 


978 


988 


714 


48 


13 092 


8S 


829 


12 


62 


208 


292 


973 


16017 


709 


47 


14 121 


83 


858 


09 


91 


204 


320 


969 


046 


704 


46 


15 150 


80 


887 


06 
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200 


349 


965 


074 


700 


45 


16 179 


78 


916 


02, 


49 


197 


378 


961 
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44 


17 20i 


75 


945 


99399 


78 
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407 


957 
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690 


43 
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72 


973 


96 
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42 


19 266 


70 
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41 


20 09295 
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90 


64 
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14493 
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64 
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86 


93 
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940 
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62 
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83 
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667 


38 
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59 
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80 


51 
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931 


304 


662 


37 


24 411 


56 


147 


77 


80 


167 


608 


927 


333 


657 


36 


25 440 


53 


176 


74 


12908 
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637 


923 


361 


652 


35 


26 469 


51 
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70 


37 
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666 


919 


390 


648 


34 


27 498 


48 
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67 


66 
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419 
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33 
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45 
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64 


95 
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723 


910 
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638 


32 
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42 
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60 
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476 
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31 
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30 
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37 
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54 
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141 
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29 
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S4 
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51 
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893 


562 
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28 
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31 
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47 
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867 
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614 


27 
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28 
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44 
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26 
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26 
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41 
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37 
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24 
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20 
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34 


254 
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595 


23 
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17 
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31 
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15011 
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22 
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14 
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27 
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763 
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21 
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08 
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854 
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19 
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06 
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17 
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849 


649 
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18 
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03 


696 


14 
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094 
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845 


878 


565 


17 


44 990 


00 


725 


10 
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841 


906 
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16 
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99497 


754 


07 
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836 
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556 


15 


46 048 


94 
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03 
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832 


964 


551 


14 
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91 


812 


00 
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079 
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992 
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13 
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299 
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12 
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93 
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11 
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90 
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10 
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79 
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86 
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9 
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76 
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83 
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8 
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73 
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79 
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70 
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76 


744 
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6 
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67 
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72 
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506 


5 


56 337 


64 


071 


69 


802 


043 
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787 
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61 
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65 


t31 


039 
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782 


279 


496 


4 


58 395 


58 
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62 
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035 
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778 


308 


491 


9 


59 424 


55 
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58 
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773 
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1 


60 453 
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1 187 


55 
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• 643 


769 
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820 
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848 
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140 
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58 

57 

56 

55 

54 

53 

54 
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3 
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6 
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76 
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71 
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66 
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61 
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55 
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50 
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45 
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40 
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35 
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11 
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17 
18 
19 
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25 
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20 


4'23 
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14 
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090 
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09 


481 


084 
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04 
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94 
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83 


623 
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835 


358 
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723 
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615 
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616 
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298 
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175 
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203 
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648 


260 
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288 
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316 
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813 
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897 
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954 
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866 
858 
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829 
822 
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39 
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37 
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35 
34 
33 
32 
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30 
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31 
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32 
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33 
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34 
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35 
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36 
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37 
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38 
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39 
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15 
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04 
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94 
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77 
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21644 
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965 
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623 


373 


230 


994 


981 


701 


,617 


401 


223 


20022 


975 


729 


611 


429 


217 


051 


969 


758 


604 


458 


210 


079 


963 


786 


598 


486 


203 


103 


958 


814 


592 


514 


196 


136 


952 


843 


585 


542 


189 


165 


946 


871 


579 


571 


182 


193 


940 


899 


573 


599 


176 



038 
066 
094 
122 
151 
179 
207 
235 
263 
291 
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807 
800 
793 
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771 
764 
756 
749 



30 
29 
28 
27 
26 
25 
24 
23 
22 
21 
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40 
41 
42 
43 
44 
45 
46 
47 
48 
49 



18509 
538 
567 
595 
624 
652 
681 
710 
738 
767 



98272 


20222 


97934 


21928 


97566 


23627 


67 


250 


928 


956 


'I60' 


656 


'61 


279 


922 


985 


553 


684 


56 


307 


916 


22013 


547 


712 


50 


336 


910 


041 


541 


740 


45 


364 


905 


070 


534 


769 


40 


393 


899 


098 


528 


797 


34 


421 


893 


126 


521 


825 


29 


450 


887 
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515 


853 


23 
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881 
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508 


882 
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155 
148 
141 
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120 
113 
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432 
460 
488 
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545 
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881 
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01 
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79 
74 
68 
63 
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620 
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869 
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845 
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297 
325 
353 
382 
410 
438 
467 
495 
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496 
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476 
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463 
457 
450 
444 
437 
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938 
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995 
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051 
079 
108 
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164 
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093 
086 
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657 
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713 
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798 
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854 
882 
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95630 
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1 
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85 
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584 
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3 


38 


78 
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3 


66 


70 
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4 


94 


62 
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070 
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5 
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55 
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040 
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694 
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6 
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47 
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^4 


7 
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40 
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8 
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32 
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24 
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10 
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27843 
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11 
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09 
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006 


859 


447 49 


12 
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02 
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029 


571 


528 


233 
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438 48 


13 


247 


96494 
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021 


599 


519 


261 


988 


914 


428 47 


14 


275 


86 


955 


013 
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289 


979 
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15 
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79 
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502 
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969 


409 451 


16 
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71 
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344 
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997 
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17 
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63 
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710 


485 


372 
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56 
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19 
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48 
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079 
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20 
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31 
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33 
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22 
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906 
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. 342 38 


23 
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17 
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332 37 


24 
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10 
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424 


565 


888 


216 


322 36 


25 
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02 
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415 


593 


878 
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313 35 


26 


«12 
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290 
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960 


407 


620 
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4 


27 


640 


86 
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3 


28 
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79 
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2 


29 
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842 
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30 
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31 
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55 


429 


74 
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9 


32 
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47 
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33 
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652 


07 


320 


393 
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90 
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54 
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74 
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55 
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66 


098 


73 
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065 
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56 
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64 
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57 
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50 
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56 
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133 
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580 
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58 
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42 
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47 
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1 
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488 


707 
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39 


2 


257 


949 


891 


337 


515 


697 


127 


028 


727 


331 


58 


3 


284 


939 


918 


327 


542 


<86 


153 


016 


753 


319 


57 


4 


311 


929 


945 


316 


569 


675 


180 


005 


780 


307 


5Q 


5 


339 


jJI9 


973 


306 


595 


664 


20^ 


91994 


806 


295 


55 


6 


366 


909 


36000 


295 


622 


653 


234 


982 


833 


283 


54 


1 


393 


899 


027 


283 


649 


642 


260 


971 


860 


272 


53 


8 


4-2 1 


889 


054 


274 


676 


631 


287 


959 


886 


260 


52 


9 


448 


879* 081 


264 


703 


620 


314 


948 


913 


248 


51 



10 


34475 


93869 


11 1 


503 


859 


IJ 


530 


849 


i3 


557 


839 


14 


584 


829 


15 


612 


819 


16 


639 


800 


17 


666 


799 


18 


694 


789 


19 


721 


779 



36108 !93253 1 


135 


243 


162 


232 


190 


222 


217 


211 


244 


201 


271 


190 


298 


180 


325 


169 


352 


159 



37730 
757 
784 
811 
838 
865 
892 
919 
946 
973 



92609 
598 
587 
576 
5&5 
554 
543 
532 
521 
510 



39341 
367 
394 
421 
448 
474 
501 
528 
555 
581 



91936 
925 
914 
902 
. 891 
879 
868 
856 
845 
833 



40939 
966 
992 

41019 
045 
072 
098 
125 
151 
178 



91236 50 



224 
212 
200 
li38 
176 
164 
152 



49 
48 
47 
46 
45 
44 
43 



140 42 
128 41 



20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



34748 
775 
803 
830 
857 
884 
912 
939 
966 
993 



93769 
759 
748 
738 
728 

• 7J8 
708 
698 
688 
677 



36379 
406 
434 
461 
488 
515 
542 
569 
596 
623 



93148 
137 
127 
116 
106 
095 
084 
074 
063 
052 



37999 
38026 
053 
080 
107 
134 
161 
188 
215 
241 



92499 
488 
477 
466 
453 
444 
432 
421 
410 
399 



39608 
635 
661 
688 
715 
741 
768 
795 
822 
848 



91822 
810 
799 
787 
775 
764 
752 
741 
729 
718 



141204 
231 
257 
284 
310 
337 
363 
390 
416 
443 



91116 
104 
092 
080 
068 
056 
044 
032 
020 
008 



40 
39 
38 
37 

36 
35 
34 
33 
32 
31 



30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 



35021 
048 
075 
102 
130 
157 
184 
211 
239 
266 



93667 
657 
647 
637 
626 
616 
605 
596 
585 
575 



36650 
677 
704 
731 
758 
785 
812 
839 
867 
894 



93042 
031 
020 
010 

92999 
988 
978 
967 
956 
945 



38268 
295 
322 
349 
376 
403 
430, 
456 
483 
510 



92388 
377 
366 
355 
343 
332 
321 
310 
299 
287 



139875 
902 
928 
955 
982 

40008 
035 
062 
088 
115 



191706 
694 
683 
671 
660 
648 
636 
625 
613 
601 



41469 90996 r 


496 


984 


522 


972 


549 


960 


575 


948 


602 


936 


628 


924 


655 


911 


681 


899 


707 8871 



i30 
29 

28 
27 
26 
25 
24 
23 
22 
21 



35293 
320 
347 
375 
402 
429 
456 
484 
511 
538 



93565 
S55 
544 
534 
524 
514 
503 
493 
483 
472 



36921 
948 
975 

37002 
029 
056 
083 
110 
137 
164 



92935 
924 
913 
902 
892 
881 
870 
859 
849 
838 



38537 
564 
591 
617 
644 
671 

en 

725 

752 
778 



92276 
265 
254 
243 
231 
220 
209 
198 
186 
175 



40141 


91590 


168 


578 


195 


5n6 


221 


555 


248 


543 


275 


531 


301 


519 


328 


508 


355 


496 


381 


484 



41734 
760 
787 
813 
840 
866 
892 
919 
945 
972 



90875 
863 
851 
839 
826 
814 
802 
790 
778 
766 



20 
19 
18 
17 
16 
15 

13 
12 
11 



50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 



35565 

592 
619 
647 
674 
701 
728 
755 
782 
810 
837 



93462 
452 
441 
431 
420 
410 
400 
389 
379 
368 
358 



37191 
218 
245 
272 
299 
326 
353 
380 
407 
434 
461 



92827 
81^ 
805 
794 
784 
773 
762 
751 
740 
729 
718 



38805 
832 
859 
886 
912 
939 
966 
993 

39020 
046 
073 



92164 
152 
141 
130 
119 
107 
096 
085 
073 
062 
050 



40408 
434 
461 
488 
514 
541 
567 
594 
621 
647 
674 



91472 
461 
449 
437 
425 
414 
402 
390 
378 
366 
355 



41998 
42024 
051 
077 
104 
130 
156 
183 
209 
235 
262 



90753 
741 
729 
717 
704 
692 
680 
668 
655 
643 
631 



10 
9 
8 
7 
6 
5 
4 

3 

2 
1 




N.co8.|N,iiine|N.^08 iNsine|N.coi.|N.sine'M 

! . , ' 



M |N.co».|y.rine}N.cos. N.tipe 



67 Deg. I 66 Vtg. | 65 Deg. T 



69 Deg. t 68 Deg. 



892 



TIBLEXI. NATURAL SIKES* 



1 25 Deg. 1 26 Deg. 1 27 Deg. | S8 Deg. | 29 Deg. 


n 


M N.sioe 


> N. COS. N.sine 


N.cos.!N.sine|N.co8.|N.8ine|N.cos. N.nneiN.cos. |m|| 


4226'2 


90631 


43837 


89879 


45399 


39101 146947 


88295 


48481 


87462 


60 


1 288 


618 


863 


867 


425 


087 


973 


28| 


506 


448 


59 


2 315 


606 


889 


854 


451 


074 


999 


267 


532 


434 


58 


3 341 


594 


916 


841 


477 


061 


47024 


254 


557 


420 


57 


4 367 


582 


942 


828 


505 


048 


050 


240 


583 


406 


56 


5 394 


569 


968 


816 


529 


035 


076 


226 


608 


391 


55 


6 4'20 


557 


994 


803 


554 


021 


101 


213 


634 


377 |54|| 


7 446 


545 


44020 


790 


580 


.008 


127 


199 


659 


363 


M 


8 473 


532 


046 


777 


606 


38995 


153 


185 


684 


349 


M 


9 499 


520 


072 


764 


1 632* 981 


178' 172 


710 


335 i5l|| 


10 42525 


90507 


44098 


89752 


45658 188963 


47204 


88158 


48735 


87321 


po 


U 552 


495 


124 


739' 


684 


955 


. 229 


144 


761 


306 


49 


12 578 


48a 


151 


726 


710 


942 


255 


130 


786 


292 


48 


13 604 


470 


177 


713 


736 


928 


281 


117 


811 


278 


47 


14 631 


458 


203 


700 


762 


915 


306 


103 


837 


264 


46 


15 657 


446 


229 


687 


787 


902 


332 


089 


862 


250 


45 


16 683 


433 


255 


674 


813 


888 


358 


075 


888 


235 


44 


17 709 


421 


281 


662 


839 


875 


383 


062 


913 


221 


43 


18 736 


408 


307 


649 


865 


862 


409 


048 


938 


207 


42 


19 762 


396 


333 


636 


891 


848 434 


034 964 i 193 


41 


20 42788 


90383 


44359 


89623 


45917 


88835 


47460 


88020 


48989 


87178 


40 


21 815 


371 


385 


610 


942 


822 


486 


006 


49014 


164 


39 


22 841 


358 


411 


597 


968 


808 


511 


87993 


040 


150 


38 


23 867 


346 


•437 


584 


994 


795 


537 


979 


065 


136 


37 


24 894 


334 


464 


571 


46020 


782 


562 


965 


090 


121 


36 


25 920 


321 


490 


558 


046 


768 


588 


951 


116 


107 


35 


26 946 


309 


516 


545 


072 


755 


614 


937 


141 


093 


34 


27 972 


296 


542 


532 


097 


741 


639 


923 


166 


079 


33 


28 999 


284 


568 


519 


123 


728 


665 909 


^ 192 


064 


32 


29 43025 471 ' 594 1 


506 


149 715 


690 896 217 


050 


31 


30 051 


90259 


44620 89493 


46175 188701 


47716 


87882 


49242 


87036 


30 


31 077 


246 


646 480 


201 


688 


741 


868 


268 


021 


29 


32 104 


233 


672 


467 


226 


674 


767 


854 


293 


007 


28 


33 130 


221 


698 


454 


252 


661 


793 


840 


318 


86993 


27 


34 156 


208 


724 


441 


278 


647 


818 


826 


344 


978 


26 


35 182 


196 


750 


428 


304 


634 


844 


812 


369 


964 


25 


36 209 


183 


776 


415 


330 


620 


869 


798 


394 


949 


24 


37 235 


171 


802 


402 


355 


607 


895 


784 


419 


935 


23 


38 261 


158 


828 


389 


381 


593 


920 


770 


445 


921 


22 


39 287 


146 


854 


376 


407 


580 


946 


756 470 1 


906 


21 


40 43313 


90133 


44880 


89363 46433 


88566 


47971 


87743 


49495 


86892 


20 


41 340 


120 


906 


350 458 


553 


997 


729 


521 


878 


19 


42 366 


108 


932 


337 


484 


539 


48022 


715 


546 


863 


18 


43 392 


095 


958 


324 


510 


526 


048 


701 


571 


849 


17 


44 418 


082 


984 


311 


536 


512 


073 


687 


596 


834 


16 


45 445 


070 


45010 


298 


561 


499 


099 


673 


622 


820 


15 


46 471 


057 


036 


285 


587 


485 


124 


659 


647 


805 


14 


47 497 


045 


062 


272 


613 


472 


150 


645 


672 


791 


13 


48 523 


032 


038 259 1 


639 


458 


175 


631 


697 


777 


12 


49 549 


0191 114» 245 » 


664 


445 


201 


617 


723 


762 


11 


50 43575 \ 


?0007 


45140 


89232 


46690 


88431 


48226 


87603 


49748 86748 


To 


51 602 1 


59994 


166 


219 


716 


417 


252 


589 


773 733 


9 


52 628 


981 


192 


206 


742 


404 


277 


575 


798 


719 


8 


53 654 


968 


^18 


193 


767 


390 


303 


561 


824 


704 


7 


54 680 


956 


243 


180 


793 


377 


328 


546 


849 


690 


6 


55 706 


943 


269 


167 


819 


363 


354 


532 


874 


675 


5 


56 733 


950 


295 


153 


844 


349 


379 


518 


899 


661 


4 


57 759 


918 


321 


140 


870 


336 


405 


504 


924 


646 


3 


58 785 


905- 


347 


127 


896 


322 


430 


490 


950 


6$2 


2 


59 811 


892 


•373 


114 


921 


308 


456 


476 


975 


617 


1 


60 837 


879 


399 


101 


947 


295 


4811 462 1 


50000 


603 





M N.cos. N.sine 


N.cos. N.sine ] 


N. COS. [N.sine N.co8.|N.sine N.cos^jN.tfne 


Si 


64 Deg. 


63 Deg. 


62 Deg. 1 61 Deg. 60 Deg. B 



TABtS. II. KATORAL SINES. 



39$ 



ae 



30 Degrees. | 31 Degrees. | 



.M|N.wne|N.cos. jN.sinelN. co8.1N 




1 
2 
3 
4 
5 
6 
7 
8 
9 

lO 
11 
12 
13 
U 
15 
16 
17 
IB 
19 



50000 
025 
050 
076 
101 
126 
151 
176 
201 
227 



86603 
588 
573 
559 
544 
530 
515 
501 
486 
471 



51504 
529 
554 
579 
604 
628 
653 
678 
703 
728 



85717 
702 
687 
672 
657 
642 
627 
612 
597 
582 



32 Degrees. | 33 Degrees. | 34 Degrees. I 
>J.gine[N.co8.}N.sinejN. cos.|N.8ine|N.cds.{ JVJ 



52992 
53017 
041 
066 
0^1 
115 
140 
164 
189 
214 



84805 
789 
774 
759 
743 
728 
712 
697 
681, 
666 



54464 
488 
513 
537 
561 
586 
610 
635 
659 
683 



83867 
'ddl 
835 
819 
804 
788 
772 
756 
740 
724 




20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



30 
31 
39 
33 
34 
35 
36 
37 
38 
39 



40 
41 
42 
43 
44 
45 
46 
47 
48 
49 



50 
51 
52 
53 
54 
55 
56 
51 
58 
59 



50252 


86457 


51753 


85567 


53238 


84650 


154708 


83708 


56160 


277 


442 


778 


551 


263 


635 


732 


692 


184 


302 


427 


803 


536 


288 


619 


756 


676 


-208 


327 


413 


828 


521 


312 


604 


781 


660 


232 


352 


398 


852 


506 


337 


588 


805 


645 


256 


377 


384 


877 


491 


361 


573 


829 


629 


280 


403 


369 


902 


476 


386 


557 


854 


613 


305 


428 


354 


927 


461 


411 


542 


878 


597 


329 


453 


340 


952 


446 


435 


526 


902 


581 


353 


478 


325 


977 


431 


460 


511 


927 


565 


377 



82741 
724 
708 
692 
675 
659 
643 
626 
610 
59^ 



50503 
528 
553 
578 
603 
628 
654 
679 
704 
729 



86310 
295 
281 
266 
251 
237 
222 
207 
192 
178 



52002 
026 
051 
076 
101 
126 
151 
175 
200 
225 



85416 
401 
385 
370 
355 
340 
325 
310 
294 
279 



53484 
509 
534 
558 
583 
607 
632 
656 
681 
70^ 



84495 
480 
464 
448 
433 
417 
402 
386 
370 
35^ 



i4951 
975 
999 

55024 
048 
072 
097 
121 
145 
169 



83549 
533 
517 
501 
485 
469 
453 
437 
421 
405 



56401 
425 
449] 
473 
497 
521 
545 
569 
593 
617 



82577 
561 
544 
528 
511 
495 
478 
462 
446 
429 



50754 


86163 


52250 


8526A 53730 


84339 


779 


^48 


275 


249 754 


324 


804 


133 


299 


234 


779 


308 


829 


119 


324 


218 


804 


292 


854 


104 


349 


903 


828 


277 


879 


089 


374 


188 


853 


261 


904 


074 


399 


173 


877 


245 


929 


059 


423 


157 


902 


230 


954 


045 


448 


. 142 


926 


214 


979 


030 


473 


127 


951 


198 



55194 
218 
24'2 
266 
291 
315 
339 
363 
388 
412 



83389 
373 
356 
3i0 
324 
508 
292 
276 
260 
244 



51004 
029 
054 
079 
104 
129 
154 
179 
204 
229 



86015 
000 

85985 
.970 
956 
941 
926 
911 
896 
881 



52498 
522 
547 
572 
597 
621 
646 
671 
696 
720 



85112 
096 
081 
066 
051 
035 
020 
005 

84989^ 
974 



53975 
54000 
024 
049 
073 
097 
122 

u^ 

17t 
195 



84182 
167 
151 
135 
120 
104 
'088 
072 
057 
041 



55436 
460 
484 
509 
533 
557 
581 
605 
630 
654 



60 
59 
58 
17 
56 
55 
54 
53 
52 
51 



512541 
279 
304 
329 
354 
379 
404 
429 
454 
479 
504 



50 
49 
48 
47 
46 
45 
44 
43 
42 
41 



40 
39 
38 
37 
36 
35 
34 
33 
32 
31 



56641 


82413 


665 


396 


689 


380 


713 


363 


736 


347 


760 


330 


784 


314 


808 


297 


832 


281 


856 


264 



30 
29 
28 
27 
26 
25 
24 
23 
22 
21 



83228 


56880 


82248 


212 


904' 


231 


195 


928 


214 


179 


952 


198 


163 


976 


181 


147 


57000 


165 


131 


024 


148 


115 


047 


^32 


098 


071 


115 


082 J 


095 


098 



20 
19 
18 
17 
16 
15 
14 
13 
12 
11 



]d5866 


L52745 


84959 


54220 


84025 


55678 


83066 


57119 


82082 


lO 


-851 


770 


943 


244 


009 


702, 


'050 


U3 


065 


9 


836 


794 


928 


269 


83994 


726 


034 


167 


048 


& 


821 


819 


913 


293 


978 


750 


017 


191 


032 


7 


806 


844 


897 


ai7 


962 


775 


001 


215 


015 


6 


792 


869 


882 


342 


946 


799 


82985 


238 


81999 


5 


.777 


893 


86tf 


366 


930 


823 


969 


26» 


982* 


,4 


762 


918 


851 


391 


915 


847 


953 


286 


965 5 


f^ 


747 


94-3 


836 


415 


899 


871 


936 


^0 


949 


% 


732 


967 


820 


440 


883 


895 


920 


334 


932 f 1 
915^0 


1 717 


992 


805 


464 


867- 


919 


904 


358 



f ^ 59 Degrees. | 58 Degrees. | 57 Degrees. | 56 Degrees. | 55 feegrees. 



I 



A 



«»4 



TABLE II* KATVRAL SINES. 




Peg. I 36 Peg. | 37 D^g. | 38 Peg. | 39 beg. | 'ft 

[N.C08. iN^tme | N.cos. | N.Mne[N.cp8. IN^siDejN.coB. |N>8uic|N.cos. | M 



81915 
• 899 
882 
865 
848 
832 
815 
798 
782 
765 



57596 
619 
643 
667 
691 
715 
738 
762 
78G 
810 



59014 80730 



60414 
437 
460 
483 
506 
529 
553 
576 
599 
622 



57833 
857 
881 
904 
928 
952 
976 
999 

58023 
047 



81580 
563 
546 
530 
513 
496 
479 
462 
445 
428 



59248 
272 
295 
318 
342 
365 
389 
412 
436 
459 



80558 
541 
524 
507 
489 
472 
455 
438 
420 
403 



60645 1 

668 
691 
714 
538 
761 
784 
807 
830 
853 



30 
31 
32 
33 
34 
35 
36 
37 
38 
39 



40 


58307 


41 


330 


42 


354 


43 


378 


44 


401 


45 


425 


46 


449 


47 


472 


48 


496 


49 


519 



81242 
225 
208 
191 
174 
157 
140 
123 
106 
089 



50 
51 
52 
i|53 
54 
55 
56 
57 
58 
59 
60 



58543 
567 
590 
614 

. 637 
661 
684 
708 
731 
755 
77g 



81072 

-055 

038 

021 

004 

80987 
970 
953 

^936 
919 
902 



59716 
739 
763 
786 
809 
832 
856 
879 
902 
926 



59949 
972 
995 

60019 
042 
065 
089 
112 
135 
158 
182 



80212 
195 
178 
160 
143 
125 
108 
091 
073 
056 



61107 
130 
153 
176 
199 
222 
245 
268 
291 
314 



79158 
140 
122 
105 
087 
069 
051 
033 
016 

78998 I 



80038 
021 
003 

79986 
968 
951 
934 
916 
899 
881 
864 



61337 
360 
383 
406 
429 
451 
474 
497 
520 
543 
566 \ 



980 
962 
944 
926 
908 
891 
873 
855 
83T 
819 
801 



62479 
502 
524 
547 
570 
592 
615 
638 
660 
683 

62706 
728 



774 
796 
819 
842 
864 
887 
909 
932 



78801 
783 
765 
747 
729 
711 
694 
676 
658 
640 



62932 
955 
977 

63000 
022 
045 
068 
090 
113 
135 



78442 
424 
405 
387 
369 
351 
333 
315 
297 
279 



*1 



070 


81412 


59482 


80386 


60876 


79335 


62251 


094 


395 


506 


368 


899 


318 


274 


118 


378 


529 


351 


922 


300 


297 


141 


361 


552 


334 


945 


282 


320 


165 


344 


576 


316 


968 


264 


342 


189 


327 


599 


299 


991 


'^247 


365 


212 


310 


622 


282 


61015 


229 


388 


236 


"293 


- 646 


264 


038 


211 


411 


260 


276 


669 


247 


061 


193 


433 


283 


259 


693 


230 


084 


176 


456 



63383 
406 
428 
451 
473 
496 
518 
540 
563 
585 



78261 
243 
225 
206 

' 188 
170 
152 
134 
116 
098 



751 861 



78079 
061 
043 
025 
007 

77988 
970 
§52 
934 
916 

77897 
879 



63608 
650 
653 
675 
698 
720 
742 
765 
787 
810 



843 
824 
806 
788 
769 
751 
733 
715 



63832 
854 
877 
899 
922 
944 
966 
989 

64011 
033 

056 
078 
100 
123 
145 
167 
190 
212 
234 
256 
279 



7716ft 
144 
125 
107 
088 
070 
051 
033 
014 

76996 



977 
959 
940 
921 
903 
884 
866 
847 
828 
810 

76791 
772 
754 
735 
717 
698 
679 
661 
64S 
623 
604 



30 
29 
28 
27 
26 
25 
24 
23 
22 
21 

20 
19 
18 
17 
16 
15 
|14 
13 
12 
11 

To 

9 
8 
7 
6 
5 
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TABLE IX. NAtUftAL SINE5. 



$95 



in 







- 










^ 










mm 


1 40 Deg. 1 41 Deg. | 42 Deg. | 43 Oeg. | 44 Deg. 


1 


M 


N.sine N.cos. N.sine|N.co».|N.9me)N^co8. N.sine] N.cos. N.sine N.cos. M 







64279 


76604 


65606 


75471 


66913 


74314 


6b20\J 


73135 69466 


71934 


60 




1 


301 


586 


628 


452 


935 


295 


221 


116 487 


914 


59 




2 


323 


567 


650 


433 


956 


276 


242 


096 


508 


894 


58 




3 


346 


548 


672 


414 


978 


^6 


264 


076 


529 


873 


57 




4 


368 


530 


694 


395 


P99 


237 


285 


056 


549 


853 


56 




5 


390 


511 


716 


375 


67021 


217 


306 


036 


570 


833 


55 




6 


412 


492 


7.38 


356 


043 


198 


327 


016 


591 


813 


54 




7 


435 


473 


759 


337 


064 


178 


349 


72996 


612 


792 


53 




8 


457 


455 


781 


318 


086 


159 


370 


976 


633 772 


52 




9' 479 J 4i^6 


803 1 299 


107 


139 


391 


957 


654 752 


5f 




10 


64501 


76417 


65825 


75280 


67129 


74120 


68412 ,72937 


69675 


7J732 


50 




11 


524 


398. 


847 


261 


151 


100 


434 


917 


696 


711 


49 




12 


546 


380 


869 


241 


172 


080 


455 


897 


717 


691 


48 




13 


568 


361 


891 


222 


194 


061 


476 


877 


737 


671 


47 




14 


590 


342 


913 


203 


215 


041 


4.97 


^857 


758 


650 


46 




15 


612 


323 


935 


184 


237 


022 


518 


837 


779 


630 


45 




16 


635 


304 


956 


165 


258 


002 


539 


817 


800 


610 


44 




17 


657 


286 


978 


146 


280 


73983 


561 


797 


821 


590 


43 




18 


679 


267 


66000 


126 


301 


963, 


582 


777 


842 


569 


42 




19 


701 


248 


022 


107 


323 I 944' 


603 


757 


^ 862 


549 


41 




20 


64723 


76229 


66044 


75088 


67344 


73924 


6^624 


72737 


69H83 


71529 


40 




21 


746 


210 


066 


069 


366 


904 


645 


717 


904 


508 


39 




22 


768 


192 


088 


050 


387 


885 


666 


697 


925 


488 


38 




23 


790 


173 


109 


030 


409 


865 


^8 


677 


946 


468 


37 




24 


812 


154 


131 


Oil 


430 


846 


709 


657 


966 


447 


36 




25 


834 


135 


153 


74992 


452 


826 


730 


' 637 


987 


427 


35 




26 


856 


116 


175 


973 


473 


806 


751 


617 


70008 ^ 


407 


04 




27 


878 


097 


197 


953 


495 


787 


772 


597 


029 


386 


33 




28 


901 


078 


218 


934 


516 


767 


793 


577 


049 


366 


32 




29 


9^3 


059 


240 


915 


538 


747 


814 


. 557 


070' 345 


31 




^30 


64945 


76041 


66262 


74896 


67559 


73728 


68835 


72537 


70091 


71325 


30 




31 


967 


022 


284 


876 


580 


708 


857 


517 


112 


305 


29 




32 


989 


003 


'^06 


* 857 


602 


688 


878 


497 


132 


284 


28 




33 
34 


65011 


75984 


327 


838 


623 


669 


899 


477 


153' 


-264 


27 




033 


965 


349 


818 


645 


649 


920 


457 


174 


243 


26 




35 


055 


946 


37! 


799 


666 


619 


941 


437 


195 


223 


25 




36 


077 


927 


393 


780 


' 688 


610 


962 


417 


215 


205 


24 




37 


100 


908 


414 


760 


709 


590 


983 


.397 


236 


182 


23 




38 


122 


889 


436 


741 


730 


570 


69004 


377 


257 


162 


22 




39 


144 


870 


458 


722 


752 


551 


025 


357 


277 


141 


21 




40 


65166 


851 


66480 


74703, 


67773 


73531 


69046 


72337 


70298 


71121 


20 




41 


188 


832 


501 


683 


795 


511 


067 


317 


319 


100 


19 




42 


210 


813 


523 


664 


816 


491 


088 


297 


339 


080 


18 




43 


232 


794 


545 


644 


837 


472 


109 


277 


360 


059 


17 




44 


254 


775 


566 


625 


859 


452 


130 


257 


381 


039" 


16 




45 


276 


756 


5S8 


606 


880 


432 


151 


236 


401 


019 


15 




46 


^ 298 


738 


61.0 


586 


901 


413 


172 


216 


422 


70998 


14 




47 


320 


719 


632 


567 


■ 923 


393 


193 


196- 


443 


978 


13 




48. 


342 


700 


653 


548 


944 


373 


214 


176 


463 


957 


12 




49 


364 


680 


675 


528 


965 


353 


235 


156 


484 


937 


11 




50 


65386 


75661 


66697 


74509 


67987 


73333 


69256 


7,/ 136 


70505 


70916 


10 




51 


406 


642 


718 


489 


68008 


314 


277 


116 


525 


896 


9 




52 


430 


623 


740 


470 


029 


294 


298 


095 


546 


875 


8 




53 


452 


604 


762 


451 


051 


274 


319 


075 


567 


855 


7 




54 


474 


585 


783 


431 


072- 


254 


340 


055. 


587 


834 


6 




55 
56 


496 


566 


805 


412 


093 


234 


361 


035 


608 


813 


5 




518 


547 


827 


392 


115 


215 


382 


015 


628 


793 


4 




57 


540 


528 


848 


373 


136 


195 


403 


71995 


649 


772 


9 




58 


562 


509 


870 


353 


157 


175 


424 


974 


670 


752 


2 




59 


584 


490 


891 


334 


179 


155 


445 


954 


690 


731 


1 




60 


606 


' 471 


913 


314 


'200 


135 


466 


934 


711 


711 







M N. COS. N.8ineiN.co8. N.sine N.co8.|N.sine N.cos. N.sinej 


N. COS. N.sine 


M 




49 Deg. 1 48 Deg. | 47 Deg. 46 Deg. | . 45 Deg. | | 
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III. A T^ble of Losarithmical Sines and Tangents, to everf 
degree and minute otthe Quadrant; the naturS radius being 
7'en thousand mUlums, and the logarithmical radius 10. 



From which the secants and vened ^es are readily found} 
for. 



The cosine subtracted from 20, leaves the secant, and the 
sine subtracted from 20, leaves the co-secant (P. 125,). 



If from double the sine of the half of any gioen Arc, you 
subtract the number 9*69897, the remainder will be the versed 
une of /^f arc (P. 125.) 



TABLE III. 



LOG. SINES AND TANGENTS, 



397 



1 Degree. 



M Sine |Co-8me 




1 
2 
3 
4 
5 
6 

n 

8 

J» 

10 

11 

12 
13 
14 
15 
16 
17 
18 
19 



Tang. 



8.24186 


9.99993 


4903 


3 


5609 


3 


6304 


3 


, 6988 


2 


7661 


2 


8324 


2 


8977 


2 


9621 


2 


8.30255 


1 



8.24192 
4910 
5616 
6312 
6996 
7669 
8332 
8986 
9629 

8.302631 



Co-ung. 



1U75808 
5090 
4384 
3688 
3004 
2331 
1668 
1014 
0371 

11.69737 



0879 


9.99991 


0888 


1495 


1 


1505 


2103 





2112 


2702 





2711 


3292 





3302 


3875 


9.99990 


3886 


4450 


89 


4461 


5018 


89 


5029 


5578 


89 


5590 


6131 


89 


6143 



9112 
8495 
7a88 
71^89 
6698 
6114 
5539 
4971 
4410 
3857 



I 



20 


6678 


88 


6689 


21 


7217 


88 


7229 


22 


7750 


88 


7762 


23 


8276 


87 


8289 


24 


. 8796 


87 


8809 


25 


.* 9310 


• 87 


9323 


26 


} 9818 


86 


9832 


27 


8.if320 
, 0916 


86 


8.40334 


28 


86 


0830 


29 


1307 


85 


1321 


30 


17^ 


L 9.99985 


1807 


31 


2272 


> 85 


2287 


32 


2746 


84 


«762 


33 


3216 


84 


3232 


34 


3680 


84 


3696 


35 


4139 


83 


4156 


36 


4594 


83 


4611 


37 


5044 


83 


5061 


38 


5489 


82 


5507 


39 


5930 


82 


5948 



3311 
2771 
2238 
1711 
1191 
0677 
0168 
11.59666 
9170 
8679 



8193 
7713 
7238 
6768 
6304 
5844 
5389 
4939 
4493 
4052 



2 Degrees. 



Sine (Co-Mne.| Tang. |Co>tang.jM 




7757 
8089 
8419 
8747 
9072 
9395 
9715 
8.60033 
0349 
0662 



9.99974 

73 
73 
72 
72 
71 
71 
70 
70 
69 



8.54308 
46691 
5027 
5382 
5734 
6083 
6429 
6773 
7114 
7452 



9.99969 
68 
68 
, 67 
67 
67 
66 
66 
65 
64 



7788 
8121 
8451 
8779 
9105 
9428 
9749 
8.60068 
0384 
0698 



1 1 .45692 
5331 
4973 
4618 
4266 
3917 
3571 
3227 
2886 
2548 



60 

59 

58 

571 

56 

55 

54 

53 

52 

51 

50 

49 

48 

47 

46 



2212 
1879 
1549 
1221 
0895 
0572145 
0251 44 
U -3993^ 43 
9616 42 
9302 41 



40 
41 
42 
43 
44 
45 
46 
47 
48 
49 



6366 
6798 
7226 
7650 
8069 
8485 
8896 
9304 
9708 
8.50108 



50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
601 



M 



0504 
0897 
1287 
16713 
2055 
2434 
2810 
3183 
3552 
3919 
4282 



9.99982 
81 
81 
81 
80 
80 
79 
79 
79 
78 



6385 
6817 
7245 
7669 
8089 
8505 
8917 
9325 
9729 
8.50130 



3615 
3183 
2755 
2331 
1911 
1495 
1083 
0673 
0271 
11.49870 



9.99978 
77 
77 
77 
76 
76 
75 
75 
74 
74 
74 



Cp-sine | Sine 



0527 
0920 
1310 
1696 
20T9 
2439 
2835 
3208 
3578 
3945 
43081 



9473 
9080 
8690 
8304 
7921 
7541 
7165 
6792 
6422 
6055 
5692 



Co>tan. [Tangent. 



88 Degrees. 



0973 
1282 
1589 
1894 
2196 
2497 
2795 
3091 
3385 
3678 



9.99964 


1009 


63 


1319 


63 


1626 


62 


1931 


62 


2234 


61 


2535 


61 


2834 


.60 


3131 


60 


3426 


59 


3718 



8991 
8681 
8374 
8069 
7766 
7465 
7166 
6869 
6574 
6281 



3968 
4256 
4543 
4827 
5110 
5391 
5670 
5947 
6223 
6497 



9-99959 


4009 


58 


4298 


58 


4585 


57 


' 4870 


56 


5154 


56 


5435 


55 


571^ 


55 


5993 


54 


6269 


54 


6543^ 



5991 

5702 

5415 

5130 

4846 

4565 

4285124 

4007 

3731 

3457 



40 

39 
38 
37 
36 
35 
34 
33 
32 
31 

30 
29 
28 
27 
26 
25 



23 
22 
21 



6769 
7039 
7308 
7575 
7841 
8104 
8367 
8627 
8886 
9144 



9.99953 


6816 


52 


7087 


5^ 


7356 


51 


7624 


51 


7890 


50 


8154 


49 


8417 


•49 


8678 


48 


8938 


48 


9196 



9400 

9654 

. 9907 

8.70159 

.0409 

0658 

0905 

1151 

1395 

1638 

1880 



9.99947 
46 
46 
45 
44 
44 
43 
42 
42] 
41 
40 



9453 
9708 
9962 

8.70214 
0465 
0714 
0962 
1208 

. 1453 
1697 
1940 



Co-sine I Sine j Co-tan. 
87 Degrees; 



3184 20 
291319 
2644 18 
2376 17 
2110 16 
1846|15 
]583;i4 
1322;i3 
1062:12 
0804111 

To 



0547 
0292 
0038 
11.29786 
9535 
9286 
9038 
8792 
8547 
8303 
8060 



8 



4 
S 
2 
I 




■ 



Tangent. I M 



5M 



TABLE ill. LOG. SIKES AMD TAXCfcNTS. 



3 Degreet. 



M 




1 
2 
3 
4 
5 
6 
7 
8 
9 



1 Sine 


Co-tine 


1 Tang. 


8.71880 


999940 


8-71940 


2120 


40 


2181 


2359 


39 


2420 


2597 


38 


2659 


28.^4 


38 


2896 


3069 


37 


3132 


. 3303 


36 


3366 


3535 


36 


3600 


3767 


35 


3832 


3997 


54 


4063 



CO'tang. 



11.28060 
7819 
7580 
7341 
7104 
6868 
6634 
€400 
6168 
5937 



10 

u 

12 
13 
14 
15 
16 
17 
18 
19 



8.74226 


9.99934 


8.74292 


4454 


33 


4521 


4680 


32 


4748 


4906 


32 


4974 


5130 


31 


5199 


5353 


30 


5425 


557i 


29 


5045 


5795 


29 


5367 


6015 


28 


6087 


1 6234 


27 


6306 



1 1.25708 
5479 
•5252 
5026 
480] 
4577 
4355 
4133 
3913 
3694 



20 

21 

22 
23 

24 
25 

26 
27 
o8 
o9 



8.76451 
6667 
6885 
7097 
7310 
7522 
7733 
7943 
8152 
8360 



9.99926 
26 
23 
24 
23 
23 
22 
21 
20 
20 



8.76525 
6742 
6958 
7173 
7387 
7600 
7811 
8022 
8252 
8441 



11.23475 
3258 
3042 
2827 
2613 
2400 
2189 
1978 
1768 
1559 



50 


8.785G8 


9.99919 


8.78649 


31 


8774 


18 


8855 


32 


8979 


17 


9061 


33 


9183 


17 


9266 


34 


9386 


16 


9470 


35 


9588 


15 


9673 


36 


9789 


14 


9875 


37 


9990 


13 


8.80076 


38 


8.80189 


13 


0277 


39 


■0388 


12 


0476 



11.21351 
1145 
0959 
0754 
0530 
0327 
0125 

11.19924 
9723 
9524 



40 
41 
42 
43 
44 
45 
46 
47 
48 
149 



0585 


9.99911 


0674 


0782 


10 


0872 


0978 


09 


1068 


1173 


09 


1264 


1567 


08 


14^9 


1560 


07 


1653 


1752 


06 


1846 


1944 


05 


2038 


2154 


04 


2230 


2524 


04 


2420 



9326 
9128 
8932 
8736 
8541 
8347 
8154 
7962 
7770 
7580 



50 

51 

52 

53\ 

54 

55 

56 

57 

58 

59i 

60 



8, 



82513 
2701 
2888 
3075 
3261 
3446 
3630 
3813 
3996 
4177 
4558 



9.99905 
902 
901 
900 
899 
698 
898 
897 
896 
895 
894 



8.82610 
2799 
2987 
3175 



11.17590 
7201 
7013 
6825 
6659 
6453 
62^8 
6084 
5900 
5718 
5556 
M Co-sine Sine | Co-tang. [Tangent: 



5361 
5547 
5752 
3916 
4100 
4282 
44C4 



86 Degrees. 



4 Degrees. 



Sine Conine I Tang. jCo-tang. [ M] 



8.84358 


9.99894 


8.84464 


4539 


93 


4646 


4718 


^92 


4826 


4897 


91 


5006 


5075 


91 


5185 


5252 


90 


5363 


5429 


89 


5540 


5605 


88 


5717 


5780 


87 


5893 


5955 


86 


6069 



11.15536 
53545 
5174 
4994157 
4815156 
4637 
4460 
4283 
4107 
3931 



53 
54 
53 
52 
51 



8.86128 


9.99885 


8.86243 


6.'^)1 


84 


6417 


6474 


83 


6591 


66i5 


82 


6763 


6816 


81 


6955 


6987 


80 


7106 


' 7156 


79 


7277 


7325 


79l^ 7447 


7494 


7^ 7016 


7661 


77 


1 ■ 77S5I 



11.13757 
583 
409 



237 47 



065 
11.12894 
723 
553 
384 
S15 



50 
49 
48 



44 
45 

44 
43 
42 
41 



8.87829 
7995 
8161 
8326 
84901 
8654 
8817 
8980 
9142 
9304 



9.99876 
75 
74 
73 
72 
'71 
70 
69 
68 
67 



8.87y33 
8120 
8287 
8453 
861^ 
8783 
8948 
9111 
9274 
9457 



047 
11.11880 
713 
547 
382 
217 
052 
11.10889 



726 32 



563 



40 
39 
38 
37 
36 
35 
34 
33 



51 



8.89464 
9624 
9784 
9945 

8.90102 
0260 
0417 
0574 
0750 
0885 



9.99866 


9598 


65 


9760 


64 


9920 


63 


8.90080 


62 


' 240 


61 


399 


60 


557 


59 


715 


56 


872 


57 


8.91029 



402 
240 
080 

11.09920 
760 
601 
\ 443 
285 
128 

11.08971 



1040 
1195 
1349 
1502 
1655 
1807 
1959 
2110 
2261 
2411 



9.99856 
55 
54 
53 
52 
51 
* 50 
48 
47 



8.92561 
2710 
2859 
3007 

. 3154 
3301 
3448 
3594 
3740 
S885 
4030 



ii 



185 
340 
495 
650 
805 
957 
8.92110 
262 
414 
565 



815 
660 
505 
350 
197 
043 
11.07890 
738 
586 
435 



30 

29 
28 
27 
26 
25 
24 
23 
22 
21 

20 
19 
18 
17 
16 
15 
14 
13 
12 
II 



9.99845 
44 
43 
42 
41 
40 
39 
38 
37 
36 
34 



716 

866 

8.93016 

V5 
313 
462 
609 
756 
903 
8.94049 
195 



284 
134 

11.06984 
835 
687 
538 
391 
244 
097 

11.05951 



10 
91 
8 
7 
6 
5 
4 
3 
2 
1 



8051 



Co-sine 



Sine |€o-tang. |Tai>ge nt | li| 
85 Degrees. 



as 



\m 



TABt^ XII* VOOi HHBC AMD TimGBNTS. 



$99 



5 Degrees. 



M 



? 

2 
3 
4 
5 
6 
7 
8 
9 



Sine [ Co-8ine | Tang. | Co-tang 
9.99834 



8.94030 
174 
317 

603 
746 
887 
8.95029 
170 
310 



33 
^2 
31 
30 
89 
28 
27 
25 
24 



8.94195 
340 
485 
630 
773 
917 

8.95060 
202 
344 
486 



U .05805 
660 
515 
370 
227 
083 

11.04940 
798 
f*^ 
514 



6 Degrees. 



Sine Co-sine Tang. ) Co-tang. |M 



lO 
11 
12 
13 
14 
15 
16 
17 
18 
19 



8.95450 
589 
728 
867 

8.96005 
143 
960 
417 

. 553 
689 



9.99823 
22 
21 
20 
191 
17 
16 
15 
14 
13 



627 
767 
908 
8.96047 
187 
325 
464 
602 
739 
877 



•20 


8.96825 


9.99812 


21 


960 


10 


32 


8.97095 


09 


23 


229 


08 


24 


363 


07 


25 


496 


06 


26 


629 


04 


27 


762 


03 


28 


894 


02 


29 


8.98026 


01 



373 
233 
092 
11.03953 
813 
675 
536 
398 
261 
123 



8.97013 
150 
285 
421 
556 
691 
825 
959 

8.98092 
225 



11.02987 
850 
715 
579 
444 
309 
175 
041 

11.01908 
775 



3(^ 
31 
32 

33 
34 
55 
36 
37 
38 
39 



157 

288 
419 
549 
, 679 
808 
937 
8.99066 
194 
322 



9.99800 
9.99798 
97 
96 
95 
93 
92 
91 
90 
88 



358 
490 
622 
753 
884 
8.99015 
145 
275 
4X)5 
534 



. 649, 
51J 
378 
247 
116 
11.00985 
855 
725 
595 
466 



40 
4t 
42 
43 
44 
145 
46 
47 
48 
49 



450 
577 
704 
830 
956 
9.<XX)82 
207 
332 
456 
581 



9.99787 
86 
85 
83 
82 
81 
80 
78 
77 
76 



8.99662 
791 
919 

9.00046 
174 
301 
/427 
553 
679 
805 



338 
209 
081 
10.99954 
826 
699 
575 
447 
321 
195 



9.01923 
9.02043 
163 
283 
402 
520 
639 
, 757 
874 
9921 



9.99761 
60 
59 
5'i 
56 
55 
53 
52 
51 
49 



9.02162 
283 
404 
525 
645 
765 
885 

9.03005 
124 
242 



10.97838 
717 
596 
475 
355 
934 
115 

10.96995 
876 
758 



60 

II 

57 
56 
55 
54 
53 
52 
51 



9.03109 
226 
342 
458 
574 
690 
805 
920 

9^4034 
149 



9.99748 
47 
45 
44 
' 42 
41 
40 
38 
37 
3G 



9.03361 
479 
59^ 
714 
832 
948 

9.04065 
181 
2971 
413 



639 
521 
403 



50 
49 

48 



286147 
46 
45 



168 
052 
10.95935 
819 
703 
587 



44 
43 
42 
41 



262 


9.99754 


9.04528 


472 


4d 


376 


33 


643 


357 


39 


490 


31 


758 


242 


38 


603 


30 


873 


127 


37 


715 


28 


98T 


013 


36 


828 


27 


9.05101 


10.94899 


35 


940 


26 


214 


786 


34 


9.05052 


24 


328 


672 


33 


164 


23 


441 


559 


32 


275 


21 


553! 


447 


31 



3861 9-99720 
18 
17 
16 
- 14 
13 



497 
607 
717 
827 
937 
9.06046 
155 
264 
372 



11 
10 
08 
07 



9.05666 
778 
890 

9.06002 
. 113 
224 
335 
445 
556 
666 



10.94334130 



222 

no 

10.93998 
887 
776 
665 
555 
444 
334 



29 
28 
27 
26 
25 
24 
23 
22 
21 



50 


9.00704 


9.99775 


9.00930 


070 


51 


828 


73 


9.01055 


10.98945 


52 


951 


72 


179 


821 


53 


9.01074 


71 


303 


697 


54 


196 


69 


427 


" ^ 573 


55 


318 


68 


550 


450 


56 


440 


67 


673 


327 


57 


561 


^ 65 


796 


204 


58 


682 


64 


918 


082 


59 


803 


63 


9.02040 


10.97960 


60 


923 


61 


162| 838 


M Co-sine 


Sine Co-tang. Tangent. 



9.06481 
589 
696 
804 
911 

9.07018 
124 
231 
337 
442 



9.99705 
04 
02 
01 

9.99699 
98 
96 
95 
93 
92 



84 Degrees. 



9.07548 

653 

7^8 

863 

• 968 

9.08072 
176 
280 
. 383 
486 
589 



9.06775 
885 
994 

9.07103 
211 
. 320 
428 
536 
643 
751 



10.9322.> 



115 
006 
10.92897 
789 
680 
579 
464 
-357 
249 



*20 
19 
18 



17 
16 
15 
14 
13 
12 
11 



9.99690 
89 
87 
86 
84 
83 
81 
80 
78 
77 
75 



\ 



9.07858 
964 

9.08071 
177 
283 
389 
495 
600 

- 705 
810 
914 



10.92142 
036 

10.91929 
823 
717 
611 
505 
400 
295 
190 
086 



10 
9l 
8 
7 
6 
5 
4 
3 
2 
1 




Co'sinc I .Sine | Co-tang. |Tangent. |M 
83 Degrees. 






400 



TABLE III. IX)G« SINES AND TANGENTH. 



7 Degr^ 



ees. 



M| Sine [Co-tine | Tang. |Co-tang\ 






9.08589 


9.99675 


9.08914 


1 


692 


74 


9.09019 


8 


795 


12 


123 


3 


897 


70 


227 


4 


999 


69 


330 


5 


9.09101 


67 


434 


6 


209 


66 


537 


7 


304 


64 


640 


8 


405 


63 


742 


9 


506 


61 


$45 



10.91086 
10.90981 
877 
773 
670 
566 
463 
360 
258 
155 



10 
11 
12 
13 
14 
15 
16 
17 
18* 
19 



9.09606 


9.99659 


707 


58 


807 


56 


907 


55 


9.10006 


53 


106 


51 


205 


50 


304 


48 


402 


47 


501 


45 



947 
9.10049 
150 
252 
353 
454 
555 
656 
756 
856 



053 
10.89951 
850 
748 
647 
546 
445 
344 
244 
144 



20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



9.10599 


9.99643 


697 


42 


795 


40 


893 


38 


990 


37 


9.11087 


35 


184 


33 


281 


b2 


377 


30 


474 


29 



956 
9.11056 
155 
254 
353 
452 
551 
649 
747 
845 



30 
31 
32 
33 
34 
35 
36 
37 
38 
39 



9.11570 


9.99627 


666 


25 


761 


24 


857 


22 


952 


20 


9.12047 


, 18 


142 


17 


236 


15 


331 


IS 


425 


12 



943 
9.12040 
138 
235 
332 
428 
525 
621 
717 
813 



044 
10.88944 
845 
746 
647 
548 
449 
351 
253 
155 



057 
10.87960 
862 
765 
668 
572 
475 
379 
283 
187 



40 

41 

42 

43 

44 

45 

461 

47 

48 

49 



9.12519 


9.99610 


909 


612 


08 


9.13004 


706 


07 


099 


799 


05 


194 


892 


03 


289 


985 


01 


384 


9.13078 


00 


478 


^71 


9.99598 


573 


263 


96 


667 


355 


95 


761 



091 
10.86996 
901 
806 
711 
616 
522 
427 
333 
239 



50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 



9.13447 
539i 
630' 
722 
813 
904 
994 

9.14085 
175 
266 
356 



M Co-sine 



1.99593 
91 
89 
88 
86 
84 
82 
81 
79 
77 
75 



9.13854 
948 

9.14041 

/ 134 

227 

' 320 
412 
504 
597 
688 
780 



146 
052 
10.85959 
866 
773 
680 
588 
496 
403 
312 
220 



Sine I Co -tang. Tangent. 



8 Degrees. 



Sine 


Co-line | 


9.14356 


9.99573 


445 


73 


535 


72 


624 


70 


714 


68 


803 


66 


891 


65 


980 


63 


9.15069 


61 


157 


59 



Tang. [Co-tang. jM 



9.14780 
872 
963 

9.15054 
145 
236 
327 
417 
508 
598 



9.15245 


9.99557 


333 


56 


421 


54 


508 


52 


596 


50 


683 


48 


770 


46 


857 


45 


944 


43 


9.16030 


41 



9.15^88 
777 
867 
956 

9.16046 
135 
224 
312 
401 
489 



60 
128 59 
037 58 



10.85220 
128 
037 

10.84946157 
855 56 
764 55 
673 54 



583 
492 
402 



53 
52 
51 



10.84312 
323 
133 



0444 



10.83954 



865 45 

776144 

688 

599 

511 



50 
49 
48 



46 



43 
42 
41 



116 


9.99539 


9.16577 


203 


37 


665 


289 


35 


753 


374 


33 


841 


460 


32 


928 


545 


30 


9.17016 


631 


28 


103 


716 


26 


190 


801 


24 


277 


886 


22 


363 



10.83423 
335 
247 
159 
072 

10.83984 
897 
8101 
723 
637 



40 
39 
38 
37 
36 
35 
34 
33 
32 
31 



970 


9.99520 


9.17450 


9.17055 


18 


536 


139 


17 


622 


223 


15 


708 


307 


13 


794 


S91 


11 


880 


474 


09 


965 


558 


07 


9118051 


641 


05 


136 


724 


03 


221 



10.82550 
464 
378 
292 
206 
120 
035 

10.81949 
864 
779 



30( 

29 

28 

2 

26 

25 

24 

23 

22 

21 



82 Degrees. 



9.17807 


01 


9.18306 


890 


9.99499 


391 


973 


97 


475 


9.18055 


95 


. 560 


137 


94 


644 


220 


92 


728 


302 


90 


812 


383 


88 


896 


465 


86 


979 


547 


84 


9.19063 



10.81694 
609 
525 
440 
356 
272 
188 
104 
021 

10.80937 



20 
19 
18 
17 
16 
15 
14 
13 
12 
11 



9.18628 
709 
790i 
871 
952 

9.19033 
113 
193 
273 
353 
433 



9.99482 
80 
78 
76 
74 
72 
70 
68 
66 
64 
62 



146 
229 
312 
396 
478 
561 
643 
725 
807 
889 
971 



Co-sine Sine. | Co-tang 



81 Degrees. 



854 
771 
688 
' 605 
522 
439 
35 
275 
193 
111 
029 
Tangent. I M 



I 



3 



TABLE III. i:t)C. 5INES AND TANGENTS. 



401 



imTS 



ne. 



1 

IK 
3 
4 
5 
6 
7 
C 
9 



9.19433 

' 513 

592 

672 

; 751 
830 
909 
988 

9.80067 
145 



10 

n 

12 
13 
14 
15 
16 
17 
18 
19 



1331 

302 
380 
458 
535 
613 
691 
T68 
845 
922 



t>egreiei. 



Cowne.1 Tang. [Co-tang ^ Sine. |Co-»ine.| Tan g. | Co-tang." 



9.99462 


9.19971 


60 


9.20053 


58 


134 


56 


216 


54 


297 


52 


378 


50 


459 


. ^ 48 


540 


.46 


621 


44 


' 70 ll 



9.99442 9.2U782 


40 


862 


' ?38 


942 


36 


9.21022 


34 


102 


•32 


182 


29 


, 261 


' 27 


; 341 


25 


^ 420 


' 23 


499 



M 

81 
32 

«4 
25 
26 
27 
|88 
99 



999 
.21076 
153 
229 
306 
382 
458 
534 
610 
685 



9.99421 
19 
17 
! ' 15 
I ■•' 13 
11 
09 
07 
04 

02 



9.21578 
657 
736 
814 
893 
971 

9.22049 
127 
205 
283 



301 
31 

38j 
33 
34 
35 
36 
37 
38 
39 



9.21761 
836 
912 
. '987 
9.28062 
137 
911 
286 
361 
435 



001 

9.99398 

. 96 

94 

92 

901 

88 

, 85 

83 

81 



9.22361 
438 
516 
593 
670 
747 
824 
901 
977 

9.23054 



10.80029 
10.79947 
864 
784 
703 
62S 
541 
• 460 
379 
299 

10.79*1 

138 
058 
10.78978 
898 
818 
739 
659 
580 
501 

10.78422 
343 
264 
186 
107 
029 

10.77951 
873 

79d 

717 

10.776391 
562 
484 

407 
330 
253 
176 
099 
023 
10.769461 



40| 

41 

481 

43 

44 

45 

46 

47 

r48 

49 



9.22509 
583 
657 
731 
805 
878 
952 

9.23025 
098 
171 



9.99379 
77 
75 
72 
70 
68 
66 
• 64 
62 
59 



50 
^1 
52 
p3 
54 
55 
56 
57 
58 
59 
60l 



». 



23244 
rM7 
390 
462 

' 535 
607 
679 
752 
823 
895 
967 



K^S 



7 
55 
S3 
51 
48 
46 
44 
42 
40 
37 
35 



130 
206 
283 
359 
435 
510 
586 
661 
737 
812 



87()^ 
794 
717 
641 
565 
490 
414 
3391 
26d 
JLSS 



9.23887 
962 

9.84037 
112 
186 
261 
335 
410 
'^ 484 
558 
632 



10.76il3 
038 

ia75963 
888 
814 
739 
665 
590 
516 
442 



10 Degrees. 



9.23967 
9.24039 

no 

181 
253 

324 
395 
466 
536 
607 



9.99335 
33 
31 
28 
26 
-24 
22 
1^ 

. 17 
15 



9.24632 
706 
77S* 
853 
926 

9.25<X)0 
073 
146 
219 
292 



10.75368 
294 
221 
147 
074 
00(M 

10.74927 
854 
781 
708 



M 



60 
59 
58 
57 
56 
55 
54 
53 
52 
51 



9.24677 
748 
818 
888 
938 

9.25028 
098 
168 
237 
307 



9.25376 
445 
514 
583 
652 
721 
790 
858 
927 
995 



9.99313 
10 
08 
06 
04 
01 

9.99299 
97 
94 
92 

9.99290 
88 
85 
83 
81 
78 
76 
74 
71 
691 



9.25365 
437 
5l0f 
582 
655 
727 
799 
871 
943 

9.26015 



1 0.74635 
563 
490 
418 
345 
273 



129 

057 

10.73985 



50 
49 
48 
47 
46 
45 
80144 
43 
42 
41 



086 
158 
229 
301 
372 
443 
514 
585 
655 
726 



914 

842 



771 38 



699 



37tl 

628136 

557 

486 

415 

345 

274 



40 
39 



9.86063 


9<99267 


131 


64 


199 


62 


967 


60 


335 


57 


403 


55 


470 


52 


538 


50 


605 


48 


672 


45 



9.26797 
867 
937 

9«27008 
078 
148 
218 
288 
357 
427 



9.26739 


9.99843 


806 


41 


873 


38 


940 


36 


9.27007 


33 


073 


31 


140 


29 


206 


26 


273 


84 


339 


21 



9.87496 
566 
635 
7041 
77,3 
848 
911 
980 

9.28049 
1171 



10.73203 
133 
063 

10.72992 
922 
652 
78^ 



35 

34 
33 

32 
31 

35 
29 

88 
27 
26 
25 
24 



71883 



643 
573 



22 
21 



10.78504 20 
43419 
36518 
89617 
16 
15 
14 
13 



227 
158 
089 
020 
10.71951 
883 



9.27405 
471 
537 
602 
668 
734 
799 
864 
930 
995 

9.28060 



9.99819 
17 
14 
18] 
09 
07 
04 
02 
00 

9.99197 
95 



186110,71814 



234 

323 

391 

459 

527 

595 

662 

7301 

798 

865 



746 
677 
609 
541 
473 
405 
338 
270 
802 
135 



12 
II 



10 
9 
8 

7 
6 
5 

8 



M[C>>«Mnej SiAe. [Co.4an ^ Tangtttt. j rp>ii^ Sine. [C o-tan g. Tangent. 



400 



TABLE III. LOO. SINES AKD TANOEKTtt. 



7 Degrees. 



M| Sine |C<K^inc| Tang. | Co-tang. 





1 

2 

3 

4 

5 

6 

7 

81 

9 



9.08589 


9.99675 


692 


74 


795 


7« 


897 


70 


999 


69 


9.09101 


67 


202 


66 


304 


64 


405 


63 


506 


61 



9.08914 
9.09019 
123 
227 
330 
434 
537 
640 
742 
845 



10.91086 
10.90981 
877 
773 
670 
566 
463 
360 
258 
155 



10 


9.09606 


9.99659 


947 


n 


707 


58 


9.10049 


12 


807 


56 


150 


13 


907 


55 


252 


14 


9.10006 


53 


353 


15 


106 


51 


454 


16 


205 


50 


555 


17 


304 


48 


656 


18 


402 


47 


756 


19 


501 


45 


856 



053 
10.89951 
850 
748 
647 
546 
445 
344 
244 
144 



8 Degrees. 



20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



9.10599 
697 
795 
893 
990 

9.11087 
184 
281 
377 
474 



.99643 
42 
40 
38 
37 
35 
33 
b2 
30 
29 



956 
9.11056 
155 
254 
353 
452 
551 
649 
747 
845 



044 
10.88944 
845 
746 
647 
548 
449 
351 
253 
155 



30 
31 
32 
33 
34 
35 
36 
37 
38 
39 



9.11570 
666 
761 
857 
952 

9.12047 
142 
236 
331 
425 



9.99627 
25 
24 
22 
20 

. 18 
17 
15 
13 
12 



943 
9.12040 
138 
235 
332 
428 
525 
621 
717 
813 



057 
10.87960 
862 
765 
668 
572 
475 
.'379 
283 
187 



40 


9.12519 


9.99610 


909 


41 


612 


08 


9.13004 


42 


706 


07 


099 


43 


799 


05 


194 


44 


892 


03 


289 


45 


985 


01 


384 


46 


9.13078 


00 


478 


47 


^71 


9.99598 


573 


48 


263 


96 


667 


49 355 


95 


761 



091 
10.86996 
901 
806 
711 
616 
522 
427 
333 
239 



50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 



9.13447 
539i 
630 
722 
813 
904 
994 

9.14085 
175 
266 
356 



M ('o-sine 



►.99593 
91 
89 
88 
86 
84 
82 
81 
79 
77 
75 



9.13854 
948 

9.14041 

' 134 

227 

^ 320 
412 
504 
597 
688 
7801 



H6 
0521 
10.85959 
866 
773 
680 
588 
496 
403 
312 
220 



Sine I Co -tang. I Tangent. I 



82 Degrees. 



Sine t Co-sine ( Tang. | Co- tang. 



9.14356 


9.99573 


445 


73 


535 


72 


624 


70 


714 


68 


803 


66 


891 


65 


980 


63 


9.15069 


61 


157 


59 



9.14780 
872 
963 

9.15054 
145 
236 
327 
417 
508 
598 



9.15245 


9.99557 


333 


56 


421 


54 


508 


52 


596 


50 


683 


48 


770 


46 


857 


45 


944 


43 


9.16030 


41 



9.15^88 
777 
867 
956 

9.16046 
135 
224 
312 
401 
489 



10.85220 
128 
037158 

10.84946 57 
855 56 
764 55 



673 
^83 
492 
402 



M 

60 
59 



54 

53 
52 
51 



10.84312 
323 
133 



04447 



10.83954 
865 
776 
688 
599 
511 



50 
49 
48 



46 
45 
44 
43 
42 
41 



116 


9.99539 


9.16577 


203 


37 


665 


289 


35 


753 


374 


33 


841 


460 


32 


928 


545 


30 


9.17016 


631 


28 


103 


716 


26 


190 


801 


24 


277 


886 


22 


363 



10.83423 
335 
247 
159 
072 

10.83984 
897 



810 33 



723 
637 



970 


9.99520 


9.17450 


9.17055 


18 


536 


139 


17 


622 


223 


15 


708 


307 


13 


794 


S91 


11 


880 


474 


09 


965 


558 


07 


9118051 


641 


05 


136 


724 


03 


221 



10.82550 
464 
378 
292 
206 
120 
035 

10.81949 
864 
779 



40 
39 
38 
37 
36 
35 
34 



32 
31 



30 

29 

28 

2^ 

26 

25 

24 

23 

2£ 

21 



9.17807 


01 


9.18306 


10.81694 


890 


9.99499 


391 


609 


973 


97 


475 


525 


9.18055 


95 


. 560 


440 


137 


94 


644 


356 


220 


92 


728 


272 


302 


90 


812 


188 


383 


88 


896 


104 


465 


86 


979 


021 


547 


84 


9.19063 


10.80937 



20 
19 
18 
17 
16 
15 
14 
13 
12 
11 



9.18628 
709 
7901 
871 
952 

9.19033 
113 
193 
273 
353 
433 



9.99482 


146 


854 


80 


229 


771 


78 


312 


688 


76 


395 


* 605 


74 


478 


522 


72 


561 


439 


70 


643 


357 


68 


725 


275 


66 


807 


193 


64 


889 


111 


62 


971 


029 



10 
9 
8 
7 
6 
5 
4 
3 
2 
1 



Co-sine I Sine. | Ce-tapg | Tangent4M 
81 Degrees. 



TABLE III. ttDC. 5lteS AND TANGENTS. 



401 



9 l>e£reef. 


10 Degrees. \ 


iM| ^ne. iCosine.! Tang. |Co-tan|f^ 


Sine. Co-sine. Tang, i Co- tang. 


m 


.0 9^9433 


9.99462 


9.19971 


10.80029 


9.23967 


9.99335 


9.24632 


10.75368 


60 


1 ' 513 


60 


9.20053 


10.79947 


9.24039 


33 


706 


294 


59 


« 59« 


58 


134 


864 


110 


31 


779 


221 


58 


3 67« 


56 


216 


784 


181 


28 


853 


147 


57 


4 ; 751 


54 


297 


703 


253 


86 


926 


074 


56 


5 tSO 


52 


378 


622 


324 


-24 


9.85000 


000 


55 


6 909 


'50 


459 


541 


395 


22 


073 


10.74927 


54 


7 988 
« 9.80067 


. ^ 48 


540 


460 


466 


1? 


146 


854 


53 


.46 


621 


379 


536 


V 1'? 


219 


781 


52 


9 145 


44 


> 701 


299 


607 


15 


29.2 708l 


51 


lOt ttd 


9.99442 9.2U782 


10.79218 


9.24677 


9.99313 


9.25365 


1 0.74635150 1 


11 309 


40 


862 


138 


748 


10 


437 


563 


49 


12 ' 380 


f 38 


942 


058 


818 


08 


510 


490 


48 


13 458 


36 


9.21022 


10.78978 


888 


06 


582 


418 


47 


14 535 


34 


102 


898 


958 


04 


655 


345 


46 


15 -613 


32 


182 


818 


9.25028 


01 


727 


273 45ll 


16 691 


29 


. 261 


739 


098 


9.99299 


799 


201 


44 


17 768 


' 27 


341 


659 


168 


97 


871 


129 


43 


18 845 


25 


. ' 420 


580 


237 


94 


943 


057 


42 


19 922 


' 23 


499 


501 


307 


92 


9.26015 


10.73985 


41 


20 999 


9.99421 


9.21578,10.784221 


9.25376 9.99290 


' 686 


914 


40 


m 9.21076 


19 


657 


343 


445 88 


158 


842 


39 


22 153 


17 


736 


' 264 


514 


85 


229 


771 


38 


23 229 


1 ' 15 


814 


186 


583 


83 


301 


699 


37 


24 306 


1 :• 13 

1 


893 


107 


652 


81 


372 


628 


36 


25 382 


11 


971 


029 


721 


78 


443 


557 


35 


26 458 


09 


9.22049 


10.77951 


- 790 


76 


514 


486 


34 


^nl 534 


1 07 


127 


87S 


858 


74 


585 


415 


33 


281 610 


04 


205 


795 


927 


71 


655 


345 


32 


291 685 


02 


283 


717 


995 


69 


726 


274 


31 


30 9.21761 


00 


9.32^1 


10.77639 


9.86063 


9<99867 


9.26797 


10.73203.301 


31 836 


9.99398 


438 


562 


131 


64 


867 


133 


89 


32 912 


. 96 


516 


484 


199 


63 


937 


063 


88 


33 .'987 


94 


593 


407 


267 


60 


9«87008 


10.72992 


27 


34 9.22068 


92 


670 


330 


335 


57 


078 


922 


26 


35 13*? 


90 


747 


253 


403 


55 


148 


652 


25 


S€ 211 


88 


824 


176 


470 


52 


218 


782 


24 


37 286 


85 


901 


099 


538 


50 


288 


712 


23 


38 361 


83 


977 


023 


605 


48 


357 


643 


22 


39 435 81 


9.23054 


10.76946 


672* 45 


427 


573 


21 


401 9.22509 


9.99379 


130 


870 


9.26739 9.99243] 


9.27496 


10.72504 20 


41 583 


77 


206 


794 


806 


41 


566 


43419 


42 657 


75 


283 


717 


873 


38 


635 


36518 


43 731 


72 


359 


641 


940 


36 


704 


296.17 


44 805 


70 


435 


565 


9.27007 


33 


77,3 


227 


16 


45 878 


68 


510 


490 


073 


31 


842 


158 


15 


46 95S 


ee 


586 


414 


140 


29 


911 


089 


14 


47 9.23025 


• 64 


661 


339 


206 


26 


980 


020 


13 


48 098 


62 


737 


262i 


273 


24 


9.28049 


10.71951 


12 


49 171 59| 


812 


.i58 


339 


21 


I17l 883 


11 


50 9.23244 


9.99857 


9.23887 


10.76U3 


9.27405 


9.99219 


186 


10,71814 


10 


51 317 


55 


962 


038 


471 


17 


254 


746 


9 


52 390 


- S3 


9.24037 


10,75963 


537 


14 


323 


677 


8 


53 462 


51 


112 


888 


602 


12 


391 


609 


7 


54 ' 535 


,• • 48 


186 


814 


668 


09 


459 


541 


6 


55 '607 


I 46 


261 


739 


734 


07 


* 527 


473 


5 


56 679 


44 


335 


665 


799 


04 


595 


405 


41 


'51 752 


o' 42 


410 


590 


864 


02 


662 


338 


9 


58 823 


'40 


' 484 


516 


930 


00 


730 


270 


2 


59 ' 895 


". 37 


558 


442 


995 


9.99197 


798 


208 


I 


60l 967 


• 35 


632 


^ ::.M^ 


9.28060 


95 


865 


135 


« 


ih€lCa^iieJ_ SiAt. Co-Ung; 


I^^SS^U 


rp-siaei Sine, j Co-tang. Tangent. ;R| 


80 Degrees. |l 79 Degrees. J 



a 



3M 



TABLE ill. LOG. SIKES AND TAMG£KT«S. 



' 



3 Degrees. 



M 



Sine 



Co-iine ) Tang. | Co-tang. 






8.71880 


999940 


1 


2120 


40 


2 


2359 


39 


3 


2597 


38 


4 


2834 


38 


5 


3069 


37 


6 


. 3303 


36 


7 


3535 


36 


8 


3767 


35 


9 


3997 


54 



8. 7 1940 
2181 

2420 
2659 
2896 
3132 
3366 
3600 
3832 
4063 



11.28060 
7819 
7580 
7341 
7104 
6868 
6634 
6400 
6168 
5937 



4 Degrees. 



Sine 



10 
11 
12 
13 
14 
15 
16 
17 
18 
19 



8.74226 
4454 
4680 
4906 
5130 
5353 
557i 
5795 
6015 
6234 



9.99934 
33 
32 
32 
31 
~ 30 
29 
29 
28 
27 



8.74292 
4521 
4748 
4974 
5199 
5423 
5G45 
5867 
6087 
6306 



11.25708 
5479 
•5252 
5026 
480] 
4577 
4355 
4133 
3913 
3694 



20 

21 

22 
23 
24 
25 

26 
27 
o8 
q9 



8.76451 

6667 
6885 
7097 
7310 
7522 
7733 
7943 
8152 
8360 



9.99926 
26 
25 
24 
23 
23 
22 
21 
20 
20 



8.76525 

6742 
695S 
7173 
7387 
7600 
7811 
8022 
8252 
8441 



11.23475 
3258 
3042 
2827 
2613 
2400 
2189 
1978 
1768 
1559 



30 
31 
32 
33 
34 

36 
37 
38 
39 



8.78568 
8774 
8979 
9183 
9386 
9588 
9789 
9990 

8.80189 
■0388 



9.999 li* 
18 
17 
17 
161 
15 
14 
13 
13 
12 



8.78649 
8855 
9061 
9266 
9470 
9673 
9875 

8.80076 
0277 
0476 



11.21351 
1145 
0959< 
0734 
0530 
0327 
0125 
19924 
9723 
9524 



U 



40 
41 
42 
43 
44 
45 
46 
47 
48 
149' 



0585 


9.99911 


0674 


0782 


10 


0872 


0978 


09 


1068 


1173 


09 


1264 


1367 


08 


1459 


1560 


07 


1653 


1752 


06 


1846 


1944 


05 


2038 


2134 


04 


2230 


2324 


04 


2420 



9326 
9128 
8932 
8736 
8541 
8347 
8154 
7962 
7770 
7580 



50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 






8.82513 
2701 
2888 
3075 
3261 
3446 
3630 
3813 
3996 
4177 
4358 



9.99903 
902 
901 
900 
899 
698 
898 
897 
896 
895 
894 



8.82610 
2799 
2987 
3175 
3361 
3547 
3732 
3916 
4i00 
4282 
44G4 



11.17390 
7201 
7013 
6825 
6639 
6453 
62^8 
6084 
5900 
5718 
5536 



} M I Oo-sine | Sine | Co-tang. [Tangent: 
86 Degrees. 



8.84356 
4539 
4718 
4897 
5075 
5252 
5429 
5605 
5780 
5955 



Co-sine j Tang. ] Co-tang. ( M 



9.99894 
93 
^92 
91 
91 
90 
89 
88 



8.84464 
4646 
4826 
5006 
5185 
5363 
5540 
5717 
5893 
6069 



11.1553661 
535459 
517458 
499457 
481556 
463755 
4460 54 
428355 
4107 58 
3931 51 



8.86128 
6^)1 
6474 
6645 
6816 
6987 

' 7156 
7325 
7494 
7661 



9.99885 
84 
83 
82 
81 
80 
79 
79 
78 
77 



8.86243J 11.13757 
6417 



6591 
6763 
6935 
7106 

7277 
7447 
7016 
'?785 



583 
409J46 
237l4l 
065 



50 
49 



11.12894 
723 
553 
384 
815 



4« 
45' 
44 

43 
4S 
41 



8.87829 


9.99816 


8.87953 


047 


40 


7995 


75^ 


8120 


11.11880 


39 


8161 


74 


8287 


715 


38 


8326 


73 


8453 


547 


37 


8490 


72 


8618 


382 


36 


8654 


'71 


8783 


217 


35 


8817 


70 


8948 


052 


34 


8980 


69 


9111 


11.10889 


33 


9142 


68 


9274 


726 


32 


9304 


67 


9437 


563 


3 J 



8.89464- 
9624 
9784 
9943 

8.90102 
0260 
0417 
0574 
0730 
0885 



9.998.66 
65 
64 
63 
62 
61 
60 
59 
5^ 
57 



9598 

9760 

9920 

8.90080 

' 240 

399 

557 

715 

872 

8.91029 



402 
240 
080 

11.09920 
760 
601 
'. 443 
285 
128 

11.08971 



1040 
1195 
1349 
1502 
1655 
1807 
1959 
2110 
2261 
2411 



9.99856 
55 
54 
53 
52 
51 
* 50 
48 
47 
4$ 



185 
340 
495 
650 
803 
957 
8.921 10 
262 
414 
565 



815 
660 
505 
350 
197 
043 
11.07890 
738 



30 
29 
28 
27 
26 
35 
24 
23 
23 
21 

20 
19 
18 
17 
16 
15 
14 
13 



58^13 
435II1 



8.92561 
2710 
2859 
3007 

. 3154 
3301 
3448 
3594 
3740 
S885 
4030 



9.99845 
44 
43 
42 
41 
40 
39 
38 
37 
36 
34 



716 
866 

8.93016 
¥5 
313 
462 
609 
756 
903 

8.94049 
195 



284 
134 

11.06984 
835 
687 
538 
391 
244 
097 

11.05951 
805 



10 
911 
8 
7 
6 
5 
4 
3 
2 
1 
01 



Co«8ine| Sine |Co-t«ig.|Tangait|M 
85 Degrees. ' " 



TABLE III. toC; tIKBS AND TSNGBNTS. 



5 Degreei. '|. 6 Delates. \ 




U| Sine 


:o-.ine 1 Tang. Co-laneH 


Siae |Co-.ine| Tang. Co-tang-IMj 




0, 9.94U30 


.B9834 8.94195 11.05805 


9.0199319.99761 9.02162 


0.97838 60 




1 174 


33 340 660 


9.02043 60 283 


717 59 




a 3n 


-32 485 515 


163 59 -104 


596 58 




3 «1 


31 630 370 j 


983 y. 525 


475 57 




4 603 


SO 773 227 1 


402 56 645 


855 56 




i 746 


29 917 083 


520 55 765 


234 55 




6 8S7 


SB a.95060 11.04940 


639 53 885 


115 54 




7 8.95099 


27 302 798 


, 757 52 9.O3005 


0.96995 53 




8 170 


25 3*4 656 


874 51 124 


876 59 




9 yio 


24 486 514 


992 49 242 758l51 




10 8.93450 


9.99893 627 , 37J 


9.03109 9.99748 9,03361 639.50 




11 . 589 


92 767 333 


926 47 479 52l|49 




13 728 


21 908 092 


342 45 S97 


403 48 




13 867 


80 8.96047 11.03953 


458 44 714 


286 V7 




U S.96005 


19 187 813 


574 ' 42 838 


169 46 




15 143 


17 32.^ 675 


690 41 948 


052 U 




16 MO 


16 464 536 


805 40 9.04065 


10.95935 44 




17 417 


15 602 398 


920 38 181 


819 43 




18 . 553 


14 739 261 


9J34034 37 397 


703 42 




19 689! 13l 877) 123] 


149 36 413 


587 41 




'iO 8.96835 


9.99812 


8.97013 11.03987 


362 9.99794 9.04528 


472 40 




21 960 


10 


150 850 


37S 33 643 


357 39 




84 8.97095 


09 


285 715 


490 31 758 


249 38 




fi29 


08 


421 S79 


603 30 873 


127 37 




363 


07 


556 444 


715 38 987 


013 36 




496 


06 


691 309 


898 97 9.05101 


10.94899 35 




699 


04 


895 175 


940 96 214 


786 34 




762 


03 


959 041 


9.05053 24 39E 


672 33 




B94 


02 


8.98092 11.01908 


164 93 441 


559 39 




8.98026 


295' 775 


975 21 55: 


447l3 




157 


9.99800 35B 6*'.! 


386 9.99730 


9.05666 


10.94334 30 




288 


9.99798 490 5lJ 


497 18 


778 


222 9 


419 


97 629 378 


607 17 


890 


1102 


549 


96 753 247 


717 16 


9.06002 


10.93998 9 






95 884 116 


827 14 




887 9 




808 


93 8.99015 11.00985 


937 13 


224 


776 2 




937 


92 145 855 


9.06046 1 1 


335 


665 2 




||37| 9.99066 


91 275 725 


135 10 


445 


555 9 




90 405 595 


964 08 


556 


4442 




i! 


BS 534 466 


372 07 


6C6 


334 3 




ii 


9.99787 B.99662 33B 
86 791 909 


9.06481 9.9971)5 
589 04 


9.06775 
885 


10.93995 a 
115 1 




l 


85 919 081 


696 02 


994 






K 


83 9.00046 10.99954 


904 Oi 


9.0710 


10.92897 1 




i6 


82 174 896 


911 9.99699 


21 


789 1 




3S 


81 301 699 


9.07018 98 


39 


6801 




31 


80 y427 573 


124 96 




579 1 




39 


78 553 447 


231 95 


S3 


464 1 




5 


77 679 331 


337 93 


64 


-357 1 




11- -' 


76 805 195 


443 99 


75 


249 1 




50 9.00703 


9.99775 9.00930 070 


9.07548 9.9969t 


9.0785 


10.991421 




tsi 82 


73 9.01055 10,98945 


653 89 


9C 


036 




Ia2 9.^ 


72 179 89 


758 8 


9.0807 


10.91999 




K*3 9.0107 


71 303 697 


863 8 


17 


893 




"- 19 


69 427 


- , 573 


• 968 84 


28 


717 




31 


68 550 


450 


9.08079 B 




611 


5 


441 


67 673 


39 


176 8 


■49 


505 


4 


56 


' 65 796 


30 


980 B 


60 


400 


3 


68 


64 918 


08 


. 383 N 7 


- 70 


395 


9 




63 9.09041 


10.9796 


486 7 


B1 


3 190 iB 


, 92 


3 61 !62| 83 


5891 7 


91 


4 086 


1 


iMCo-aa 


Sine 1 Co-caag. [Tangent 


CQ-iine| .Sine 


ICo-tan 


.jTangent.l 


4 



400 



TABLE III. LOG. SINES AKD TANGEKTtt. 



7 Degrees. 



M| Sine |Co«<iiie| Tang. | Co-tang. 



U 
1 
2 
3 

4 
5 
6 
7 
8 
9 



9.08589 


9.99675 


9.08914 


692 


74 


9.09019 


795 


•Ja 


123 


897 


70 


227 


999 


69 


330 


9.09101 


67 


434 


202 


66 


537 


304 


64 


640 


405 


63 


742 


506 


61 


845 



10.91086 
10.90981 
877 
773 
670 
566 
463 
360 
258 
155 



10 


9.09606 


9.99659 


947 


11 


707 


58 


9.10049 


12 


807 


56 


150 


13 


907 


55 


252 


[14 


9.10006 


53 


353 


15 


106 


51 


454 


16 


205 


50 


, 555 


17 


304 


48 


656 


U 


402 


47 


756 


19 


501 


45 


856 



053 
10.89951 
850 
748 
647 
546 
445 
344 
244 
144 



20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



9.10599 


9.99643 


697 


42 


795 


40 


893 


38 


990 


37 


9.11087 


35 


184 


33 


281 


b2 


377 


30 


474 


29 



956 
9.11056 
155 
254 
353 
452 
551 
649 
747 
845 



30 
31 
32 
33 
34 
35 
36 
37 
38 
39 



9.11570 


9.99627 


666 


25 


761 


24 


857 


22 


952 


20 


9.12047 


. 18 


142 


17 


236 


15 


331 


13 


425 


12 



943 
9.12040 
138 
235 
332 
428 
525 
621 
717 
813 



044 
10.88944 
845 
746 
647 
548 
449 
351 
253 
155 



057 
10.87960 
862 
765 
668 
572 
475 
379 
283 
187 



40 

41 

42 

43 

44 

45 

461 

47 

48 

4^ 



9.12519 


9.99610 


909 


612 


08 


9.13004 


706 


07 


099 


799 


05 


194 


892 


03 


289 


985 


01 


384 


9.13078 


00 


478 


^71 


9.99598 


573 


263 


96 


667 


355 


r 95 


761 



091 
10.86996 
901 
806 
711 
616 
522 
427 
333 
239 



50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 



9.13447 
53ft 
630l 
722 
813 
904 
994 

9.14085 
175 
266 
356 



M Co-sine 



.99593 
91 
89 
88 
86 
84 
82 
81 
791 
77 
75 



9.13854 
948 

9.14041 
' 134 
297 
320 
412 
504 
597 
688 
780 



146 
0521 
10.85959 
866 
773 
680 
588 
496 
403 
312 
220 



Sine I Co -tang. Tangent. 
82 Degrees. » 



8 Degrees. 



Sine I Co-sine j Tang. |Co-tang. 



9.14356 
445 
535 
624 
714 
803 
891 
980 

9.15069 
157 



9.99575 
73 
72 
70 
68 
66 
65 
63 
61 
59 



9.14780 
872 
963 

9.15054 
145 
236 
327 
417 
508 
598 



9.15245 


9.99557 


333 


56 


421 


54 


508 


52 


596 


50 


683 


48 


770 


46 


857 


45 


944 


43 


9.16030 


41 



9.15^88 
777 
867 
956 

9.16046 
135 
294 
312 
401 
489 



10.85220 60 
128 59 
037 58 

10.84946 57 
855 56 
764 55 



673 
583 
492 
402 



M 



54 

53 
52 
51 



10.84312 



32349 



133 



04447 
10.8395446 
865 45 
77644 
688 43 
59942 
51141 



50 



48 



116 


9.99539 


9.16577 


203 


37 


665 


289 


35 


753 


374 


33 


841 


460 


32 


928 


545 


30 


9.17016 


631 


28 


103 


716 


26 


190 


801 


24 


277 


886 


22 


363 



10.83423 
335 
247 
159 
072 

10.82984 
897 



81033 



723 
637 



970 


9.99520 


9.17450 


9.17055 


18 


536 


139 


17 


622 


223 


15 


708 


307 


13 


794 


391 


11 


880 


474 


09 


965 


558 


07 


9118051 


641 


05 


136 


724 


03 


221 



10.82550 
464 
378 
292 
206 
120 
035 

10.81949 
864 
779 



40 
39 
38 
37 
36 
35 
34 



32 
31 



m 

29 
28 
27 
26 
25 
24 
23 
2^ 
21 



9.17807 
890 
973 

9.18055 
137 
220 
302 
383 
465 
547 



01 

9.99499 
97 
95 
94 
92 
90 
88 
86 
84 



9.18306 
391 
475 
. 560 
644 
728 
812 
896 
979 

9.19063 



10.81694 
609 
525 
440 
356 
272 
288 
104 
021 

10.80937 



20 
19 
18 
17 
16 
15 
14 
13 
12 
11 



9.18628 
709 
7901 
871 
952 

9.19033 
113 
193 
273 
353 
433 



9.99482 


146 


854 


80 


229 


771 


78 


312 


688 


76 


395 


* 605 


74 


478 


522 


72 


561 


439 


70 


643 


357 


68 


725 


275 


66 


807 


1^5 


64 


889 


111 


69 


971 


029 



10 
9 
8 
7 
6 
5 
4 
3 
2 
1 




Co-sine | Sine. | Co-tan g | Tangent. [M 

■ ^1 



81 Degrees. 



TIBLE in* I?DC# 5lteS AND TANGENTS. 



401 



mT^ 



ne. 



.0 
1 

^ 
3 

4 

6 

6 

7 

Cf 

9 



9.19433 
' 513 

592 

672 
/ 751 

830 
^ 909 

988 
9.20067 

145 



10 
11 

12 

13 
14 

15 

16 
17 
18 
19 



283 
302 
380 
458 
535 
613 
691 
'768 
845 
922 



9 l>egreiei. 



Cosine.1 Tang. [Co-tang 



9.99462 


9.19971 


60 


9.20053 


58 


134 


56 


216 


54 


297 


52 


378 


50 


459 


. ' 48 


540 


.46 


621 


44 


^ 70 H 



10.80029 
10.79947 
864 
7«4 
703 
622 
541 
-460 
379 
299 



9.99442 9.20782 


40 


862 


'■ * 38 


942 


36 


9.21022 


34 


102 


•32 


182 


29 


, 261 


27 


341 


25 


' 420 


23 


499 



10.79018 
138 
058 

10.78978 
.898 
818 
739 
659 
580 
501 



aoi 

01 
29 
23 
S4 
25 
26 
27 
28 
29 



30 9.21761 



999 
9.21076 
153 
229 
306 
382 
458 
534 
610 
685 



9.99421 

19 

• 17 

1 ' 15 

!' '.' 13 

11 

09 

! 07 

04 

02 



9.21578 
657 
736 
814 
893 
971 

9.22049 
127 
205 
283 



31 

321 

33 

34 

35 

36 

37 

38 

39 



836 

912 

. '987 

9.220621 

137 

211 
286 
361 
435 



00 
9.99398 
. 96 
94 
92 
90 
88 
«5 
83 
81 



9.22361 
438 
516 
593 
6701 
747 
824 
901 
977 

9.23054 



ii.ir> crmr-,, ■ 

10.78422 
343 
> 264 
186 
107 
029 

10.77951 
87S| 
795 
717 

10.77639 
562 
484 

407 
330 
253 
176 
099 
0231 
10.7694$ 



41^ 

41 

42| 

43 

44 

45 

46 

47 

48 

49 



50 
51 
52 



9.225091 9.99379 
583| 
657 
731 
805 
878 



952 

9.23025 

098 

171 



77 
75 
72 
70 
68 
66 
64 
62 
59 



53 
54 
55 
56 
57 
58 
59 
601 



9.23244 
317 



390 
46S 
' 535 
607 
679 
752 
823 
895 
967 

}(C|C<Kdne.' 



9.99357 
55 
S3 
51 

h 46 
44 
42 
40 
37 
35 



130 
206 
283 
359 
435 
510 
586 
661 
737 
812 



870 
794 
717 
641 
565 
490 

33Sfl 
26:il 



r 



9.23887 
962 

9.24037 
112 
186 
261 
335 
410 
^ 484 
558 
632 



10.76 i 13 
038 

10.75963 
888 
814 
739 
665 
590 
516 
442 
368 



10 Degrees. 



Sine. |Co-iiDe.| Tang. | Co-tang. 



9.23967 
9.24039 
110 
18} 
253 
324 
395 
466 
536 
607 



d.99335 
33 
31 
28 
26 
'24 
22 
1^ 

v-17 
15 



9.24632 
706 
779 
853 
926 

9.25000 

073 

146 

. 219 

292 



60 
59 
.'48 
57 
56 



10.75368 

294 

221 

147 

074 

000155 
10.74927 54 

854 53 

78152 

70851 



M 



9.24677 
748 
818 
888 
938 

9.25028 
098 
168 
237 
307 



9.99313 
10 
08 
06 
04 
01 

9.99299 
97 
94 
92 



9.253761 9.99290 



445 
514 
583 
652 
721 
790 
858 
927 
995 



88 
85 
83 
81 
78 
76 
74 
71 
6^ 



9.25365 
437 
5l0l 
582 
655 
727 
799 
871 
943 

9.26015 



1 0.74635150 
563 49 
490 48 
41847 
345 
279 



201 

129 

057 

10.73985 



46 
45 

44 
43 
42i 
41 



086 

158 

229 

301 

372 

4431 

514 

5851 

655 

726 



914 

842 



40 
39 



77138 
699 37] 
628 36 



557 
486 
415 
345 

274 



35 

34 
33 
321 



9.26063 
131 
1991 
267 
335 
403 
470 
538 
605 
672 



9^99267 
64 
62 



9.26797 
867 
937 
6019.27008 



57 
55 
52 
50 
48 
45 



078 
148 

218 
288 
357 
427 



9.26739 
806 
873 
940 

9.27007 
073 
140 
206 
273 
339 



9.99243 
41 
38 
36 
33 
31 
29 
26 
24 
21 



9.27496 
566 
635 
704 
773 
842 
911 
980 

9.28049 
1171 



33 

10.7320330 
133 
063 

10.7299227 




9.27405 
471 
537 
602 
668 
734 
79S( 
864 
930 
995 

9.28060 



9.99219 
17 
14 
121 
09 
07 
04 
02 
00 

9.99197 
95 



254 

323 

391 

459 

527 

595 

662 

7301 

798 

865 



186110,71814 



746 
677 
609 
541 
473 
405 
338 
270 
202 
135 



10 
9 
8 

7 
6 
5 

41 

2 
I 



Sine. ^ [C o-ta t ng Tangent.j rp-iiaei Sine. iC o«tan g. Tangent. :M 



80 Degrees. 

mtmmmammtmm 



i 



79 Degrees. 



a V 
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TABU Uh J^<n?. sili«s AffD rinc^^T^^ 



UDegroes. 



/~^ 



Sine. iCo-«H*«-i Tang- iCo-ta^ig, 

I ■ ■ f I » • ■■ I I _____ — 



9.^8060 

190 
254 
319 
384 
U8 
5Vi 
571 
641 



a99193 

90 
8T 
85 
62 
80 

"n 

75 
72 



9.28865 
933 

9,29000 
067 
134 
301 
d68 
335 
402 
468 



10.71185 
U67 
000 

IQ.7P933 
866 
799 
732 
665 
598 
532 



^^^^^~t2. Degrees^ 
S5a». [Co-sinc| Tmg- (Co-tw>g.lM 
$t.3^788| 9.99040 



101 9.887051 9.99 1 Voi 9, WS^I W,WUt)5 



\847 
907 
966 
9.3f025 
084, 
143 
202 
261 
3191 



^.3mT 

810 

8721 

933 
995 

9.^057 
U9 
ISO 
242 
303 



3& 
35 
32 
30^ 

24 
22 
19 
16 



I0.67453f60 

190*'" 

128 

067 

005 
10.66943 

88ib4 

820 53 

759 

697 

T83SS3S|5ol 




Tin.! Ut. Er06. Sitni ASD TAHOKim. 



400 



\ 


y 










— 




- 






ISPefrees. 


14 Degrees. ] 




M Sitte |Co*8iae.[ Tang* jCo-tabgj 


Sine 


Co-sine. 1 rang. |Co-tang. \M\ 







9.35^209 


9.98872 


9.36336 


10.63664 


9.3836« 


9.9»690 


9.39677 


10.60323 


^ 




1 


263 


69 


-394 


606 


418 


87 


731 


269 


5^ 




12 


318 


67 


452 


548 


46i^ 


84 


785 


215 


58 




3 


373 


64 


509 


491 


519 


81 


838 


162 


57 




4 


427 


61 


566 


434 


570 


78 


892 


108 


5^ 




5 


481 


58 


624 


376 


620 


75 


945 


065 


65 




6 


536 


55 


681 


319 


670 


71 


9^9 


00} 


54 




1 


590 


52 


738 


962 


721 


68 


9.40052 


10.6994$ 


^i 




8 


644 


49 


795 


205 


■ 771 


65 


106 


894b^ 




J> 


698 


46 


852 


148 


821 


62 


159 


841 


^ 




10 


9.35762 


9.98843 


9.36909 


10.63091 


9.38iJ7l 


9J98659 


9.4U212 


1039788 


H 




n 


806 


40 


966 


034 


921 


56 


26r. 


734 


11 




12 


860 


37 


9^7023 


10.62977 


971 


52 


319 


681 




13 


914 


34 


080 


920 


9.39024 


49 


372 


628 


^1 




u 


968 


31 


137 


863 


071 


46 


42:) 


575 


\6 




15 


9.36022 


28 


193 


807 


121 


43 


478 


522 

469 


^ 




U 


075 


25 


.250 


. • 750 


J 70 


40 


531 


44 




I*) 1S9 


22 


306 


694 


220 


36 


584 


416 


43 




U 182 


19 


363 


637 


,. 270 


33 


636 


364 


42 




1$ 236 


16 


419 


581 


319 


30 


689 


311 


41 




Sil)i9.9«2df 


9.98813 


9.37476 


10.62524 


9.39369 


9.98627 


9.40742 


10.592^8 


4d 




21 


342 


10 


532 


468 


418 


23 


795 


205 


39 




2$ 


395 


07 


588 


412 


467 


20 


847 


153 


38 




3d 


449 


04 


644 


356 


517 


17 


900 


100 


37 




24 


502 


01 


. 700 


300 


566 


14 


952 


048 


36 




S5 


555 


9.98798 


756 


244 


615 


10 


9.41005 


10^8995 


35 




«6 


607 


95 


812 


188 


664 


07 


067 


943 


34 




f? 


660 


92 


868 


132 


713 


04 


109 


891 


33 




2$ 


713 


89 


924 


076 


762 


01 


161 


839 


32 




29 


766 


86 


9vW 


020 


811 


9.98597 


214 


786 


31 




90 


9MSi§ 


1^.987831 


9.38U36 


10.6lyt)6 


9.39860 


94 


9.41266 


10.58734 


30 




St 


871 


80 


091 


909 


909 


91 


31& 


682 


29 




39 


924 


77 


147 


853 


958 


88 


370 


630 


28 




dS 


976 


74 


202 


798 


9.40006 


84 


422 


578 


27 




34 


9-37028 


71 


257 


743 


055 


81 


474 


526 


46 




$5 


081 


68 


313 


687 


103 


78 


. 526 


474 


25 




36 


133 


66 


368 


- 632 


152 


74 


578 


422 


24 




37 


185 


. 62 


423 


577 


200 


71 


' 62r 


371 


23 




38 


237 


59 


479 


521 


249 


68 


681 


. ' 319 


22 




39 


289 


56 


534 


466 


297 


65 7351 


267 


21 




40 


9.37341 


9.98753 


9.88589 


10.61411 


9.40346 


9.98561 


9.41784 


10.58216 


20 




41 


393 


60 


644 


356 


394 


58 


836 


164 


19 




42 


445 


46 


699 


301 


442 


55 


887 


113 


18 




43 


497 


43 


" 754 


246 


490 


51 


939 


061 


17 




44 


549 


40 


808 


192 


538 


48 


990 


QK) 


16 




43 


600 


37 


863 


137 


586 


45 


9.42041 


10.57959 


15 




46 


652 


34 


91^ 


082 


634 


41 


093 


907 


14 




47 


703 


31 


972 


028 


682 


38 


144 


856 


13 




48 


755 


28 


9.39027 


10.60973 


730 


35 


195 


805 


12 




49 


80C 


25 


082 


918 


778 
9.40825^ 


31 


246 754'! 1 




50 


.9.37858 


9.98722 


136 


864 


9.98528 


9.42297 


10.57703 


10 




51 


909 


19 


190 


810 


873 


25 


348 


652 


9 




52 


960 


15 


245 


755 


921 


21 


399 


601 


8 




53 


9.38011 


12 


299 


701 


968 


18 


450 


550 


7 




54 


062 


09 


353 


647 


9.410 i 6 


15 


501 


499 


6 




55 


113 


06 


407 


593 


063 


11 


552 


448 


5 




56 


164 


03 


461 


539 


111 


08 


603 


397 


4 




57 


215 


00 


515 


485 


158 


05 


653 


347 


3 




58 


266 


9.98697 


569 


431 


205 


01 


704 


296 


2 




59 


317 


94 


623 


^377 


252 


9.98498 


755 


245 


1 




60 


.368 


90 


$77 


323 


300 


94 


806 


195 


Jl 


M Co-fine. Mne /C -tau^.|Tangenc 


Co-sine.! Sine. Co-tang. Tangent. M 


! 


76 Degrees. 


75 Degrees. 
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TABLE UI. LOG. SINES JkND TASGfiNTS; 



15 Degrees. 



■i 



16 Degree*. 



VI 1 Sine- ; 


Co sine 


Tang. 


Co-ung. 


9.413001 


9.9»494 


9.428U5 


10.57195 


1 


347 


91 


856 


144 


2 


394 


88 


906 


094 


3 


441 


84 


957 


^43 


4 


488 


81 


943007 


10.56993 


5 


535 


77 


057 


943 


6 


589 


74 


108 


892 


7 


628 


71 


158 


842 


8 


675 


67 


208 


792 


9 


72'i 


64 


258 i 742 


101 


I 9.41768 


9.9846(' 


9.43308 


10.56692 


n 815 


57 


358 


642 


12 


861 


53 


408 


592 


13 


908 


50 


458 


542 


14 


954 


47 


508 


492 


15 


9.42001 


43 


558 


442 


16 


047 


40 


607 


393 


17 


093 


36 


657 


943 


18 


140 


33 


707 


293 


19 


186 


29 


756 


244 



Sine. ,Co*«uie.| Ting. jCotangJ 



9.44034 
078 
122 
166 
210 
253 
297 
341 
385 



20 
21 
22 
23 

24 
25 
26 
27 
28 
29 



y.42232 
278 
324 
370 
426 
461 
507 
553 
599 
644 



935326 
22 
19 
15 
12 
09 
05 
02 

9.98398 
95 



9.43806 
855 
905 
954 

^.44004 
053 
102 
151 
201 
2501 



10.5^1 94 
145 
095 
046 

10.55996 
947 
898 
849 
799 
750 



30 


9.42690 


9. 


^.4429^ 


31 


735 


81 


348 


32 


781 


84 


397 


33 


826 


81 


446 


34 


872 


7'; 


495 


35 


917 


73 


544 


36 


962 


' 7( 


599 


37 


9:43007 


•* 66 


641 


38 


053 


63 


69(' 


39 


098 


59 


738 



10.55701 
652 
603 
554 
505 
456 
408 
359 
310 
862 



xO 
41 
42 
43 
44 
45 
46 
47 
48 
49 



50 
51 
52 
53 
54 
•>5 
36 
57 
58 
5^ 
60 



9.431431 
188 
233 
278 
323 
367 
U12 
457 
502 
546 



9.98356 


9.44787 


52 


836 


49 


884 


45 


933 


42 


981 


38 


^.45029 


34 


078 


31 


12fi 


! ■ 27 


174 


24 


222 



10.55213 
164 
116 
067 
019 

10 54971 
922 
874 
826 
778 



9.4359* 
^l 
680 
724 
769 
813 
857 
901 
946 
990| 

9.44034 



4 98320 


9.45271 


17 


319 


13 


367 


09 


415 


06 


463 


02 


511 


9.98299 


559 


95 


606 


91 


.654 


88 


702 


34 


730 



10.5472?^ 
681 
633 
585 

537 
489 
441 
394 

34fi 
298 
230 



M Cosine.) Sine. CoHangp angent . 
74 O^rees. 



9.98284 
81 
77 
73 
70 
66 
62 
59 
55 
51 



9.45750 

797 
845! 
8i^2 
940 
987 
9.46035 
• 082 
130 
177 



10.54250 

203 



60 
59 



9.44472 
51(1 
559 
602 
646 
68V 
733 
776 
819 
862 



9.98248 
44 
40 
37 
33 
29 
86 
28 
18 
15 



9.462241 
271 
319 
366 
413 
460 
507 
554 
601 
648 



15368 
108 51 
' OS05S 
01355 
10.5396554 
91853 
87052 
823151 



10.53776150 
72949 
€8148 
, 63447 
58746 
54045 
49344 
44643 
39942 
352141 



9.44905 
948 
992 

9.45035 
077 
120 
163 
206 
249 
292 



9.98211 
07 
04 
Oi 

9.98196 
92 
89 
85 
81 
77 



946694 
741 
78B 
835 
88) 
928 
975 

9.47081 
068 
114 



9.45334 
377 
419 
462 
504 
547 
589 
632 
674 
716 



9.98174 
701 
66 
6V 
59 
55 
51 
47 
44 

^ 40 



9.47160 
20T 
253 
899 
346 
392 
438 
484 
530 
576 



10,58306»6 
25939 
212 3S 
165 37 
119 36 
072 35 
02534 

10.52979 33 
93832 
88631 

52840130 



]0.i 



79329 
74728 
70127 
65426 



608 



56224 
51623 
47022 
424I2I 



25i 



9.45758 


9.98136 


9.47622 


10,52378 


801 


32 


668 


332 


843 


29 


714 


286 


885 


25 


760 


240 


927 


21 


806 


194 


969 


17 


852 


148 


946011 


13 


897 


103 


053 


10 


943 


057 


095 


06 


989 


Oil 


. 136 


02 


9 4803'> 


10.51965 



y.46l'Th 


9.98098 


220 


94 


262 


90 


303 


87 


345 


83 


38b 


79 


428 


75 


469 


71 


511 


67 


552 63 


594 


60 



080 
126 
171 
217 
262 
307 
353 
398 
443 
489 
534 



Cosing. Sine. |Co»tan g 
73 Degrees. 



19 
18 
17 
16 
15 
14 
13 
2 
II 

13 



920 
874 
829 
783 
•73^ 
693 5 

64" 
602 
557 
bU 
466 



Tangent. [M 



SB 



TABLE in. LOG. ttN£ft JLND iriiMGBNTi; 



Mf 



« 



mmm 



m 



M 


1 
8 
3 
4 
5 
6 
7 
8 
9 



17 Degrew. 



Sine, [Co-Mne.| T«n^ 



».4€594i 
633 
676 

^ 717 
1 758 
800 
841 
882 
923 
964 



9.980601 
56 
52 
48i 
44^ 
40 
36 
32 
29 
25 



9.48534 

579 
624 
669 
714 
759 
804 
849 
894 
939 



|Ca-tang. 



10.51466 
421 
376 
331 
286 
241 
196 
151 
1061 
061 



10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20i 

81 

88 

23 

24 

95 

26 

27 

88 

89 



9.47005 


9.98021 


9.48984 


045 


17 


9.49029 


086 


13 


073 


187 


09 


118 


168 


05 


165 


809 


Pl 


807 


849 


9.97997 


85^ 


890 


93 


896 


330 


89 


341 


371 


86 


3851 



10.51016 
10.50971 
927 
882 
837 
793 
748 
704 
659 
615 



9.47411 


9*97982 


9.49430 


452 


78 


474 


492 


74 


519 


533 


70 


563 


573 


66 


607 


613 


62 


652 


654 


58 


696 


694 


54 


740 


734 


50 


184 


774 


46l 


828 



10.50570 
526 
481 
437 
393 
34S 
304 
260 
216 
172 



30 

31 
32 
33 
34 

35 

36 
3t 
38 
39 



4* 
41 
42 

4? 
4 
4' 
46 
114: 
48 
49 



9.47814 


9.97942 


9.49tt72 


854 


38 


916 


894 


34 


960 


934 


30 


9.50004 


974 


86 


048 


9.48014 


. 22 


092 


054 


18 


136 


094 


14 


180 


133 


10 


223 


1731 


06 


867 



10.50,128 
084 

10.49040 
996 
952 
908 
864 
820 
777 
733 



9.48213 
252 
29^2 
332 
371 
411 
450 
490 
52P 
56b 



02 


9.50311 


9.97898 


355 


94 


398 


9( 


442 


• 8^ 


485 


8'i 


529 


78 


572 


74 


616 


71 


659 


6. 


703 



10.49689 
645 
602 
558 
515 
471 
428 
384 
, 341 
297 



50 
51 
52 
53 
54 
55 
56 
57 
158 
59 
60 



9.48607 
647 
686 
725 
764 
803 
842 
881 
920 
959 
998 



9.97861 
57 
53 
49 
45 
41 
. 37 
33 
29] 
85 
21 



9.50746 
78^ 
833 
876 
919 
962 

9.51005 
048 
098 
135 
17SI 



10.49254 
211 
167 
124 
081 
038 

10.48995 
952 
908 
865 
822 



M Cotine. 



Sin e. |Co«t«ag.|Tangtnt . 
72 Degf ee>. 



18i>«greca. 



Sine |Co-»ine.| Tang. |Co-tang. M 

48822160 



9.48998 
9.49037 
076 
115 
153 
192 
831 
269 
.308 
347 



9.97821 
817 
812 
808 
804 
800j 
796 
792 
788 
784 



9.51178 
821 
864 
3061 
349 
3981 
435 
478 
580 
563 



10.^ 



779 

736 
694 
651 
608 
565 
522 
480 
437 



9.49385 
424 
462 
500 
539 
577 
615 
654 
692 
730 



9.97779 
75 
" Tfl 
67 
63 
59 
54 
50 
46 
42 



9.51606 
648 
691 
734 
776 
8U 
861 
90.': 
94e 
98& 



10.48394 
352 
309 
266 
224 
181 
139 
097 
054 
012 



59 
38 
57 
56 
55 
54 
53 
52 
51 

50 

49 

4811 

47 

461 

45 



43 

42 
41 



9.49768 
806 
844 
888 
920 
958 
996 

9.50034 
072 
111' 



9.97738 


9.52031 


10.47969) 


34 


073 


987 


29 


115 


885 


25 


157 


843 


91 


200 


800 


17 


242 


758 


P 


284 


716 


68 


326 


674 


04 


368 


632 


00 


410 


59<» 



39 
38] 
37 
36 
35 



148 
185 
883 
861 
898 
336 
374 
411 
449 
4861 



9.97696 
91 
87 
83 
79 
74 
70 
66 
62 
5^^ 



9.584521 
494 



10.47548 
506 



341 
33 
32 
31 

30 



9.50523 
56; 
59^ 
635 
673 
7.10 
74 
78* 
621 
858 




9.9765: 
49 
45 
40 



82 
27 
23 
19 
15 



9.52870 
912 
953 
995 
361 9.53037 



078 
120 
161 
202 
244 



10.47130 
C88 
047 
00^ 

10.46963 
922 
880 
839 
798 



9.50896 
933 
970 

9.51007 
043 
0801 
117 
154 
191 
227 
264 



9.97610 
06 
02 

9.97597 
93 
'89 
84 
80 
76 
71 
671 



9.53285 
327 
368 
409 
450 
492 
533 
574 
615 
656 
697 



20 
19 
18 
17 
16 
15 
14 
13 
12 
756lU 



10.46715(10 



673 
632 
591 
550 
508 
467 
486 
385 
34'4 
303 



9 
8 

7 
6 
5 
4 
3 
2 
1 




Co>iin»| Sine. |Co-tang.|Tapgent.ti4 



71 Degrees 



406 



TABLE III. LOO. SINES AHD TAM6BKTS* 



M 



Sine. 



19 Pcgreet. 




1 

3 

4 
5 
6 
7 
8 
91 



9.61264 
301 
33'; 
374 
411 
447 
484 
520 
557 
593 



Co-line. I Tang, i Co-t»ng. 



9.97567 
63 
58 
54 
50 
45 
41 
36 
32 
28 



9.53697 
738 
779 
820 
861 
902 
943 
984 

9J4024 
065 



10.46303 
263 
221 
180 
139 
098 
057 
016 

10.45975 
935 



1019.51629 



11 


666 


12 


702 


13 


738 


14 


774 


15 


811 


*5 


847 


H 


883 


18 


919 


19 


955 



9.97523 

519 

515 

510 

506 

501 

497 

492 

4881 

484 



9.54106 

147 
187 
228 
269 
309 
350 
390 
431 
471 



20( 

22 
23 
24 
25 
26 
27 
28 
29 



9.51991 
9.52027 
063 
099 
135 
171 
207 
242 
278 
314 



9.97479 


9.54512 


75 


552 


70 


593 


66 


633 


61 


673 


57 


714 


52 


754 


48 


794 


44 


835 


39 


875 



10.45894 
853 
813 
772 
731 
691 
650 
610 
569 
529 

10.45488 
448 
407 
367 
327 
286 
246 
206 
165 
125 



301 

31 

92 

33 

34 

35 

36 

97 

38 



9.523A0 


9.97435 


9.54915 


385 


30 


955 


421 


26 


995 


456 


21 


9.55035 


492 


. 17> 


075 


527 


- 12 


115 


563 


08 


155 


598 


03 


195 


. 634 


9.97399 


235 


669 


94 


275 



10.45085 

: 045 

005 

ia44965 
925 
8G5 
845 
805 
• 765 
725 




20 Degrees. 



Sine. ICo-Mne. 



9.53405 
440 
475 
509 
544 
578 
613 
647 
682 
716 



9.97299 
94 
89 
85 
80 
76 
71 
C6 
62 
57 



Tang. I Co-tang. I M 



9.56107 
146 
185 
224 
264 
303 
342 
381 
420 
459 



9.53751 
785 
819 
854 
888 
922 
957 
991 

9.54025 
059 



9.97252 
' 48 
43 
38 
34 
29 
24 
20 
15 
10 



9.56498 
537 
576 
615 
.654 
693 
732 
771 
810 
^ 849 



10.43895)60 
854 59 
815 58 
776 57 
736 56 
697 55 
658 54 
619 53 
580 52 
54151 

To 

49'^ 
48 
47 
46 



10.43502 
463 
424 
385|47 
346 
307 45 
268 44 



229j 
190 
151 



190 42 



43 

49 

141 



9.54093 


9.9720t> 


127 


01 


161 


9.97196 


195 


92 


229 


87 


263 


82 


297 


78 


331 


73 


365 


68 


399 


63 



9.56887 
926 
965 

9.57004 
042 
081 
120 
158 
197 
235 



9.54433 


9.9715*1 


' 466 


54 


500 


49 


534 


45 


567 


40 


601 


35 


635 


30 


668 


26 


702 


21 


735 


16 



9.57274 
312 
351 
389 
428 
466 
504 
'543 
58 i 
619 



10.43113 
074 



035 38 



10.42996 



958 36 

91935 



880 
842 
80d 
765 



40 
39 



37 



34 
33 
32 
31 



10.427S6|30 
688 29 
649 98 



611 



97 



579 96 
534 95 
496|24 
23 
22 
91 



457 

41 

381 



9 22 



9.54769 
802 
836 
869 
903 
936 
969 

9.55003 
036 
069 



9.9711119.57658 



07 
02 
9.97097 
92 
87 
83 
78 
73 
68 



696 
■ 734 
772 
810 
849 
887 
925 
963 
9.58001' 10. 



ll>. 



42342 
304 
266 
228 



190 16 



151 
119 
075 
037 
41999 



20 
19 
1» 
17 



15 
14 
13 
19 
11 



955102 


9.970^3 


\ C^3y 


961 


10 


136 


59 


077 


923 


9 


169 


54 


115 


885 


8 


202 


49 


153 


- 847 


7 


295 


•44 


191 


809 


6 


268 


39 


22y 


771 


5 


901 


35 


267 


733 


4 


334 


30 


304 


696 


3 


367 


95 


342 


658 


9 


400 


' 20 


380 


620 


1 


433 


15 


418 


582 


9 



Co-sine. 



■ai 



S^ne. iCctang./r 
69 Pe^reo. 



Tfl 



MM 



9P 



TABL* UU . LOO. SIMS! AMQ TAMttENTS. 



40T 



31 Degrees. 

Taog. 



Sine* Commie. 



9.55433 

466 



9.97016 
10 
05 
01 

9.96996 
91 



10.41582 
545 1 



9.55761 
793 



9.96966 

62 



ia4l206 

168 
131 
093 
056 
019 
10.40981 
944 
906 
869 



9.5916a 
205 



10.40BS2 
795 



30 


9.56408 


9.96868 


9J9540 


ai 


440 


63 


577 


33 


472 


58 


614 


33 


504 


53 


651 


34 


536 


48 


688 


35 


568 


43 


725 


36 


599 


38 


762 


37 


631 


. 33 


• 799 


98 


663 


28 


• 835 


39 


695 


23 


872 



93fi727 
759 

790 
822 
854 
886 
917 
949 
980 
9.57012 

044 



9.96818 9.59909(10.40091 



9.9G7«'q 

62 



9.60276 
313 



ta39^24 

687 



220cgree8. 



Sine. ■ Co-line. [ T«ng. {Co-taag. 



9.57358) 

389 



jXo.i 



.['Emgcitt, 



9.60641 
677 



9^7669 

700 



9.966651 9.61(H)4 



10.393591 
323 
286158 



069^2 



10.38996 

960 
924 
886 
852 



81645 
780 44 
744 431 
708 42 
41 



9.57978 


9.96614 


9.58008 


08 


039 


03 


070 


9.96598 


101 


93 


131 


88 


162 


•82 


192 


77 


223 


72 


. 253 


67 



9.613641 
400 



9.58384 



9.96562 



9.61722 

758 



10.38636 
600 



.313 31 



10.38278 

242 
206 
' 170 
135 
099 
064 
028 
10.37992i£2 
21 



9.585881 
618 



9.96509 
04 

9.96498 
93 



Stffl46i^ 

• 468 

• 504 
: 539 

574 
609 
6451 



i'» 



8 



I c 



6»l)Btl 



i 






408 



TABLE III. LOG. tlKlt AND TANCKKTS. 



23 Degrcct. 



M| Sine* I Co-sine. Tang. 



Of 

1 

2 

3 

4 

5 

6 

7 

8 

9 



101 

11 

121 

13 

14 

15 

16 

17 

18 

19 



9.59188 
218 
247 
277 
307 
336 
366 
396 
4*25 
455 



996403 
9.96397 
92 
87 
81 
76 
70 
65 
60 
5i 



9.62785 
820 
855 
890 
926 
961 
996 

9.63031 
066 
101 



Co- tang. 



10.37215 
180 
145 
109 
074 
039 
004 

10.S6969 
934 
899 



9.59484 


9.96349. 9.63135 


514 


43 


170, 


543 


98 


205 


573 


33 


240 


602 


27 


275 


632 


22 


310 


661 


16 


345 


690 


n 


379 


720 


05 


414 


749 


00 


449 



10.36865 
830 
795 
760 
725 
690 
655 
621 
586 
551 



Sine. 



20 
21 
22 
23 

24 
25 
26 
27 
28 
29 



9.59778 


9.96294 


9.63484 


808 


89 


519 


837 


84 


553 


866 


78 


588 


895 


73 


623 


924 


67 


657 


954 


62 


692 


983 


56 


726 


9.60012 


51 


761 


041 


45 


796 



10.36516 
481 
447 
412 
377 
343 
308 
274 
239 
204 



30 
31 

39 
33 
34 
55 
36 
37 
38 
39 



070 

099 

128 

157 

186 

215 

244 

273 

302! 

331 



9.96240 
34 
29 
23 
18 
12 
. 07 
01 

9.96196 
90 



9.63830 
865 
899 
934 
968 

9.64003 
037 
072 
106 
140 



10.36170 
135 
101 
066 
032 

10.35997 
963 
928 
894 
860 



401 


9.60359 


a5{ 


9.641751 


41 


38S 


79 


209 


42 


417 


74 


243 


43 


446 


' 68 


278 


44 


474 


62 


312 


45 


503 


57 


346 


46 


532 


51 


381 


47 


561 


46 


415 


4B 


589 


40 


449 


491 


618 


351 


483 



1035825 
791 
757 
722 
688 
654 
619 
585 
551 
517 



50 
51 

52 
53 
54 
55 
56 
57 



6d 



9.60646 
675 
704 
732 
761 
789 
818 
: 846 
I 875 
903 
931 



9.96129 
23 
18 
12 
07 
01 

9.96095 

90 

. 84 

79 

73 



9.64517 
552 
586 
620 
654 
688 
722 
756 
790 

I 824 
858 



10.35483 

448! 

414 

* 380 

346 



312 
278 
244 
210 
176 
149 



;«irt.| SJne. jCcKang.lTkgtw] 




60<]>cgrect. 



9.60^)31 
960 
988 

9.61016 
045 
073 
« 101 
129 
158 
186 



24 Degrees 



Co-sine, t Tang. | Co-tang. M 



9.9607?' 
6'. 
6 
5< 
5(. 
4;. 
39 
34 
2P 
28 



9.64858 
892 
926 
960 
994 

9.65028 
062 
096 
130 
164 



10j351A^ 60 
108 59 
074 58 
040 57 
006 56 

10.34972 55 
938 54 
90453 
87d52 
836<51 



9.612141 
242 
270 
298 
326 
354 
382 
411 
438 
466 



9.96017 
11 
05 

9.9600(; 
94 
88 
82 
71 
71 
65 



9.65197 
231 
265 
299 
333 
366 
400 
434 
467 
501 



10.34803 
769 
735 
701 
667 



634 45 

600 44 



566 
533 

499 



533 42 



50 
49 
48 
47 
46 



43 

42 
41 



9.61494 
52'. 
551 

57^ 

60. 

634 

6f>V 

6fiP 

71^ 

7451 



9.95960 
54 
48 
42 
37 
31 
25 
20 
14 
08 



9.65535 
568 
602 
636 
669 
703 
736 
770 
803 
837 



10.34465 
432 
398 
364 
331 
997 
264 
230 
197 
' 163 



40 
39 
38 
37 
36 
35 






34 
33 

32 
31 



9.61773 
800 
828 
856 
8S3 
911 
939 
966 
994 

9.62021 



02 


9.65870 


9.95897 


904 


91 


937 


85 


971 


79 


9,66004 


73 


- 038 


68 


071 


62 


104 


56 


138 


50 


171 



10U}4130i30 



096 
063 
029 
10.33996 
962 
929 
896 
862 
829 



29 
28 
27 
26 
25 
24 
23 
22 
21 



049 
076 
104 
131 
159 
186 
214 
241 
268 
296 



9.95844 
89 
33 
27 
21 
15 
10 
04 

9.95798 
9i 



9.62323 
350 
377 
405 
432 
459 
486 
513 
541 
568 
595 



-g6 
80 
75 
69 
63 
57 
51 
45 

. 39 
33 

t 28 



9.66204 
238 
271 
304 
337 
371 
404 
437 
470 
503 



10.33796 
762 
729 
696 
663 



62915 



20 
19 
18 
17 
16 



9.66537 
570 
603 
636 
669 
702 
735 
768 
802 
834 

. 867 



596 
563 
530 
497 

10.33463 
'430 
397 
364 
331 
298 
265 
832 
199 
166 
133 



ConmeT 



(I 



65 



lCo-»i».|Tai^CPt: 



14 
13 
12 
U 

10 
•9 
8 
7 

6 
5 
4 
3 
2 
1 




■I 



TABLS Itt. LOO. SINZl AND TANGEKTS. 



25 Ot 


;: 








Degree 




1 




Ml Sine. \Co-«ae. 


:-.• 


T.np. 


C;o-l»ng 




9,6a,WS 9,957^8 


9.66867 


10.33133 


9.64184 


9.95366 


9.68818 


l,l.3Ub9 








7aa 


900 


100 


911 


360 


S5t 


150 






2 €49 


716 


933 


067 


236 


354 




118 


5B 




3 ■ 676 


710 


966 


034 


■ 862 


348 


914 


08n 






* 703 


704 




001 


288 


341 


946 


054 


56 




5 730 


698 


9.67t38 


10.33968 


313 


335 


978 


093 


55 






692 


065 


935 


•339 




9.69010 


10.30990 


54 




7 784 


636 


098 




365 








53 




8 811 


6SH 


131 


Bsy 


391 


317 


074 


991. 


59 




9 838 






837 


417" 


310 


105 


894 


51 




10 9.62863 


9.9566)1 


9.67196 


1(1.3^804 


9.64449 


9.95304 


9.69138 


10.31}8S3 


50 




11 S9-2 


663 


899 




468 


298 


170 


831 


49 






657 


aey 


738 


494 


298 


209 


793 


48 




13 945 


651 


295 


705 


519 


886 


334 


766 






H 97li 


645 


337 


673 


545 


279 


966 


73-, 






19 999 


639 


36U 


640 


571 


973 


898 


703 


15 




16 9.630«e 


655 


393 


607 


596 


867 




671 


44 




17 053 


627 


436 


57* 


628 


861 


' 361 


' 639 


43 




9 


621 


458 


bM 


647 


854 


393 


607 


43 




16 




491 509 


673 


248 


495 


575 


41 




B 


H.95d09 


9.675^1 10.3^476 




9.9524^ 


9,69457 


10.30443 








61)3 


556 444 


734 


236 


433 


519 


39 




:6 




589 411 




889 


53Q 


480 


3b 




3 


591 


611 378 






552 


443 


37 






585 


654 346 


800 




584 


416 


36 




i6 


579 


687 313 


836 




615 


385 


35 






573 


719 231 


851 


204 


647 


353 


34 






567 


752 248 


877 


198 


679 


391 


33 






561 


785 315 


902 


192 


710 


890 


38 




o,"! 


555 


817 183 


927 


185 


743 


858 


J1 




30|9.6339S 


^.95549 


9.67850 10.32150 


953 


9.95179 


9:69774 


10. 30991 


30 






43 


883 118 








195 






33 451 


37 


915 085 


9.650O3 


167 




163 






33 478 


31 


947 053 


099 


160 


868 


139 






34 904 


95 


980 020 


054 


154 


900 


ion 


96 




35 531 


19 


9.68013 10.31983 


079 


14! 


932 


068 


95 




36 557 


13 


044 956 




141 




037 






37 583 


07 


077 923 


130 


135 


995 


01)5 






33 6H< 

39 636 


00 


t09 891 


155 


129 


9.70096 


10.99974 


28 




9.95494 


143I es8 


180 


192 










40 9.636be 




9.63174 10.31896 


9.65205 


9.95116 


089 




ail 




(1 689 




91)6 794 


830 


. 110 


131 


879 


19 




9 715 




239 761 


955 


lOS 


152 


848 


18 




3 741 




971 729 


281 


09- 


184 


816 


17 




4 767 


64 


303 697 


306 


091 


315 


, 785 


16 








- 336 661 


331 


084 


947 


753 


15 






52 


368 633 


356 


07^ 


278 


7S9 


14 




7 846 


46 


400 600 


381 


071 


.309 


691 


13 




40 


433 568 


4(^6 


065 


341 


659 


12 




9 89B 


34 


465 ST: 


431 


C\5^ 


379 


6'J8 


i: 




D 9.63924 


9.9S4i7 
31 


9.6H49;7 


471 


9.6545 b 
481 


046 


435 


565 


9 




! 976 


15 


, 561 


439 


506 


039 


466 


■ 534 






i 9.6*O02 


09 
03 


593 
626 


407 
374 


531 
556 


087 


493 
529 


471 


7 
6 




094 


9it5397 


65M 


348 


580 


030 


560 


440 


5 






91 


690 


310 


605 


014 


599 


408 


4 






84 


182 


878 


630 


007 


633 


377 


3 




139 
158 
184 


78 

79 


754 


846 


655 


001 


654 


346 


9 




786 


214 


630 


9.94995 


685 


315 






66 


818 


183 


705 


- 988 


717 


883 


^ 




ICo-iiue 


Sine. 


To-tan. 


T.nK.... 


Co-a 






»ngea,. 


M 





TABLE III. LOG. GIHES AND TAttCUTTl. 



flTDe 


.re-. 

T..,g-T 




asDegtcw. 11 


Ml Si«. |Co-.in« 


Co-.uig, 


^une. ICo^iie. 


T«.g. Cwang-IMH 




9.657itS 


9.9498^ 


9.10717, I0.892BJ 


■J.67lril 


9.94593 


9.13567 


10.87433 


60 






8. 


748; Si'i 


■ 185 




598 


402 


S9 






75 


179 aai 


206 


8( 


628 


312 


58 








810 19^1 


233 


13 


659 


341 


57 






62 


■ 841 


159 


256 


67 


689 


311 


36 






5c 


873 


127 


3B0 


61. 


12(1 


880i55H 






49 


904 


096 


303 


53 


750 




34U 






43 


93.i 


065 


3';7 


46 


, 780 








36 


96fi| 03+ 


350 


411 


811 






30 


997 003 


374 


33 


841 






9.65933 


9 949^3 


9.11038 


10.2897 a 


9.67S98 


9, 94531, 


9.73873 


10.271 38 I30l 










941 


421 


19 


90S 






9.66001 


11 


09i 


910 


445 


13 


932 






025 


04 


lai 


879 


468 


06 


963 






050 


9.94S98 


153 


847 


493 


9.94499 








073 


91 


184 


816 


515 


92 


9.73023 


10.26917 45 




099 


84 


215 


785 


539 


85 


054 






134 


78 


846 


154 


563 


79 


084 


916 13 




148 


71 


877 


723 


586 


78 


114 


886 48 




173 




30E 


69a 


609 


65 


U4 


856 kl 


M 


9^6197 


9,948SB 


9.11339J10.M66I 


9.67633 


9.9*458 


9.73175 


I0.26823 40 


o, oq, 


SS 




656 






793 39 


« 


■- 45 




6811 


45 


23J 


165 38 


■0 


39 




103 




865 


735 37 


i* 


33 




726 


31 


895 


705 36 


9 


96 




150 


24 


326 


674 35 


3 


19 




773 


11 


356 


644 34 


« 


13 




196 


10 


386 


614 33 


la 


06 




830 


04 


416 


584 32 


6 


9.94799 




843 


9.94391 


446 


554 31 




93 


9.71648110.28352 


9.61866 


90 


9.73476 


10.86534130 


8S 


— ' 321 


890 


83 


501 


49319 


SO 


891 


913 


■ 76 


537 


463 28 


13 


S60 


936 


69 


567 


433 27 


61 


329 


9S9 


63 


597 


40916 


ee 


198 


983 


5S 


637 


373 M 


53 


167 


9.68006 


49 


657 


343 34 




137 


029 


43 


687 


31313 


40 


106 


032 


35 


717 


283 13 


34 


075 


015 


38 


747 


253|21 


W 


9,666Sa 


9.94127 


955 


045 


9.68098 


9.94321 


9.73177 




il 


706 


SO 


986 


014 


131 


14 


807 


193 19 


ie 


731 


14 


9.72011 


10.31983 


144 


07 


837 


16316 


IS 


155 


07 


048 


9 


167 


00 


867 


133 17 


u 


179 


00 


078 


9 


190 


9.94393 


897 


10316 




803 


9.94694 


109 




213 


86 


927 


073 15 


ts 


837 


81 


140 




237 


79 


957 


043 14 


w 


B51 


80 


110 


a 


360 


13 


987 


013 13 


iB 


875 


14 


SOI 


7 


883 




9.74017 


10.8598318 


4» 


899 61 


231 


7 


303 


59 


047 


95311 


SO 


9.66983,9.94660 


9.12262 


10.211 


^1558 


9.94253 


077 


933 l( 


51 


946 


54 


293 


7 


351 


45 


107 


695 9 


970 


47 


333 


6 


374 


38 


137 


8^ 8 


994 


40 


354 


6 


397 


31 


166 


834 1 


018 


34 


384 


6 


430 


84 


196 


m i 


042 


S7 


415 


5 


443 


17 


S36 


17* 5 


066 


■20 


445 


5 


466 


10 


356 


744 4 


090 


14 


476 


5 


489 


03 


886 


714 : 


113 


07 


506 


4 


512 


9.94196 


316 


684 i 


137 


00 


537 


4 


534 




345 


655 1 


^v, 161 


9.945931 


567 


4 


557 


S3 


375 


635 


1 


raiv;<«iii..| !iu,t. |Co.mijr[T«iiieiit. 


Co-iine.! Sine. ICo-tahtrlTanwnt. 


id 


J, 




""■ 








"" 


Degroe* 


J 



TABLE in. LOG. SIN£S IlKD TANGfiHTfe. 



41 1 



msaasSBamm 
•29 Degrees. 



Mf sine. |(Jo"&ine.| i'ang. 




1 

3 
4 
5 
6 
7 
8| 

Q 



9.68557 
580 
603 
625 
64ft 
671 
694 
716 
739 
762 



9.94182 
75 
68 
61 
54 
47 
4(': 
33 

19 



9.74375 
405 
435 
465 
494 
524 
554 
583 
6.3 
643 



Ct>-tang. 



10.2562J) 

595 
565 
535 
. 50(j 
478 
44t> 
417 
387 
357 



10 

n 

12 
13 
14 
15 
16 
17 
18 
19 



9.68784 
807 
829 
852 
875 
897 
920| 
942 
965 
987 



12 
05 
9,94098 
9v 
83 
76 
69 
62 
55 
48 



20J 9.69010 



21 

22 
23 
24 
25 
26 
27 
28 
29 



•J 9. 



032 
055 
077 
100 
122 
144 
J 67 
189 
212 



9.94041 
34 
27 
20 
12 
03 

9.93998 

' 91 

84 

77 



9.74673 
702 
732 
762 
791 
821 
851 
880 
910 
939 



10.25327 
298 
268 
238 
209 
179 
149 
120 
090 
061 



969 
998 
9.75028 
058 
087 
117 
146 
17G 
205 
235 



031 
002{ 
10.24972 
942 
913 
883 
854 
824 
795 
763 



l30 


9.69234 


9.93970 


9.75264 


bi 


256 


63 


294 


132 


279 


55 


323 


33 


301 


48 


353 


34 


323 


41 


382 


35 


345 


34 


411 


36 


368 


27 


441 


37 


390 


20 


470 


138 


4lS^ 


12 


50O 


39 


434 


05 


529 



10.24736 
706 
677 
647 
618 
589 
5"59 
530 
50O 
471 



40 


9.69456 


41 


479 


48 


' 501 


4^ 


523 


44 


545 


45 


567 


46 


589 


47 


611 


48 


633 


49 


655 



9.93898 
91 
84 
76 
69 
6'2 
55 
47 
40 
33 



9.7555H 
- 588 
617 
647 
676 
705 
735 
764 
793 
822 



10.24442 
412 
383 
353 
324 
295 
265 
236 
207 
178 



3i) 


y.6yo77 


9.^3b26 


9.75tt52 


31 


699 


19 


881 


32 


'721 


11 


910 


53 


743 


04 


939 


34 


765 


9.93797 


969 


35 


787 


89 


998 


36 


809 


82 


9.76027 


37 


831 


75 


056 


38 


853 


68 


086 


59 


875 


60 


115 


I60f 


897 


53 


144 



10.24148 
119 
090 
061 
031 
002 

10.23973 
941 
914 
88;> 
856 



[ M|Co»8ine. I Sine. Ce-tan. [Taogent. 
60 Degrees. 



30 Degrees. 



Sine. [Co^sine | Tang. | Co-tang. |M 



9.69897 
919 
941 

96^ 

984 
9.7Q006 
028 
050 
072 
003 



9.9375.> 
46 
38 
31 
24 
17 
09 
02 

9.9''695 
87 



9.'i6144 
173 
202 
231 
S61 
290 
319 
'348 
377 
4061 



10 



23856 
827 



79858 
769 57 



739 
710 
681 
652 



62352 



594 



60 
59 



56 
55 
54 

53 



51 



9.7U1.5 
137 
159 
180 
202 
224 
345 
267 
288 
310 



»u 


9.76435 


10.23565 


73 


464 


536 


65 


493 


507 


58 


522 


478 


50 


551 


449 


43 


580 


420 


36 


609 


391 


28 


639 


361 


21 


668 


332 


14 


697 


303 



50 
49 
48 
47 
46 
45 
44 
+3 
42 
i41 



9.70332 


06 


9.76725 


10.23275 


553 


9.93599 


754 


246 


375 


91 


783 


217 


396 


84 


812 


. 188 


418 


77 


841 


159 


439 


69 


870 


130 


461 


62 


899 


101 


482 


54 


926 


072 


504 


47 


957 


043 


525 


39 


986 


014 



40 
39 
38 
37 
36 
35 
34 
33 
32 
31 



9.7U547 
568 
590 
611 
6S3 
654 
675 
697 
718 
739 



9.93532 

15 

17 

' 10 

02 

9.93495 
87 
80 
72 
65 



9.77015 
. 044 
073 
101 
130 
159 
188 
217 
246 
274 



10.22985 
956 
927 
899 



870 26 



9.7076 J 


^.93457 


9.77305 


782 


50 


332 


80S 


42 


361 


824 


35 


390 


846 


27 


418 


867 


20 


447 


88^ 


12 


476 


90V 


05 


505 


931 


9.93397 


533 


952 


90 


562 



841 
812 
783 
754 
726 

10.22697 
668 
639 
610 
582 
553 



52414 



495 
467 
438 



30 
29 
28 
27 



25 

24 

23 

22i 

21 

20 
19 
18 
17 
16 
15 



13 
12 
11 



973 


82 


9.77591 


10.22409 


994 


75 


619 


381 


9.71015 


67 


648 


352 


036 


60 


677 


323 


058 


52 


706 


294 


079 


44 


734 


266 


100 


37 


763 


237 


121 


29 


791 


208 


142 


22 


820 


180 


163 


14 


849 


151 


184 


07 


877 


123 



10 
9 
8 
7 
6 
5 
4 
3 
2 
1 




Co-sine. I Sine. |Co-taBg|Tangent.|M 



m 



59 Degre^. 



a 



^ 



TABLE III. Loa. aiHEl AND TANGEHTS. 



Mj Mne. ,ic<v..i.e. Tang. I Co-ling. | 


^ne. 


C5:Soe.^»ng. 1 


Uolang.iM 






•i.-.Wi-, 


9^J301 


9.77877 


10.33123 


9;7243i 


9.92B42 


9.79579 


0.20431 60 






SOS 


9..3H99 


906 


094 


441 


34 


607 


393 S9 




9 


yae 


91 


935 


06 s 


461 


96 


635 


365 58 




3 


241 


84 


963 


037 


483 


IB 


• 663 


337 57 




4 


96H 


76 


999 


OOB 


509 




691 


309 56 




5 


3H!' 


69 


9.780'iO 


io.ai98ij 


59-; 


03 


719 


281 Sj 




6 


3111 


61 


04«l 


■ 951^ 


542 


9.99795 


747 


253 S4 




T 


331 




077 


923 


569 


87 


776 


294 i3 




8 


3ia 




106 


894 


532 


7i 


804 


'196 S2 




9 


373 


3fl 


135 


865 


MVi 


71 


832 


le^tsi 




Kl 






9.1S163 


10.21837 


9.7vti23 


9.92763 9.79B60{ 


0.20140(50 






4U 


33 


199 


-BOB; 


643 


5S 


888 


112 19 




13 


43 ■> 


li 


9V0 


780 


663 


,47 


916 


084 48 




iJ 


4ifi 


07 


34^ 


75 ll 


683 


39 


944 


056 17 






4t: 


00 


377 


793 


703 


31 


979 


028 16 




IS 


-498 


9.931 9E 


306 


694! 


793 


23 


9.80000 


000 15 






519 


84 


334 


666: 


743 


15 


028 


0.19973 H 




n 


539 


f- 




637 


763 


07 


056 


944 13 






560 


6V 


391 


609 


7B3 


9.99699 


084 


916 12 






381 


61 


. 419 


581 


803 91 


112 


886 41 






9.7 16Ua 9.93154 


9.784+8 


10.91553 


9.72833 


B3 


9.80110 


10.1986C 10 






623 46 


476 


594 


843 


75 


168 


S32 39 




2-i 


643 


38 


505 




863 


6- 


195 


805 J8 






664 


31 


S33 


467 


883 


59 




777 37 






685 


S3 


569 


♦38 


902 


51 




14;, 36 




3S 


105 


15 


590 


410 




43 


979 


73135 




7f 


126 


OB 


618 


389 


943 


35 


307 


693 ri4 




ai 




00 


647 


353 


963 


27 


335 


665 33 








9,93093 


675 


335 


982 


19 


363 


637 sa 




a 


788 


■ 84 


701 


296 


9.73009 


1 1 391 


609 31 




30 


H.718U9 77 


9.78733 


10.21268 


093 Oi 9.80419 


10.19581130 




31 


829 69 






041 9.9S595 447 


553 ra 




31 


850 61 


769 


311 


061 87 474 


536 28 




33 


87l> 53 


817 


183 


081 79 503 


498 97 




.>i 


891 46 


845 


155 


101 71 530 


470 96 




? 


911 38 


874 


126 


121 63 558 


442 U 




3S 


93a 30 


909 


09B 


140 55 596 


414 21 




;;i 


■ 95a 39 


930 


070 


160 46 614 


386 23 




3B 


973 14 


959 


Oil 


180 38 G49 


358 29 






994 07 9B7 


013 


> soil 30 ess 


331 l\ 






g.tm 9.93999 


H.79015 


10.90985 


9.73219 9.9B523 9.80697 


10.19303 






11 


034 9i 


043 


957 


1 339 14 725 


275 


19 






i<ih 8: 


079 


H2B 


959 06 753 


247 


18 




*3 


075 76 


11)0 


901 


278 9.93498 781 


S19 


17 




14 


096 68 


m 


873 


298 90 80B 


' 192 


16 




45 


116 60 


l5fi 


844 


31E 83 836 


164 


1; 




if. 


137 52 


185 


815 


337 73 864 








*- 


157 44 


913 


787 


, 357 65 892 


101 


13 




41 


m 36 




159 


377 ill] 919 


08 


li 






198 99 


96D 


731 


39 
9.7341 


1 49t 947 


053 


Id 




MJ 




9.939^1 


9.79397 


10.30703 


19.924411 975 


035 




1 


33 


13 


396 


674 


435 33 9.81003 


10.18997 








S5 


05 


354 


646 


455 35 030 




e 




S5 




9.9389^ 


383 


618 


474 16 058 


942 






i4 


39 


HP 


. 410 


59< 


, 494 06 086 


914 


6 




53 


sa 


g 


438 


562 
534 


513 CO 113 
533 9.93392 141 


887 
859 


5 
4 






36 




495 


505 


559 8+ 169 


-83 


3 






3B 




52. 


477 


572 7h 196 


, 804 


9 






411 




55 


449 


591 67 291 


776 






M 


43 


43 


571 


421 


611 59 952 


748 


( 
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57 Degrees. 





TABtE ni. LOG. SINES AND TAMGENT8. 





^ 


33 U.Kr«.. 


' 


34 Detrreo. 1 




^ 


Woe. ICo-sine. lan^-. 


CO-ULR. 


!..i>«. ;Co.«Be,| r.„x. i Co- Wo p. 


M 






laiill 


9.ya;j5S- 


y-8l3S2 


10.IB74B 


9.74756 9 91857, 9.83899 


10.17101 


60 








63(' 


■ 51 


379 


731 


775 49 


93<> 


074 


s 






! 


65U 


43 


307 


693 


79* 


40 


953 


047 








669 




335 


665 


813 


33 


980 


030 








4 


es-i 




362 


638 


831 


23 


9.83008 


10.16992 


56 








70S 


U 


390 




850 




035 


9fii 


55 








727 




418 


bSi 


868 




062 


S3. 


54 






7 




0,; 


445 


5.i5 


887 


9.91798 


oe<i 


911 


53 








7Bf 


^.9335:; 


47S 


5'i7 


906 


89 


117 


883 


53 






9 


iBi 


' K: 


500 


500 


934 


81 


144 


856 


51 






10 » 733U5 

11 8!24 


77,9.bl5at- 
6y[ 55t 


10.18473 


^"''*9*? 


72 
63 


9.b3l71 


10.16839 
802 


40 
49 






IS 


843 










55 


335 


775 


48 






13 


863 


i'2. 




389 


99t- 


46 


352 




47 






14 


sse 


44 


6U 


362 


9.75017 


38 


980 


731 










901 


35 


6hfi 


334 


OJfi 


29 


307 


693 


45 






16 


9a 1 


■ 2- 


69b 


307 


054 


30 


334 




44 






17 


940 


IV 




379 


073 


13 


361 




43 






8 


959 








.091 


03 


388 


612 


43 






9 


978 


Oi 


770 


aJ4 


111 


9.91 695 


415 


58,1 


41 






Jl 


991 


9.98194 




10.18197^ 


9.75128 . 06,9.S3442 


10.16558 


40 






»1. 9 74017 






I6U 


147 


77 470 


531 


3!) 






03n 


77 


858 


1+3 


165 


69 497 


503 


38 






Oii 


69 


886 


114 




611 J3-y 


476 


37 






07J 


61 


913 


087 


203 


51 551 


449 


36 






093 


5'J 


, 941 


059 




43 578 


433 


35 








44 


968 


033 


339 


34 605 


395 


34 






13', 


36 


996 


0U4 


258 


95 633 


368 


33 






Ijl 


«- 


9.831123 


10.17977 


376 


17 659 


341 


33 




f"' 


nu 


19 


051 


949 


394 


08 68b 




31 




ISO) 9.14 18^ 




0-8 


923 


9.75313 


9.91599 9.837131 10.16387 


30 






aox 


02 


■106 




331 


91 -'■■' S60l89 








9^8094 


133 




3iO 


83 233!SB 






«+6 


86 


161 




368 


73 305 


87 






S6J 


77 


188 




386 


65 178 


36 






284 


69 


315 




405 


56 151 


35 






303 


6(' 


343 




423 


47 134 


34 






say 


3S 


270 




441 


38 097 






J[38| 


34) 


44 


398 




459 


30 070 






fc 


9| 


36(1 


35 


325 
9.83359 


iCU7646 


478 


31 957 


043 


21 




■>! 9.14379 


9.9M37 


9. 7 549 f 


" 13 984 


016,20 






398 


18 


380 


630 


514 


04 9.8401 ( 


10.15989 19 






417 


10 


407 


593 


533 


9.91495 038 


963 18 






436 


OS 


435 


565 


551 


86 . 065 


935 


17 






4Si 


9.91993 


462 


538 


569 


77 093 


908 


16 






474 


85 


489 


511 


587 


69 119 


881 


15 






493 


76 


517 


483 


605 


60 146 


854 


14 




11" 1 


5ia 


tiB 


544 


456 


634 


,51 173 


637 






|4B 




59 


571 


429 


6+5 


43 BOO 


800 






1(49' 


549 


51 


599 


401 


661. 


33 987 




11 




pj 


9. 


587 


9.91943 
34 


9.82620 


10.17374 


9.75678 
696 


9.91425 9.8i254j10.15746 
16 -'■1 720 


10 
9 








606 


95 




319 


71 + 


07 693 


8 




\^3 




6a5 


17 




393 


733 


9.91398 666 


7 




LS4 




644 


08 




S65 


751 


89 639 


6 




55 




663 


00 




S38 


769 


81 613 


5 




36 




681 


9.9 1 891 




SIO 




73 585 


4 




57 




83 




183 


805 


63 558 


3 




58 


719 


74 




. 156 


■ 833 


54 531 


3 




59 


137 


66 




199 


841 


45 504 






(SO 


756 57 


... 


!0I 


859 


36 477 







MICo 


«ne( Sine. |Co-tang 


J»ngm. 


Co-siiie.| fine, |Co-.ang.|TanEeDt.|M 


















55DeKi««' 


r 





4>' 



JABLE III. LOG. SINES AND TANCfiNTS. 



I 1 11 a 



2 
3 

5 
6 

7 
8 
9 



35 Degree*. 



Sine. Co-sine.' Tang. | Co-tang' 



9.75859 
877 
895 
913 
931 
949 
96- 
985 

9.76003 
021 



9.91336 
3^28 
319 
310 
301 
fi92 
283 
274 
266 
25*1 



9.84523 
550 
576 
603 
630 
6&7 
684< 
711 
73tJ 
764 



10.15+7V 
45(> 
424 
397 
370 
343 
316 
289 
262 
236 



c 


039 


9.91248 


9.84791. 


1 


057 


259 


818 


2 


075 


230 


845 


3 


093 


221 


872 


4 


111 


212 


899 


5 


129 


203 


925 


6 


146 


' 194 


952 


7 


1C4 


185 


979' 


8 


182 


176 


9 85006 


9 


200 


167 


033 



10.15209 
182 
155 
128 
101 
075 
048 
021 

10.14994 
967 



!0 


9.76218 


9.91158 


059 


!1 


236 


149 


086 


J2 


253 


141 


113 


>3 


271 


132 


140 


^ 


J289 


125 


166 


15 


307 


114 


193 


{6 


324 


105 


220 


87 


342 


096 


247 


IS 


360 


087 


273 


19 


378 


076 


300 



941 
914 
887 
860 
834 
807 
780 
753 
727 
700 



U) 


9.76395 


9.91069 


9.85327 


n 


413 


060 


354 


\2 


431 


051 


b&O 


)3 


443 


042 


407 


J4 


466 


033 


' 434 


\5 


484 


023 


460 


\6 


. 501 


014 


487 


rt 


519 


003 


514 


M> 


537 


9.90996 


540 


\9 


554 


987 


567 



10.14673 
646 
620 
595 
566 
540 
513 
486 
460 
433 



^1 
^2 

^4 

^6 
>7 
^8 
^9 



>0 
»1 
>2 
>3 
>4 
>5 
>6 
»7 
>8 
)9 
50 



y.76572 
590 
607 
625 
642 
660 
677 
695 
712 
730 



978 
969 
960 
951 
949 
935 
924 
915 
905 
896 



.85594 
620 
647 
674 
700 
727 
754 
780 
807 
834 



9.76747 


9.90887 


765 


878 


782 


869 


800 


660 


817 


851 


835 


842 


852 


832 


870 


823 


887 


814 


904 


805 


922 


796 



9.85860 
887 
913 
940 
967 
993 

9.86020 
046 
073 
100 
126 



10.14-400 
380 
353 
326 
300 
273 
246 
220 
193 
166 



10.14140 
113 
087 
060 
033 
007 

10.13980 
954 
927 
900 
874 



VI I Co- sine. I Sine. |Co>taog.|Tang cnt. 
54 Degrees. 



36 Degrees. 



Sine. [Co-sine. I Tang. | Co-tang.iM 



[9.77268 
285 
302 
3!9 
336 
353 
370 
387 
405 
422 



9.76922 
93y 
957 
974 
991 

9.77009 
026 
043 
061 
078 



9.90796 
87 
77 
68 
59 
50 
41 
3! 
22 
13 



9.86126 
153 
179 
206 
832 
259 
285 
312 
338 
365 



10.13S74 
847 
821 
794 
768 
741 
715 
688 
662 
635 



60 
59 
58 
57 
56 
55 
54 
53 
52 
51 



9.77095 
112 

130 
147 
164 
181 
199 
216 
233 
250 



04 
9.90694 
85 
76 
67 
57 
48 
39 
30 
20 



9.86392 
418 
445 
471 
498 
524 
551 
577 
603 
630 



11 
02 
9.90592 
83 
74 
65 
5b 
46 
S7 
27 



9.86656 
683 
709 
736 
762 
789 
815 
842 
868 
•894 



10.136O8 
582 
555 
521- 
502 
476 
449 
423 
397 
370 



50 
49 
48 
47 
♦6 
45 
U 
43 
IS 
41 



10.13344 
317 
291 
264 
838 
211 



185 34 



158 

132 
106 



40 

39 

38 

3 

36 

35 



33 
32 
31 



9.77439 


lb 


9.86921 


456 


09 


947 


473 


9.90499 


974 


490 


90 


9.87000 


507 


80 


027 


524 


71 


053 


541 


62 


079 


558 


52 


100 


575 


43 


132 


592 


34 


158 



10.13O7V* 
053 
026 
000 

10.12973 
947 
921 
894 
868 
849 



30 
29 
28 
27 
26 
25 
24 
23 
22 
21 



9.77609 


9.90424 


9.87 lb5 


10.12815 


626 


15 


211 


789 


643 


05 


238 


762 


660 


9.90396 


264 


736 


677 


86 


290 


710 


694 


77 


317 


683 


711 


^8 


343 


657 


727 


58 


369 


631 


744 


49 


396 


604 


761 


39 


422 


578 



19 
18 
17 
16 
15 

!a 

12 

M 



9.77778 
795 
812 
8i'9 
846 
862 
879 
896 
913 
930 
946 



9.90330 
20 
11 
01 

9.90292 
82 
73 
63 
54 
44 
35 



9.87448 
475 
501 
527 
554 
580 
606 
633 
659 
685 
711 



10.125.>2 
525 
499 
473 
446 
420 
394 
367 
341 
315 
289 



10 
9 
8 
7 
6 
5 
4 
3 
S 
1 
01 



Co-sine. I Sine. [Co-tang. |Tangent.|M 



BMB 



53 Degrees. 



■MB 



.TABLE III. LOG. SINES AND TANGENTS. 



415 



37 Degreet. 



M| Sine, j Co-sine. 



9.71946 
963 
980 
997 

9.78013 
030 
047 
063 
080 
097 



Tang. Co-ung, 



9.90«35 
25 
16 
06 

9.90197 
S7 
78 
68 
59 
49 



9.87711 
738 
764 
790 
817 
843 
869 
895 
922 
948 



10,12^811 
262 

236 
210 
183 
157 
131 
105 
078 
052 



IQ 
U 
12 
IS 
14 
15 
16 

n 

18 
19 



9.78113 
130 
147 
163 
180 
197 
813 
230 
246 
263 



2(i 


9.78^80 


21 


296 


22 


313 


23 


329 


34 


346 


25 


S62 


26 


379 


27 


395 


28 


412 


29 


428 



9.90139 


974 


30 


9.88000 


' 20 


027 


11 


053 


01 


079 


9.90091 


105 


82 


.131 


72 


158 


' 63 


184 


53 


210 



026 
000 
10.11973 
947 
921 
895 
869 
842 
816 
790 



9.90043 
34 
24 
14 
05 

9.89995 
85 
7C 
66 
56 



30 
31 

3^ 

33 
34i 
35 
S6 
37 
•38 
39 



9.78445 
461 
478 
494 
510 
527 
543 
560 
576 
592 



9.89947 
37 
27 
18 
08 

9.89898 
88 
79 
69 
59 



9.88236 
262 
289 
315 
341 
367 
393 
420 
446 
472 



10.11764 
738 
711 
685 
659 
633 
607 
580 
554 
528 



9.88498 
524 
550 
576 
603 
629 
655 
681 
707 
733 



10.11502 
476 
450 
4^4 
397 
371 
345 
319 
S93 
267 



4() 
41 
42 
43 
44 
45 
46 
47 
48 
49 



9.78609 


9.89849 


9.88759 


625 


40 


786 


642 


30 


812 


658 


20 


838 


674 


10 


864 


691 


01 


890 


707 


9.89791 


916 


723 


81 


942 


739 


71 


968 


756 


61 


994 



10.11241 
214 
188 
162 
136 
110 
084 
05a 
032 
006 



50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 



9.78772 
788 
805 
821 
837 
853 
869 
886 
902 
918 
934 



9.89752 
42 
32 
22 
12 
02 

9.89693 
83 
73 
63 
53 



9.89020 
046 
073 
099 
125 
151 
177 
203 
229 
253 
281 



10.10980 
954 
927 
901 
875 
849 
825 
797 
771 
745 
719 






38 Degrees. 



^I|Co»tine.| Sine. |Co-tang[ Tangent. 
52 Degrees. 



9.78934 
950 
967 
983 
999 

9;79015 
031 
047 
063 
079 



Co-sine. I Tang. | Co-tang. I M 

10.10^19 



9.79095 
HI 
128 
144 
160 
176 
(92 
208 
224 

240 

9.79256 
272 
288 
304 
319 
335 
351 
367 
383 
399 



9.89653 
43 
33 
24 
14 
04 

9.89594 
84 
74 
64 



9.89554 
44 
34 
24 
14 
04 

9.89495 
85 
75 
65 



9.89455 
45 
35 
25 
15 
05 

9.89395 
85 
75 
64 



9.89881 
307 
333 
359 
385 
411 
437 
463 
489 
515 



69S 
6671 
641 
615 



589 55 
563 54 



537 
511 
485 



60 
59 
58 
57 
56 



53 
52 
51 



9.89541 
567 
593 
619 
645 
671 
697 
723 
749 
775 



10.10459 
433 
407 
381 
355 



329 45 



303 
27 
25 li 
225 



50 
49 
48 
47 
46 



44 

7143 

42 

41 



9.89801 
827 
853 
879 
905 
931 
957 
983 

9.90009 
035 



10.10199 
173 
147 

121 



095i36 



069 
043 
01"^ 

10.09991 
965 



40 
39 
38 

37 



35 

34 
33 
32 
31 



r9.79415 
431 
447 
463 
478 
494 
510 
526 
542 
558 



9.89354 


061 


44 


086 


34 


112 


24 


138 


14 


164 


04 


190 


9.89294 


216 


84 


242 


74 


268 


64 


294 



939 
914 
888 



30 
89 
28 



86^27 

836{26 

8iai25 

784^24 

758J23I 

732J2 

706^21 



9.79573 


9.89254 


9.90320 


589 


44 


346 


605 


33 


371 


621 


23 


397 


636 


13 


423 


652 


03 


449 


668 


9.89193 


475 


684 


83 


501 


691' 


73 


527 


715 


62 


553 



10.09680 
654 1 
6291 
60317 
577 16 
551 15 
525{;i4 
499113 
473|l^ 
447 11 



9.79731 
746 
76'2 
778 
793 
809 
825 
840 
856 
872 
887 



9.89152 
42 
32 
28 
12 
01 

9.89091 
81 
71 
60 
50 



Co-siae* , Sine. 



9.90578 
604 

630 
65(y 
68'2 
703 
734 
759 
735 
'811 
* 837 



10.09482110 
39d 9 
3701 
344] 
318 
292 
266 
241 
21^ 
18SI 
163 



8 
7 
6 
5 
4 
<i 
8 
1 
01 



51 



Co-tang.| Tangeflt. \M 



Degree s. 

SSSBS 



41S 



TABLE III. LOG. SINES AND TANGENTS. 



39 Degreo. 



~{ 



Sine. |Co-ttae.{ Tang . [Co»tang 

10.09163 
137 
111 
08'i 
060 
034 
008 
10.08982J 
95'-i 
931 



9.79887 


9.89050 


9.90837 


903 


40 


863 


918 


30 


889 


934 


20 


914 


950 


09 


940 


965 


9.88999 


966 


981 


89 


992 


^96 


78 


9.91018 


9.80012 


68 


043 


027 


58 


069 



m 



i" begrecs. 



10 


043 


9.88948 


095 


11 


058 


37 


121 


12 


074 


27 


147 


13 


089 


17 


172 


14 


105 


06 


198 


15 


120 


9.88896 


224 


16 


136 


86 


250 


17 


151 


75 


276 


18 


166 


65 


301 


19 


182 


55 


327 



905 
879 
853 
828 
802 
776 
750 
724 
699 
673 



20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



9.80197 
213 

228 
244 
259 
274 
290 
305 
320 
336 



9.88844 
34 
24 
13 
03 

9.88793 

82 

72 

61 

. 51 



9.91353 
379 
404 
430 
456 
482 
507 
533 
559 
585 



10.08647 
621 
596 
570 
544 
518 
493 
467 
' 441 
415 



30 
31 
32 

33 
3* 
35 
36 
^7 
38 
39 
40 
41 
42 
43 
44 
45 
146 
47 
48 
49 



9.80351 


9.88741 


9.91610 


366 


3b 


636 


382 


20 


662 


397 


09 


688 


412 


9.88699 


713 


4^8 


88 


739 


44r 


78 


765 


45b 


68 


791 


47S 


57 


816 


489 


47 


842 



10.08390 
364 
338 
312 
287 
261 
235 
209 
184 
158 



9. 80504 
519 
534 
550 
565 
580 
595 
610 
625 
641 



9.88636 
26 
15 
05 

9.88594 
84 
73 
63 
52 
42 



H 



50 
51 
52 

53 
54 

55 
56 
57 
58 
59 
601 



9.80656 
671 
686 
701 
716 
731 
746 
762 
777 
79f 
807 



9.88531 
21 
10 

9.8S499 
89 
78 
. 68 
57 
47 
36 
25 



MI Cotinc. I Sine. |Co«i 
SODcgrees. 




9.92125 
150 
176 
202 
227 
253 
279 
304 
330 
356 
381 



Sine. 


Co-(iiae. 


1 1 ang- 1 


9.80807 


9.88425 


9.9i3«l 


822 


15 


401 


837 


04 


433 


862 


9.88394 


4>h 


867 


8n 


48. 


882 


72 


51' 


897 


62 


535 


912 


51 


5f:i 


927 


4<' 


58: 


942 


30 


612 



Co-tang. jM 

I(^0y6l9 60 
593 59 
567 58 
542 5 
516 56 



490 
465 
439 
413 
3Bv 



55 
54 

52 
hi 



9.80957 
972 
987 

9.81002 
017 
032 
047 
061 
076 
001 



19 


9.92638 


08 


663 


9.88298 


689 


87 


715 


76 


740 


^ '66 


766 


55 


792 


44 


817 


84 


843 


23 


' 868 



10.07362 
337 
311 
?8.5 
26i 
23 
2Uy 
183 
15': 
132 



50 
i9 

48 

+7 

v6 

5 

43 
42 
41 



9.81106 


12 


9.928^4 


10.07 1 OG 


121 


01 


920 


08( 


136 


9.86191 


945 


055 


151 


80 


971, 


- 029 


166 


69 


996 


004 


180 


58 


9.93022 


10.06978 


195 


48 


048 


952 


210 


37 


073 


92'; 


225 


26 


099 


901 


240 


15 


124 


876 



9.81254 


05 


9.93150 


10.0685( 


269 


9.88094 


175 


825 


284 


83 


201 


79^ 


299 


72 


227 


773 


314 


61 


252 


748 


328 


51 


278 


722 


343 


40 


303 


697 


358 


29 


329 


671 


372 


18 


354 


646 


387 


07 


380 


620 



9.81402 


9.87996 


9.93406 


10.06594 


417 


85 


431 


569 


431 


75 


457 


543 


446 


64 


482 


518 


461 


53 


508 


492 


475 


42 


533 


467 


490 


31 


559 


441 


505 


20 


584 


416 


519 


09 


610 


390 


534 


9.87898 


. 636 


3r4 



40 

39 
38 
37 
36 
35 
34 
33 
32 
31 

JO 
29 
28 
27 
26 
25 
24 
23 
28 
21 

20 
19 
18 
17 
16 
15 
14 
13 
12 
til 



9.81549 


87 


9.93661 


10.06339 


563 


77 


687 


313 


578 


66 


712 


>Z88 


192 


55 


738 


269 


607 


44 


763 


• 237 


622 


S3 


789 


211 


636 


22 


814 


186 


651 


11 


840 


160 


665 


00 


865 


135 


680 


9.87789 


891 


109 


694 


78 


916 


084 



10 
9 
8 
7 
6 
5 
4 
3 
2 
I 




Co'siae. Sine. ' Co.tang.|Tangent 



mm 



49 Degreet. 



ma 



■ssbJ 



TABLE III. LOG. SINES AND TANGENTS. 



417 



41 Degrees. 



M Sine. ' Co'Mne.| Tang. Co-ttog 



3 
4 
b 
$ 

1 
8 
9 



9.S1694 

9.81709 

23 

38 

52 

* 67 

81 

96 

9.81810 

25 



9.87778 

67 
56 
45 
34 
23 
12 
01 
9.87690 
79 



9.93916 
42 
67 
93 

9.94018 
44 
€9 
95 

9.94120 
46 



10.06084 
058 
033 
007 

10.05982 
956 
931 
905 
880 
854 



10 
II 
12 
13 
14 
15 
16 
17 
18 
19 



9.81839 
54 
68 
82 
97 

9.81911 
26 
40 
54 
69 



68 
57 
46 
35 
24 
13 
01 
9.87590 
79 
68 



71 
97 

9.94222 
48 
73 
99 

9.94324 
50 
75 

9.94401 



10.05829 
803 
778 
752 
727 
701 
676 
650 
625 
599 



20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



9.81983 
98 

9.82012 
26 
41 
55 
69 
84 
98 

9.82112 



57 
46 
35 
24 
13 
01 
9.87490 
79 
68 
57 



426 
452 
477 
503 
528 
554 
579 
604 
630 
655 



10.05574 
548 
523 

497 
472 
446 
421 
396 
370 
345 



30 
31 
32 
33 
34 
35 
36 
37 
38 
39 



26 
41 
55 
69 
84 
98 
9-82212 

26 
40 

55 



46 
34 
23i 
12 
01 
9.87390 
78 
67 
56 
45 



9.94681 
706 
732 
757 
783 
808 
834 
859 
884 
910 



10.05319 
294 
26S 
243 

217 
192 
166 
141 
116 
090 



40 
41 
42 
43 
44 
45 
46 
47 
148 
49 



9.82269 
83 
97 

9.82311 
• 26 
40 
54 
68 
82 
96 



9.87334 
22 
11 
00 

9.87288 
77 
66 
55 
43 
32 



9.94935 
961 
986 

9.95012 
037 
062 
088 
115 
139 
164 



50 
51 
32 
f53 
54 
55\ 
56 
57 
58 
59 
60 



9 



.82410 
24 
39 
53 
67 
81 
95 

,82509 

'23 

37 

51 



9.87221 
09 

^.87198 
87 
75 
64 
53 
41 
30 
19 
07 



9.95190 
215 
240 
266 
291 
317 
342 
368 
393 
418 
444 



10.05055 
039 
014 

10.04988 
963 
938 
912 
88"? 
- 861 
836 

10.04810 
785 
760 
734 
709 
683 
638 
632 
607 
582 
556 



M|Co rine.; -^ine. tCo-tangt 



Tang^ent. 



r-v^.^__ 



42 Degi 



rees. 



Sine- 'Co-tine. I Tang. 

9.82551*9.87107' 9^5444 
096 469 



565 
579 
593 
607 
«21 
635 
649 
663 
677 



085 
073 
062 
050 
039 
028 
016 
005 



495 
520 
5^5 
571 
596 
622 
647 
672 



9.82691 


9.86993 


705 


982 


719 


970 


733 


959 


747 


947 


761 


936 


775 


924 


788 


913 


802 


902 


816 


890 



9.95698 
7231 
748 
774 
799 
825j 
850 
875 
901 
926 



Co-tang. I M 

'10.04556"66 
531 59 
505 58 
480 57 
A55 56 
429 55 
404 54 
378 53 
353 52 
32R51 



10.04302 
277 
252 
226 
201 
175 
150 
125 
099 
074 



5U 
^9 
48 
47 
46 
43 
44 
43 
42 
41 



9.82830 


9.86879 9.95952 


10.04048 


844 


867 977 


023 


858 


855 


9.96002 


10.O399>^ 


872 


844 


02P 


972 


883 


832 


053 


947 


899 


821 


07o 


922 


913 


809 


104 


896 


927 


798 


129 


871 


941 


786 


155 


845 


953 


775 


180 


820 



4(» 
39 
38 
37 

33 
34 
33 
32 
31 



9.82968 


9.86763 


9.9620:- 


982 


752 


23; 


996 


740 


23' 


9.83010 


728 


281 


023 


717 


307 


037 


705 


33V 


051 


' 694 


337 


063 


682 


38;' 


078 


670 


40b 


092 


659 


433 



10.03795 
769 
744 
719 
693 
668 
643 
617 
592 
. 567 



9.83106 


9.86647 


9.90439 


120 


635 


484 


133 


624 


51{» 


147 


612 


533 


161 


600 


560 


174 


589 


586 


188 


577 


611 


■ 202 


565 


636 


215 


554 


662 


229 


542 


687 



10.03541 
516 
490 
465 
440 
414 
389 
364 
338 
313 



30 
29 
28 
27 
26 
23 
24 
23 
22 
21 



>0 
i9 
18 
17 
16 
15 
14 
13 
12 
11 



9.83242 
256 
.270 
283 
297 
3!0 
324 
338 
351 
365 
378 



9.86530 
518 
507 
495 
483 
472 
460 
448 
436 
425 
413 



9.96712 
738 
763 
788 
314 
839 
864 
890 
915 
940 
966 



10.03288 


10 


262 


9 


237 


8 


215 


7 


186 


6 


161 


5 


136 


4 


*110 


3 


083 


2 



060 

0341 



a^n^i^M^h— — ^^.^wj^MM^i^— iM^i^ii^i^^^i*^^— ^»^i*^»y Mgwa i^—[ ^pi^i^M— i^a— m— 

Co-siDe.| Sine. ' Co- tang. [Tangent M 



&.1 T\t»rrfttfit 



A I 



413 



TABLE HI. LOC SINES AND TANGENTS, 



43 Degrees. 



M, Sine. , Co-sine. long. | 




1 
2 
3 
4 
5 
6 
7 
8 
9 



9.8^378 


9.86413 9.969n6| 


392 


401 


991 


405 


389 9.970161 


419 


377 


042 


43L' 


366 


067 


446 


354 


092 


4J9 


342 


118 


473 


330 


143 


486 


318 


168 


5u0 


306 


193 



10 


9.83513 


9.86295 


9.97219 


11 


527 


283 


244 


12 


540 


271 


269 


13 


'554 


259 


295 


14 


567 


247 


320 


15 


581 


. 235 


345 


16 


394 


223 


371 


17 


608 


211 


396 


18 


621 


200 


421 


19 


634 


188 


447 



20 


9.83648 


9.86176 


9.97472 


21 


661 


164 


497 


22 


674 


152 


323 


23 


688 


140 


348 


24 


701 


12P 


373 


25 


715 


116 


598 


in 


728 


104 


624 


27 


741 


09? 


649 


28 


755 


060 


674 


29 


768 


06.^ 


700 



C'o-tang 

1 0.03034 
009 

10.02984 
958 
933 
908 
882 
857 
832 

807 

10.02781 
756 
731 
705 
680 
655 
629 
604 
579 

553 

10.025~28 
503 
477 
452 
427 
402 
376 
351 
32b 
300 



30 


9,83781 


9.86056 


9.97725 


31 


795 


044 


750 


32 


808 


032 


776 


33 


821 


020 


801 


34 


834 


008 


826 


35 


848 


9.85996 


851 


36 


861 


9S4 


877 


37 


874 


972i 


902 


38 


887 


960' 


927 


39 


901 


948 


953 



10.02275 
250 
224 
199 
174 
149 
123 
098 
073 
047 



41 


983914 


9.85936 


97 > 


41 


92: 


924 


9.98003 


4? 


940 


912 


029 


43 


954 


90(t 


054 


4' 


967 


888 


079 


45 


980 


.876 


104 


46 


993 


864 


130 


47 


9.84006 


851 


155 


48 


020 


839 


180 


49 


033 


827 


206 



022 
10.01997 
971 
946 
921 
896 
870 
845 
820 
794 



50 
51 
52 
53 
,54 
55 
56 
57 
58 
59 
r>o 



9.84046 
059 
072 
085 
098 
112 
. 125 
138 
151 
164 
177 



9.85815 
803 
791 
779 
766 
754 
742 
730 
718 
7061 
69 > 



9.98231 
256 
281 
307 
532 
357 
383 
408 
433 
458 
484 



M CoMnc-l Sine. fCo.tang.|Tan 



10.01769 
744 
719 
693 
668i 
643! 
617| 
592 
367 
542 
516 

nt. 



46 Defirrees. 



Mue. 



9.84177 
190 
203 
816 
229 
242 
255 
269 
282 
295 



44 Hegrees. 

Co-Hine.l Tang. ;Co.rapg. 



M 



9.85693 
681 
669 
657 
643 
632 
620 
608 
596 
583 



9.98484 
509 
534 
560 
585 
610 
635 
661 
686 
711 



10:01316 
491 
466 
440 



59 
38 

37 
413 36 
390 53 



365 
339 
314 



54 
53 
52 



9.843t;8 


9.83571 


321 


559 


334 


547 


347 


554 


360 


522 


373 


510 


385 


497 


398 


485 


411 


473 


424 


460 



28951 



9.98737 
762 
787 
812 
838 
863 
886 
913 
939{ 
964 



10.01263|30 
238;49 
213:48 
183 47 



162 
137 
J12 
087 
061 
056 



9b4437 
. 450 
463 
476 
489 
502 
515 
528 
540 
553 



9.85448 
436 
423 
411 
399 
38b 
374 
561 
349 
357 



46 
45 

44 
45 
4« 
41 



98':^ 

9.99015 
040 
06.V 
09(' 
11^ 
14. 
166 
li*! 
217. 



Oil 
10.00985 
' 960 
955 
910 
884 
859 



40(1 
39 
5» 
37 
36 
35 
341 
834 33 



809 
783 



32 
31 



9.84joh 

579 

392 

605 

' 61S 

630 
643 
656 
669 
682 



9.83.324 


y. 1^9242 


10.00738 


312 


267 


733 


- 299 


293 


707 


287 


318 


682 


374 


543 


637 


262 


368 


632 


250 


394 


606 


237 


419 


581 


225 


444 


55f 


212 


4H9 


53 t 



9.84694 


9.83200 


9.9ir> 


707 


187 




720 


175 




735 


162 




745 


150 




758 


157 




771 


125 




.784 


112 




796 


100 




809 


087 





30 
29 
28 
27 
26 
23 
24 
25 
22 
21 



320 
345 
570 
596 
621 
646 
672 
697 
722 

9.99'^47 




10.00253 
227 




8 



Co-8ine.| Sine. | Co-tang. ;T^gentM 



A t Y-V_. 



41» 



D TABLE IV. 


TABLE V. 




Depression of the 


U Refraction in altitude, of the heaTcnly bodies. 


horizon, at tea. 






XT • t- , • 1 


H Alt. 1 


iefr. 


Alt. 


Refr. 1 


Alt. 


Refr. 


Alt. 


Refr. 


Alt. I 


lefr. 


Herght 

of the 

eye. 


Dip. 


t 


1 D. M. M. g.l 


a. M. 


M* 8a 


D. M. 


M. 8. 


D. 


M. S. 


D. 1 


u. s. 






1 




Feet. 


M. S. 


1 0. o: 


J3. 

32.10 


4. 
4.10 


11.51 
11.29 


12.20 
12.40 


4.16 
4. 9 


30|1.38 
3111.35 


60 

61 


0.33 
0..32 






\ 0. 5i 


1 


0.57 


1 0.10 1 


31.22 


4.20 


11. 8 


13. 


4. 3 


32I1.31 


62 


30 


2 


1.21 


1 0.15. 


30.35 


4.30 


10.48 


13.20 


3.57 


331 1.28 


63 


0.29 


3 


1.39 


If 


.20" 


29.50 
29. 6 


4 40 
4.50 


10.29 
lO.M 


13.40 
14. 


3.51 
3.45 


34 
35 


1.24 
1.21 


64 
65 


0.28 
0.26 


4 


1.55 


1 ^ 


L25 


5 


2. 8 ~ 


\ 0.30 


2S.22 


5. 


9.54 


14.20 


3.40 


36' 1.18 


66 


0.25 


6 


2.20 


\ 0.35 


27.41 


510 


9.38 


14.40 


3.35 


37; 1.16 


67 


0.24 


7 


2.31 


0.40 


27. 


5.20 


9.23 


15 


3.'M) 


38' 1.13 


68 


0.23 


8 


2.42 


0.45 


26.20 
25.42 


5.30 
5.40 


9.' 8 

8.54 


15.30 
16. 


3.'4 
3.17 


39 
40 


1.10 

1. 8| 


69 
70 


0.22 
0.21 


9 


2.52 


0.50 


10 


3. 1 


0.55 


25. 5 


5.50 


8.41 


16.30 


3.10 


41 


I. 5; 


71 


0.19 


11 


3.10 


1 


1. 


24.29 


6. 


8.28 


17. 


3. 4 


42 


1. 3 


72 


0.18 


12 


3.18 


1 


1. 5 


23.54 


6,10 


8.15 


17.30 


2.59 


43 


1. 1 


73 


0.17 


13^ 


3.26 




1.10 
1.15 


23.20 
22.47 


6.20 
6.30 


8. 3 
7.51 


18. 
18.30 


2.54 

2.49 


44 


0.59 


74 
75 


0.16 
0.15 


14 


3,34 




45 0.571 


15 


3.42 




1.20 


22.15 


6.40 


7.40 


19. 


2.44 


46' 0.55! 


76 < 


014 


16 


3.49 




125 


21.44 


6.50 


7.30 


19.30 


2.39 


47: 0.53; 


77 


0.13 


17 . 


3.56 




1.30 


21.15 


7. 


7.20 


20. 


2.35 


; 48,0.51! 


78 


0.12 


18 


4.- 3 




1.S5 

1.40 


20-46 
20.18 


7.10 
7.20 


7.11 
7. 2 


20.30 
21. 


2.31 
2.27 


1 49 0.49 
50' 0.48 


79 

•■■■ ^ • 

80 


0.11 
10 


19 


4.10 




20 


4 16 




1.45 


1951 


7.30 


6.53 


21.30 


2.24 


51: 0.46 


81 


0. 9 


21 


4.22 




1.50 


19.25 


7.40 


6.45 


22. 


2.20 


52 0.44 


82 1 


0. 8 


22 


4.28 


. 


1.55 


19. 


7.50 


6.37 


23. 


2.14 


55 


0.43 


83 1 


0. 7 


23 


4.34 




2. 
2 5 


18.35 
18.11 


8. 
8.10 


6.29 
6.22 


24. 

25. 


2. 7 
2. 2 


54 
T5 


0.41 
0.40 1 


84 4 

85 ( 


[). 6 
3. 5 


24 


440 




26 


4.52~ 




2.10 


17.48 


8.20 


6.15 


26. 


1..56 


56 


0.38 


86 ( 


). 4 


28 


5. 3 




215 


17.26 


8..30 


6. 8 


27. 


1.51 


57 


0.37 


87 ( 


). 3 


30 


5.14 




2.20 


17. 4 


8.40 


6. ! 


28. 


1.47 


58 


0..35 


88 0. 2 


35 


5.39 




2.25 

2.30 
2.35 


16.44 

16.24 

16. 4 


8.50 

9. 
9.10 


5,55 

5.48 
5.42 


29. U 


1.42 


59 


0.34. 


89 0. 1 


40 


6. 2 




TABLE VI. 


TABLE Vn. 




2,40 
245 


15.45 

15.27 


9.20 

9.30 


5.36 
5.31 


The Slinks parallax in 


Augmentation of the 




2.50 

2.55 
3. 


15. 9 

14.52 
14.36 


9.40 

9.50 
10. 


5.25 

5.20 
515 


altitude. 


moon's semidiameter. 




Alt. Aug. i 


^It. 


Aug. 




Alt. 


Paral 


. ' Alt. 


Paral 




3. 5 


14.20 


10.15 


5 7 






1 




D. 




1 
s, 

Q 








3/lC 


14. 4 


10.30 


5. 


D. 


9. 


D. 


8. 


D. 

40 


s. 
10 


A 


3.15 


13.49 


10.45 


4.53 





9 


60 


4 


5 


I 


45 


11 












10 


9 


65 


4 


10 


3 


50 


12 




3.2t 


1 13.34 


11. 


4.47 


20 


8 


70 


3 


15 


4 


55 


13 




3Mt 


1 13.20 


11.15 


4.40 


30 


8 


75 


2 


20 


6 


60 


14 




3.3C 


)13. 6 


11.30 


4.34 


40 


7 


80 


2 


25 


7 


70 


15 




3.4( 


) 12.40 


11.45 


4.29 


50 6 


85 


1 


30 


8 


80 


16 




S.5{ 


) 12.15 


12. C 


4.23 


55 5 


90 1 


35 1 9 — — 



420 







TABLE VIII. 




The mean ri|^ aseenrioni 


and declinations of 36 principal ited stars, 




from Mr. Wollaston*8 Tables, corrected to the beginniDPof the year 
1813. The stars marked with ^n asterisk *, are used to nod the Iod- 






giCttde at sea (see page 302.) 










Mean right 


Annual 


• 


Annual 




Names of the 


Mag. 


ascension 


varia- 


Declination. 


varia- 




stars. 

• * 




in time. 


tion. 




tion. 




• 




h ' " 


" + 


Of*' 


« 




y.Pe«ui 

» Arietis * 


2 


0- 3-37 


3069 


14- 8 46N. 


+«o-«o 




2-3 


1 •56-39 


3-347 


22-34-27N. 


+ 17 47 




» Ceti 


2 


2-52-31 


3-115 


3-21- 6N. 


+ li-75 




Aideharan * 


1 


4-25-12 


3-426 


16- 7-27 N. 


+ 9-00 




Capella 


1 


5' 2-53 


4*415 


45-47-38 N. 


+ 4-57 




/S Tauri 


1 


5- 5-35 


2-876 


8-25-25 S. 


- 4;;.2 


■ 


9 


5-14-28 


3-781 


28-26-20 N. 


+ 3-9! 




a Orion 


1 


5«45- 3 


3-243 


7-2I-48N. 


+ 1-49 




Sirius 


1 


6-36-54 


2-653 


16-27-51 S. 


+ 4-21 




Castor 


2 


7-22-39 


3-853 


32-1714N. 


- 7.06 




ProcTon 


1-2 


7-29-30 


3- 142 


5-41-52 N. 


- 8-53 




Pollux • 


2 


7-33'5l 


3-688 


28-28- 7 N. 


- 7-93 




« Hydrae 


2 


918-23 


2-946 


7A1 • 5 S. 


+ 15-10 




Regulus* 


1 


' 9- 58-24 


3-212 


12-52-41N. 


>-l719 




jg Leonis 


1-2 


11-39-30 


3-067 


15-37- 5N. 


-20-04 




j6 Virginis 


3 
1 


11 •40-57 


3-135 


2-49-11 N. 


-20-22 




Spica Virginis • 


I315-21 


3-147 


10-10-41 S. 


+ 18-80 




Arcturus 


1 


14- 7- 8 


2-728 


80- 9-48 N. 


-18-79 




2> a Librae i 


6 


14-40-22 


3-296 


15-12-29 S. 


+ 15-19 




2 


14-40-33 


3-297 


15-15-13 S. 


+ 15-21 




a Cor. Borealis. 


2.3 
2 


15-26-45 


2:545 


27-21- 7N. 


-12-49 




a Serpentis 


15-35- 4 


2-945 


7- 1-27N. 


-1170 




Antares* 


1 


16- 17-58 


3-658 


26- 4S. 


+ 8-43 




• Herculfs 


2 


17- 6- 7 


2-731 


14*36*55N. 


- 4-48 




m Ophiuchi 


2 


17-2615 


2-776 


12-42-27 N. 


— 3-03 




» Lyrae 


1 


18-30-36 


2027 


38-36-57 N. 


+ 2-91 




y } C 


3 


19-37-22 


2-846 


10-10- 5N. 


+ 8-38 




(»*>AqaihB* < 


1-2 


19-41.39 


2-925 


8-23- 6 N. 


+ 9-11 




fi ) c 


3-4 


19-46- 7 


2-944 


5-57- 1 N. 


+ 8-57 




2 > » -Capricomi < 


3 
3. 


20- 7- 16 
20- 7-4P 


3336 
3-339 


J 3- 4-24 S. 
13- 6-43 S. 


-10-80 
-10.81 




» Cygni 


1-2 


20-35- 3 


2-038 


44-37- 2N. 


+ 12-56 




» Aquarii 


3 


21-5610 


3-081 


1-13-14 S. 


-17-36 




Fomalhaut * 


1-2 


21.47-18 


3-343 


30-36-23 S. 


-1910 




l« Pegasi* 


2 


22-55-27 


2-973 


14-12-15 N. 


+ 19-43 




fa Andromedae 


2 


23-58-44 1 


3070 28-3-3+N. 


+ 19-99 


*• 
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